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Abstract. A method to design a boundary controller for global stabilization of three-dimensional nonlinear
dynamics of flexible marine risers is presented in this paper. Equations of motion of the risers are first
developed in a vector form. The boundary controller at the top end of the risers is then designed based on
Lyapunov’s direct method. Proof of existence and uniqueness of the solutions of the closed loop control
system is carried out by using the Galerkin approximation method. It is shown that when there are no
environmental disturbances, the proposed boundary controller is able to force the riser to be globally
exponentially stable at its equilibrium position. When there are environmental disturbances, the riser is
stabilized in the neighborhood of its equilibrium position by the proposed boundary controller.
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1. Introduction

The need for production of oil and/or gas from the sea bed has made control of the dynamics of a
marine riser, which is a structure connecting a oil and/or gas oshore platform with a well at the sea
bed, a necessity for both ocean and control engineers. A typical configuration of an oshore platform
is depicted in Fig. 1. The riser is considered in this paper as a slender thin walled circular beam
because of its large length to diameter ratio. In general, the riser is subject to nonlinear deformation
dependent hydrodynamic loads induced by waves, ocean currents, tension exerted at the top,
distributed/concentrated buoyancy from attached modules, its own weight, inertia forces and dis-
tributed/concentrated torsional couples. Before reviewing control techniques for the flexible marine
risers, we here mention some early work on static analysis of the risers. In Huang and Chucheepsakul
(1985), Bernitsas et al. (1985) and Huang and Kang (1991), the static models of both two-and
three-dimensional risers are first presented based on the work in Love (1920). Then numerical
simulations are carried out to analyze the effect of the system parameters on the riser equilibria. It
should be also mentioned the recent work in Ramos and Pesce (2003), where the authors carry out
static stability of a riser based on the variational method. Since the riser dynamics is essentially a
distributed system and its motion is governed by a set of partial differential equations (PDE) in both
time and space variables, modal control and boundary control approaches are often used to control
the riser in the literature.

In the modal control approach, see Meirovitch (1997) and Gawronski (1998), distributed systems
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Fig. 1 A typical riser system

are controlled by controlling their modes. As a result, many concepts developed for lumped-parameter
systems in Khalil (2002) and Krstic er al. (1995) can be used for controlling the distributed ones,
since both types can be described in terms of modal coordinates. The main difficulty is computation
of infinite dimensional gain matrices. This difficulty can be avoided by using the independent
modal-space control method, but this method requires a distributed control force, which can be
problematic to implement. One way to overcome this problem is to construct a truncated model
consisting of a limited number of modes. In order to describe the behavior of a flexible system in a
satisfactory fashion, it is necessary to include a large number of modes into the model. Thus, a
characteristic of a truncated model is its large dimension, i.e., it is impractical to control all modes.
Therefore the control of such truncated systems are restricted to a few critical modes. This also
means that other modes are not controlled, and could be unstable. In fact, truncation of the infinite
dimensional model divides the system into three modes: modeled and controlled, modeled and
uncontrolled (residual), and un-modeled. Only the modeled modes are considered in the control
design. In addition, observers are needed to provide the system output for these modeled modes
from the actual distributed system. The use of these observers in combination with truncated models
of distributed system leads to a spill-over phenomenon meaning that the control from actuators not
only affects the controlled modes but also influences the residual and un-modeled modes, which can
be unstable, Balas (1977).

The boundary control approach is more practical and efficient than the modal control approach
since it excludes the effect of both observation and control spill-over phenomenon. In the boundary
control approach, distributed actuators and sensors are not required. In addition control design based
on the original PDE model instead of a truncated model, improves the performance of the control
system. In recent years, boundary control has received a lot of attention from the control



Global stabilization of three-dimensional flexible marine risers by boundary control 173

community. Design of boundary controllers for distributed systems has been usually based on
functional analysis and semi-group theory, see Chen et al. (2001) and Curtain and Zwart (1995),
and the Lyapunov’s direct method, see Queiroz ef al. (2000) and Junkins and Kim (1993). The
Lyapunov’s direct method is widely used since the control Lyapunov functions/functionals directly
relate to the kinetic and potential energies of the distributed systems. Using the Lyapunov’s direct
method, various boundary controllers have been proposed for flexible beam-like systems. In Yang et
al. (2004), a robust and adaptive boundary controller is proposed for reducing transverse vibration
of an axially moving string under a varying tension and an unknown boundary disturbance force
based on the Lyapunov function, which is the sum of kinetic and potential energies of the string
system, plus a coupling term. In Fung ef al. (1999) and Fung and Tseng (1999), asymptotic and
exponential stability of an axially moving string is proven by using a linear and nonlinear state
feedback boundary control, respectively. They proved that the mechanical energy of the system
decreases exponentially in the nonlinear feedback case. In Fard and Sagatun (2001), the boundary
stabilization of a beam in free transverse vibration is considered. The control law is a nonlinear
function of the slopes and velocity at the boundary of the beam to provide exponential stabilization
a free transversely vibrating beam via boundary control without restoring to truncation of the model.
The coupling between longitudinal and transversal displacements is also taken into account.
Recently, in Tanaka and Iwamoto (2007) an active boundary control is proposed for an Euler-
Bernoulli beam, which enables one to generate a desired boundary condition at designated positions
of a target beam based on structure transfer matrix and the optimal control methods. It should be
noted that the active boundary control in Tanaka and Iwamoto (2007) is implemented at various
locations of the beam. Therefore, this method closely relates to the modal control approach although
it is called boundary control. In Do and Pan (2008), Ge et al. (2010), How et al. (2009), boundary
controllers were proposed for controlling vibration of marine risers in two dimensional space based
on the Lyapunov direct method. In Nguyen ef al. (2010), Nguyen et al. (2011), different control
strategies were proposed to control the angle of the marine risers’ top end based on the authors’
algorithms for chasing an optimal set-point. In Yang et al. (2004), Fung et al. (1999), Fung and
Tseng (1999), Fard and Sagatun (2001), Tanaka and Iwamoto (2007) and Queiroz et al. (2000),
two-dimensional strings and beams are considered, and distributed forces including the structures’
own weight are ignored. Mathematical work in Tsay and Kingsbury (1998) shows that even slight
space curvature introduces significant changes in the beam natural frequencies and especially on
mode shapes, i.e., the coupling of the out-of-plane wave types, and extensional and flexural waves
exhibits in the flexible beams. The coupling between these wave types due to the curved shape of
the riser, boundary constraints and external forces made the energy exchange from one wave type to
other possible. Moreover, in Yang et al. (2004), Fung et al. (1999), Fung and Tseng (1999), Fard
and Sagatun (2001), Tanaka and Iwamoto (2007), Queiroz et al. (2000), Ge et al. (2010), How et
al. (2009), no proof of existence and uniqueness of the solutions of closed loop systems was given.
It is well-known that there are systems governed by initial-boundary PDEs, whose solutions do not
exist or are not unique. For any control systems to be useful in practice, existence and uniqueness
of the solutions of the closed loop control systems are as vital as stability.

In this paper, we consider a problem of global stabilization of three-dimensional nonlinear flexible
marine risers. A set of partial differential equations and boundary conditions describing motion of
the risers is presented based on balancing internal and external forces/moments. Using the
Lyapunov’s direct method, a boundary controller at the top end of the risers is designed. Proof of
existence and uniqueness of the solutions of the closed loop system is given. The proposed
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controller guarantees that when there are no environmental disturbances, the riser is globally
exponentially stabilized at its equilibrium position, and that when there are environmental
disturbances, the riser is stabilized in the neighborhood of its equilibrium position.

2. Mathematical model and control objectives
2.1. Mathematical model

In this section, we develop equations of motion of the riser. These equations will be used for the
boundary control design in the next section. In developing the equations of motion of the riser, we
make the following assumption:

Assumption 2.1.

1. The riser can be modeled as a beam rather than a shell since the diameter-to-length of the riser
is small, i.e., we consider the riser as a slender structure.

2. Plane sections remain plane after deformation, i.e., warping is neglected.

3. The riser is locally stiff, i.e., cross sections do not deform and Poisson effect is neglected.

4. The riser material is homogeneous, isotropic and linearly elastic, i.e., it obeys Hookes’s law.

5. The riser is initially straight and vertical.

6. Torsional and distributed moments induced by environmental disturbances are neglected.

Remark 2.1. Items 1)-4) mean that the riser will be modeled as a Bernoulli-type of beam and not a
Timoshenkotype, and that the extension of the riser axis small. Bernoulli-Euler models are satisfactory
for modeling low frequency vibrations of beams. Item 5) generally holds in practice, and is made to
simplify the development of the mathematical model and boundary controller. This item can be readily
removed. Item 6) implies that we consider fluid/gas transportation risers rather than drilling risers, and
that moment induced by the asymmetry of the relative flow due to vortex shedding is ignored.

Boundary control forces at the top
Z A U,

Initial riser

f U, (1)
U,

Fig. 2 Riser coordinates
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2.1.1. Preliminaries

The riser coordinates are presented in Fig. 2. In this figure, we have two coordinate systems. The
earth-fixed system is (OXYZ), where O is the bottom ball-joint of the riser, and the OZ axis is along
the initial riser. Let ro(so, to) = [xo0, Yo, zo] be the position vector of the point P, of the initial riser
centerline at the time #, and the arc length s, from the point O. Hence at the time ¢ > #,, the point P,
moves to the point P of the deformed riser centerline, whose position is denoted by r(s, )= [x(s, ?),
(s, 1), (s, 1)] at the arc length s from the point O. Moreover, let w(s, ) = [wi(s, 1), w,(s, ), ws, 9)]” be the
vector from the point P, to the point P. Then we have

r=r"+w (D)

where from now onward whenever it is not confusing, we drop_ the arguments (¢, s) and (%, sp) of 7,
w and #°, respectively for clarity. The body-fixed system is (7,7,b), whose axes are the tangent,
principal normal and binormal and unit vectors. These vectors can be expressed in terms of the
fixed system as

2=r>\., ;z=;s//(, b=txn 2)
where the subscript s denotes the partial derivative with respect to the arc-length s, and « is
curvature of the riser center line at s depicting the rate of change of the orientation of the normal
plane (n,b) defined by x = |r,J . The above definition of the body-fixed coordinate system means
that (7,n,b )form a right handed orthonormal triad. The derivatives of the unit body-fixed vectors
are given by the well-known Frenet-Serret relations Widder (1989):

= th-xi, by=-mn, 1,=kKn A3)
where 7 is the geometric torsion of the riser centerline depicting the rate of change of the
orientation of the osculating plane ( 7, t) defined by 7= r,- (r,xr,,)/x . Now from the right hand
side sub-figure of Fig. 2, balancing the forces and moments on a component ds of the deformed
riser results in

m()wtf = Fs‘ + q

. “)

Jo,= M, +txF+m
where from now onward, we use the subscript 7 to denote the partial derivative with respect to the
time ¢, m, = pA is the oscillating mass of the riser per unit length with 4 being the riser cross
section area, and p being the density of the riser, J = pl with [ being the second moment of the riser
cross section area about the » axis, /' and M are internal force and moment vectors, g and m are
the external distributed force and moment vectors, and w, =nxn,+bxb, is the angular
acceleration of a point on the centerline. The distributed moment vector m is induced by the
asymmetry of the relative flow due to vortex shedding. Let (F;, F;, F;) and (M, M, M;) be the
components of F and M along the ,n,b axes of the body-fixed system respectlvely We then can
write ' and M as i

F= F;;+F;,I’;I+F,;b
o . )
M= ]V[;t+M;,n+M};b

Since the riser is assumed to be straight at the initial time #, we have the following constitutive
relations, see Love (1920) and Bernitsas (1982)
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ﬂD(Z, ﬂDf
4 (HW_Z)_pmgT(Hm_Z)

F:‘ = EAE +T0+pwg

M, = Bx, M, =0, M, =Gr+H

(6)
where £ is Young’s modulus, 7, is the initial tension in the riser; H, and H,, are the vertical
coordinates of the free surface of the water and mud, respectively; p, and p, are the density of the
water and mud, respectively; D, and D; are the external and internal diameters of the riser; z is the
vertical coordinate of the point P; B = EI is the bending rigidity of the riser; H is the initial torsional
moment around the 7axis; G=2ul is the torsional rigidity of the riser with u being the shear
modulus, € is the extension of the riser centerline given by Dill (1992)

_ds | _ |dr dr_
- ds, ! ds, ds, )

It is noted that since we assumed that extension of the riser centerline is small and the riser
centerline is stretched, hence 0 < € < 1. The case where &= 0 corresponds to an inextensible riser.

Moreover, F; in (6) is referred to as the effective tension, while the actual tension is E4 _.

Remark 2.2. In Dill (1992), a local coordinate system (a;, a, a;) where a; coincides with },
different from the local coordinate (,7,b) in this paper is used. Using the local coordinate (a;, as,
a3) results in complexities in calculating the curvatures of the riser in the (a;, a;) and (a,, a3) planes.
Indeed, one can rotate the coordinate system (a;, a, az) round the 7 axis a angle to have the
coordinate system (#,7,b), which has nice properties in (3). In Bernitsas (1982), the constitutive
equation for the moment in the normal direction, M, , is misgiven, since M, is always zero for the
riser under consideration.

2.1.2. Equations of motion
From (5) and the second equation of (6), we have
M, = (Bih)s+ (HP), = (Bix1,),+ (Ht), = 1 x (B,),+ Hy1+ Hi,
— Ix(Bxn), + Hin+Hyt = 1x (Bxn),—Hrt x b+ H,1 (8)
= Ix ((BK‘;Z)S—ITIK'I;) +H,t

where H=H+ G and we have used the vector algebra properties given in (A.1). Now substituting
(8) into the second equation of (4) results in

Jo, = 1% ((Bxn),—~Hxb+F)+H,i+m (9)
Now producting vector both sides of (9) with t gives
t.(Jw) = 1.(x (Bxn),—~Hxb+F))+ Hit+mt = r.(Jo)=H +m.r, (10)

where we have used the vector algebra properties given in (A.1) and the definition of ¢ in (2). On
the other hand, vectoring both sides of (9) with ¢ gives

2><(Ja),) = ;X(;X(BK‘;Z)S)*,Z:X(;XHK‘&)‘*‘;X(;XF)+;X(F[Y;)+;XM (1)

Let us calculate the first three terms of the right hand side of (11) using the vector algebra



Global stabilization of three-dimensional flexible marine risers by boundary control 177

properties given in (A.1) and the definitions of t,n and b in (2) as follows
tx (tx (Bxn),) = —t.6(Bxkn),+(t.(Bxn),)t = (Bt,),+ (1.(B,t,+ Bt,\))t

= —(Bt,), + (BrL.1,)t = — (Bt,), + Bt.(ka— k')t = —(Br,,),~ BK'r,

tx (;xﬁlcz) = }T[K(—;;Z)+(;l;);) — _Hxb = —Hr xr,, (12
tx(txF) = —t.tF+(t.F)t = —F+(F.r)r,
Substituting (12) into (11) gives
rx(Jw,) = —(BrSS)S—BchrS +Hr xr, —F+(F.r)r,+r,xm (13)

Now substituting F' from (13) into the first equation of (6) and combining the second equation of
(10) result in the equations of motion of the riser as follows
mw, = — (Br.s‘s)ss + (F;iBKZ)rS)S + (ﬁrs X rs.s‘)s + (r.s‘ X m)si(r.s‘ X (']a)f))s + q (14)

r.(Jw,) = Hy+m.r,

It is noted that we have assumed the torsional moment H and the distributed moment m are
negligible, and that the riser has a constant cross section. Furthermore, since the riser is initially
straight, we have rg =Wy, Feu= W and wy=rg —rS where we take s=~s, due to the small
extension assumption, see Dill (1992). With these in mind, we now have the equations of motion of
the riser from (14) for the boundary control design in the next section

MW, = —Bw, + (F;=BiK) (w,+ 1))+ (F,=BK)w, +q

588§ (15)

oo

K=|w

Remark 3. The riser dynamics (14) or (15) is one dimensional (with respect to the spatial
variable s). This means that a point on the riser cross section, other than the point on the centerline,
cannot be traced after deformation takes place. In this paper, we consider the deformation of the
riser centerline, which is, in general, a three-dimensional space curve.

2.1.3. Initial and boundary conditions
The initial conditions of the riser consist of the initial position and velocity functions. They are

w(s,to) = gi(s),  wls,f)) = g(s),  Vse(0,1) (16)

where gi(s) and g,(s) are sufficiently smooth and bounded function vectors of s, and compatible
with the boundary conditions. Next, we will apply Hamilton’s principle to derive the boundary
conditions for the riser under consideration.We first provide the kinetic and potential energies, then
use the first variation of the Lagrangian of the system to derive the boundary conditions. As such,
the kinetic energy K and the potential energy P of the riser with a length of L are

L
K, = %.[0 m,r,.rds
(17)

ss SSs

P, = é jOLBr rds— IOLqrds+F(0)r(0)—F(L)r(L)+M(0)rs(0)—M(L)rS(L)

where we have used », = w, and r, = w,,. The Lagrangian L, of the riser is
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L= [ (Ke=Ppdi (18)

where #; and #, denote time. Moreover, the riser response must satisfy the kinetic constraint of the
unit tangent vector ¢. In terms of deformation, this constraint is expressed by

=1 (19)

FyIs

s

The above constraint is applied along the riser by modifying the Lagrangian of the riser and by
embedding a continuous multiplies (/;—B Kz)/ 2 . As such, the modified Lagrangian L, is

(F;—BK’)

1, L
Ly, = '[ [KE_PEJF 7 IO (rs.r_s.—l)dstt (20)

It is noted that including the term | '{L (rs.rsl)di;l‘dt in the modified Lagrangian
physically means that the modified Lagranéi n taﬁ@s the contribution of the axial deformation into
account in the potential energy. From (20), the first variation of L, is given by

5LMA = J.tlz J.OL [_ (Brss)ss+ ((F;—BKZ)VS)S +q_mortt] 5Vdet+

12L(F;BK2)

21
I, (ryx M=Br,,)or| dt+ j (~(Bry,), + (F;=BK)r,—F) | dt o
Since Jr is arbitrary over the domain 0 < s < L, letting oL,z = 0 results in
—(Brg),, + ((F;—BKz)rS)S +q-m,r, =0, Vse[0,L],teR" (22)
and
roxM—-Br,=0 or r,=0 at s=0 and s=L VieR’ (23)
and

—(BI"SS)S-F(F;—BKZ)I"S—F:O or r=0 at s=0 and s=L VieR’

The Eq. (22) is exactly the same as (15). The Egs. (23) and (24) specify the boundary conditions
of the riser at top and bottom ends. Choosing proper conditions from (23) and (24) depends on the
riser configuration. For the riser considered in this paper, ball joints at both ends imply that the
moments acting at both ends are zero, i.e., M(L, )= M(0, t)=0, and the force vector U(¥) as the
boundary control inputs at the top end. With this observation in mind, the boundary conditions (23)
and (24) for the riser considered in this paper become

wi(0,6) =0, wy(L,1)=0,  w(0,/)=0

(25)
—Bw,o (L, 1)+ F(L, O[wy(L,0) +r{(L)] = F(L,1)=U(1)
where F; (L, t) is calculated from (6) as follows
7Z'Di 7Z'D,?
F}(LD Z‘) = EA € (L7 t) + T0+png(Hwiz(L5 t))ipmgT(Hmiz(L? Z‘)) (26)

2.1.4. Environmental disturbance vector q
The external disturbance vector ¢ per unit length consists of fluid drag force, anyconcentrated
forces exerted on the riser by attached cables and/or buoys modeled by dirac distributions, and
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effective riser weight defined as the weight of the riser plus contents in water. It is noted that the
effective rather than the actual riser weight is used because the effective tension is used instead of
the actual tension. In this paper, we do not consider cables or buoys attached to the riser. The fluid
drag force is found by the use of a generalization of Morison’s formula to account for cylinders,
which are not oriented normal to the relative flow Borgman (1958). Taking the effective riser
weight into account, we have

o A1 1
q(S, t) =1rx (Wre X t) + EprLDDHVn + EPWCNDDH” Vn" Vn (27)

where C;p and Cyp are the linear and nonlinear drag coefficients, respectively; Dy is the local riser
hydrodynamic diameter; W,, = —[0 0 w,e]T with w,, is the effective riser weight per unit length; V, is
the component of the relative flow velocity normal to the riser centerline. Letting 7 be the
(bounded) liquid flow velocity due to waves and currents. Then taking the riser motion into
account, the relative flow velocity normal to the riser centerline, ¥, is given by

V= tx((V-w)x1) = (I3~ )(V—w,) (28)

where 5, 5 is the three dimensional identity matrix. Substituting (28) into (27) results in the equation for
external disturbance vector g as follows

1
4(5,0) = Ly = 1 IWoo+ 39, ConDiUy 3 =) (V=)
(29)

422, ConDulLya = r DO =) Iy a7 0)

2.2. Control objectives

Under Assumption 2.1, design the boundary control U(f) for the riser dynamics given by (15)
subject to the boundary conditions given by (25) to globally stabilize the riser at its vertical
position, i.e., finding the boundary control U(?) of the form U(¥) = Q(wy(L, f), wt(L 7)) such that:

1 when the external dlsturbance vector ¢ is ignored, all the terms |w(s, 7)|, f wy(s, £).wy(s, t)ds ,
j‘o w,(s, 1).w,(s, t)ds and j‘ wi(s, 1).wg(s, H)ds exponentially converge to zero for all s & [0, L] and
t21,,

. when the external disturbance vector q is present, all the terms [jw(s, 1), j wi(s, 1).w(s, t)ds ,
j w,(s,t).w,(s,t)ds and j w,(s,)ds exponentially converge to some small posmve constants for
afl s € [0, L]and 7>1,

It is seen that the control objective imposes on both the displacement and integration of square of
the slop, velocity, and curvature of the riser along the riser length.

3. Boundary control design

To design the boundary control U(f), we use Lyapunov’s direct method. Consider the following
Lyapunov function candidate

m, L B L AL L
w= 7-[0 w,.w,ds+§_|'0 Wss'wsst+§_[O w,.wds+ aj'o SW,.w.ds (30)
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where A and « are positive constants to be specified later. In comparison with the conventional
Lyapunov, the, Lyapunov function candidate (C.7) contains the constant A and the term
a_[é sw,.wds , which together with Lemmas B1 and B2 in Section Appendix B play important role
in designing boundary controllers later. Since for all 7>,

L 1 L L L
—Lpoj0 wt.wta’s—égj0 we.wds < Io sw,.wds SLpOIO w,.w ds+—j w.wds (31)
0

where p, is a positive constant, the function W satisfies

W>(2 —aLpO)I w,.wds+= J' W W, dSs + 2 4/30)I w,.w.ds

(32)
W<(7+aLp0)'[ w.wds+= j Wi W ds+ 2 4/30)'[ W w,ds
Hence if we choose 4, « and p, such that
Mo - 4_al _
5 —aLp, =cy, 2 ap, ¢ (33)

where ¢, and ¢, are strictly positive constants, then the function 7 defined in (C.7) is a proper
function of j w,.w,ds , j w.w,ds, and j w,.w,ds. We do not detail the conditions (33) at the moment,
but deal with them after the boundary control U(?) is designed since the constants A, & and p, need
to satisfy some more conditions later. It is noted that we do not include the riser displacement w,
like jo w.wds, in the function W because this term causes dlfﬁcul‘ueis in designing the boundary
control U(?) later As such, after proof of convergence of j W wds , j W, W, ds and j w,.wds, we
will use Lemma B.1 in Appendix B to prove convergence of j w. wds and the riser dlsplacement w.
Differentiating both sides of (C.7) with respect to the time ¢, along the solutions of the riser
dynamics (15) results in

W=A+A, (34)

where

Ais J‘OLW"(_BWS”S+(F;_BKZ)S(WS-'_F.?)+(F;_BK2)Wss+q)dS+

L L L
BI wss.wmds-i-/l_[ W W,,ds + aI SW,. W, ds, (35)
(] (]

A——Isw(Bw

)

Using integration by part rules, we have

+(F,—Bi) (w,+ 1)+ (Fi— BK)w,, +q)ds.

SS§SS

Ay = = BWyo Wil = W W)+ (Fy = B (W, 7). w |~

SSS8S*

L
[ (F= B Owwt o, )aw,) + [ (Fi= B s (36)

L L o o L
-[o wt.qu+/1ws.wt|§—.[0 WsX'WrdS+§SWr'Wr|§_E_[0 w,.w,ds
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Since r..ry =1, we have (w,+r ) wg = 0, which is substituted into (36) to yield

L L 2 0 L L, L
A - *B(W“\ Wt‘oiwx,\"wsf|0)+(F}7BK )(W.v+r.v)‘wt|0 +A’ws‘wt|0 +§SW,.W,’0+
G37)
L L o L
_[0 wt.qufxl.[o wm.w,dsfzj'o w,.w,ds.
We now focus on the term A,. Expanding this term gives
L
A, = A, +A22+EI sw,.qds (38)
m,-o
where
A, = _oB st Wi dS, Ny = ﬁ.[ F—BK‘Z) (w.+r(.))ds+QIL(FA—BKZ)W..CIS (39)
I’I’l,, b 5888 m b 5 K K m(, A t sS
Using integration by part rules, we can calculate the term A, as
Ay = f@sw w“s|L+a—Bsw_‘._‘..w | -i-ﬁgws H]L 3aBI W W, dS. (40)
(2] 2’/’/l() 0 m 0
Similarly, the term Ay, is calculated as
Ay =—(F BK)sw +—I (F; BK)sw W, ds —
[21 2 0 0
nT-[o (F,=BK ) (wy.(w,tr) tswg.(wetr)+swow)ds
- Oy Z ] (B, v, ) 4
s 0 mOJ.O t WS' WS rS s ( )

oF o F
S 0—27'[0 Fw,wds—
J F(1- r )ds-i——_[ W W W (W +r)ds
where we have used (ws+rf) W = 0 and wew, + 2rs.ws+rs.rs =1 since r,.r,=1 and r’ = 0

due to the riser is initially straight. Now substituting (41) and (40) into (38), then substituting (38)
and (37) into (34) results in

- L L 2 0 L (24 L
w= _B(Wsss'wt|0_wss'wst|o) + (F;,‘_BK )(Ws+rs)'wr|o + Eswt'wt|0

aB
———SW. W
mO

L, aB o 2
SSS|0+2m SWSS SS| +_w | +n7(F;_BK' )SWS'
o

o

(42)
L ot 3aB a ¢
-1 Io W W, ds — > -[o w,.w,ds— W -[o W W, ds — 27 .[0 Fow,.wds

2—.[ F(1- r )ds+—f W W W, (W, +r)ds+f w,qu+—.[ sw,.qds

Before going further, we find maximum and minimum values of F;, and maximum value of

to
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W (W, +r3) and rgrf. From (6), we have

D, aD;
F;SEA + TO +pngan7pmng(Hm7L)::F‘;nax
(43)

D’ D}
F;Z TO +pngo(Hw7L)7pmngHm::F‘;nax

where we have used 0< e(s,/)<1 and 0<z(s,f)<L for all s€[0,L] and #>¢,>0. On the other
hand, from (7) we have

cos(e)ndrn lar] _,

w.(r+w) = ror—ror =1-
(ds)’

000 0 (Cﬁ)) (ds 0) <1
s s 50" 8o ds ds
where we have used the fact that the angle & between the vectors » and #° is in the range [-72, +72] due

to the initial straight and vertical position of the riser. Using (43) and (44), and F;"" > 0, which
holds when Tj is sufficiently large, i.e.,

(44)

D’ aD;
Tozipngo(HwiL)-FpmgT’Hm_’_TO (45)

where 7, is a strictly positive constant, we can write (42) as follows

. I I 2 0N (L L, L
W<—-B(w .wt|0 _wss‘wst|0) +(F,-Bx)(w, +rs).w,|0 + /1ws.w,|0 + 5sw,.w,|0

SsSs

aB
——SW,.W
o

a
| +—w RV | nTG(F;—Brcz)sws.

aF{nin I (46)
Zn; _[ we.wds
0 0

_( —/‘Lpl)_[ W, w,ds — (Zanf 421).[ W W, ds—

L a L
+IO w,.qu+n70'[0 sw,.qds

where p; is a positive constant to be specify later. Now substituting the boundary conditions (25)
into (42) results in

alB

0

W< U®t).w(L, 1)+ Aw,(L,t).w,(L, t)+ wt(L H.w(L,t)—

wy(L, £).w,,(L, 1)

555

alL 0 L o L
FEREAL DAL 0.1 (L, 0+ DT+ [ wigds+ [ s gds )

in

F'" L
!
I w,.w.ds
m() 0

aB A a
—( —/”tpl)f W, W, ds — (Zm 4,01)-[ w, W, ds—

From (47), we choose the boundary control U(¥) as follows
u(t) = —kyw(L,0)=kyw (L, 1) (43)
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where k; and k, are positive constants to be specified later. It is recalled from (25) that U(¢¥) =
—Bwg(L, t) + F;(L,t)[wy(L, ) +rO(L)] Hence from (48), we have
Bw, (L, 1) = —kyw,(L, 1) = kyw (L, 1) = Fy(L, ) [w,(L, )+ r{(L)] (49)
Now substituting (48) and (49) into (47) glves

W< (kl ) w(L,t).w,(L, t)— oLk

— l) wy(L, 1).w,(L, 1)

o

(z ko —

in

aB ) ar;
—( —ﬂ,pl)'[ w,.w,ds— (2m i, Iw RV ds—

L
'[ w,.w.ds (50)
0

L a L
+J'0 wt.qu-i-nz_[o sw,.qds

From (50), we specify the positive constants p;, 4, &, k; and k;, such that

al, aLlk, =« _ . aB A _
k1*2 =C3A—ky— o _Oaszl,OL 2m 4'01_6'5 (51

o

where ¢3, ¢4 and cs are strictly positive constants. Using the conditions given in (51) and the upper
bound of W given in (32), we can write (50) as follows

W<—cyw/(L,t).w/(L,t)—

o L
. 2
o Io sw,.qds (52)

where

mln(c C TO)
4> “5 2mo
c= (53)

maX((j + “LPO) 2 @ " f/foD

where T is the strictly positive constant in (45). Before going further, we show that there always
exist constants o, o1, 4, @, k and k, such that the conditions specified in (33) and (51) hold with ci,
i=1,..,5 strictly positive constants. For simplicity, we choose p, = L./m,”B and p, = ./m,/4B.
Acalculation shows that as long as the positive constants A, &, k; and k, are chosen such that the
following inequalities strictly hold

Lk Lk
/B 2B bﬂcz a B, k>t 2= Ly (54)
2L 0 mO m()

then there exist strictly positive constants ci, i=1, ..., 5 satisfying the conditions specified in (33)
and (51). For given practical values of B, L and m,, it is not hard to find the constants A, ¢, k; and
k> such that all equalities in (54) strictly hold. For example, we can take

k1=LL/Bm0, k2=§ E,a=%min( ! F 2 /Bmo), /1:2?05 B

m() 2L [2) 3L m()
(55)

m, . (1m, a |B NBm, (1 (11 o Ba
=0 = T—mln(z,?), C, = EJM:O, C3 = 7 (g—mln(%, g)), Cy = g, Cs = 6_m(,

98]




184 K.D. Do

We are ready to state the main result of our paper in the following theorem.

Theorem 3.1. Under Assumption 1, the boundary control U(t) given in (48) solves the control objective
provided that the initial tension T is suciently large, i.e., the condition (45) holds, and the design constants
k; and k, are chosen such that the conditions given in (54) hold. In particular, the solutions of the closed
loop system consisting of (15), (25) and (48) exist and are unique. Moreover, when the external
disturbance vector g is zero, all the terms |w(s,?), I wy(s, 1).w,(s,1)ds, I s Wi(s,1).w,(s,t)ds and
j wy (s, 1).wy(s, t)ds exponentially converge to zero for all se[0,L] and 121, and when the
e%ternal disturbance vector ¢ is dierent from zero but bounded, all the terms |lw(s, 7)| , j w,(s, 1).w,(s, t)ds,
[ wi(s, 1).w(s, t)ds and j wi(s, 1).w(s, £)ds exponentially converge to some small positive constants
for all s € [0,L] and ¢>7,. In addition, the boundary control U(t) is bounded.

Proof. See Appendix C.

4. Simulations

In this section, we carry out some numerical simulations to illustrate the effectiveness of the
proposed boundary controller. The riser parameters are taken from Bernitsas et al. (1985) as
follows: L = 2000 m, D, = 0.61 m, D; = 0.575 m, Dy = 0.87 m, w, = 1.132 KN/m, p, = 1025 kg/
m’, p, = 1250 kg/m®, C, = 0.7, p= 8200 kg/m’, E =2 x 10‘°kg/m H, =L, H, = L/3. The initial
conditions are taken as w(s, 7)= [0, 0, 0]', w(s, fo)= [0, 0, 0]". The design constants &, and k, are taken
according to (55), i.e., ky = 17.37 and kz = (0.0032. The ocean current velocity vector is assumed to

(b) Wy (C) Wy

Fig. 3 Simulation results without control: Displacements wy, w,, w,

(a) wy (b) wy (©) w;

Fig. 4 Simulation results with control: Displacements wy, w,, w.
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(a) Uncontrolled results: Displacement in 3D

Fig. 5 Simulation results without and with control: Displacements in 3D at # = 500 second
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(b) Controlled results: Displacement in x-direction
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Fig. 6 Simulation results without and with control: Displacements in x-direction at s = 0.1Z, s = 0.2L and s = 0.5L

be generated from wind at the ocean surface and dropped to zero at the sea bed Gaythwaite (1981):
V =1[(1/L)s,(0.5/L)s,01". The initial tension is assumed to be T, = 2.15 x 10° N. Hence from (45),
we have T =29 x 10° N. We run simulations without the proposed boundary controller, i.e., k; = 0
and k, = 0, and with the proposed boundary controller, i.e., & = 17.37 and k, = 0.0032. The length
of simulation time for both cases is 500 seconds. Displacements w = [w,, w,, wz]T for the uncontrolled and
controlled cases are displayed in Figs 3and 4, respectively. The displacements » = [x, y, z]” for the
uncontrolled and controlled cases are plotted in the left and right of Fig. 5, respectively. Moreover,
the displacements wx for the uncontrolled and controlled cases are plotted in the left and right of
Fig. 6, respectively. It is seen from these figures that the proposed boundary controller can reduce
deflections of the riser in all directions (x, y, z) significantly, i.e., the displacement magnitudes are
significantly reduced. For example, in the x direction, the displacement magnitude reduces from 27
m to 1.2 m at the top end of the riser. This illustrates the effectiveness of the proposed boundary
controller in the sense that it is able to drive the riser to the small neighborhood of its equilibrium

position.
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5. Conclusions

Based on the Kirchho’s rod theory, the equations of motion of a flexible marine riser were
presented. The equations of motion were then used for the design of the boundary controller at the
top end of the riser based on Lyapunov’s direct method. The proposed boundary controller
guaranteed that when there are no environmental disturbances, the riser is be globally exponentially
stable at its equilibrium position, and that environmental disturbances are present, the riser is
stabilized in the neighborhood of its equilibrium position. Proof of existence and uniqueness of the
solutions of the closed loop system was given. Future work focuses on relaxing items made in
Assumption 1, and carrying out experiments to test the effectiveness of the proposed boundary
controller. Particularly, an immediate task is to consider an arbitrarily initial position of the riser and
to take the effect of the torsional moments into account in the boundary control design.

Appendix A. Vector algebra

For convenience of the reader, we here present some basic vector algebra, which will be used in
the development of the equations of motion of the risers. Let 7, s, #, # be three dimensional vectors,
ie,r=[rrmmnl,s=[s5s],t=[htt]" and u = [u; u> us]" with (s )" being the transpose of (e
). We will use r.s and r x s to denote the inner (or dot) and vector (or cross) products, respectively,
of vectors r and 5. We have the following properties of vector inner and cross products

D) r(s xt) =s.(t xr) =t(r xs) D)rxs=—sxr
3)rx (s x ) =—(s.r)t+ (tr)s 4) (r x 8) x t = (r.H)s—(s.H)yr
5) (r x 8).(t x u) = (rb)(s.u)«r.u)s.t) (A1)

Appendix B. Useful lemmas

Lemma B.1 For any y = [y1, ...V, ..., ]’ with y; €C'[0, L], i = 1, ..., n, the following inequalities
hold

j: Y(s)y(s)ds <2Ly(0) 3(0) + 4L j: .(5)p,(s)ds (B.1)

j: Y(5).(s)ds <2Ly(L).y(L)+ 4L’ j: .(5)p,(5)ds B.2)

Proof. We prove (B.2). The proof of (B.1) is similar by using a change of coordinate & = L — s.
Using integration by parts, we have

[ 7@0()ds = 2()9@sli-2[ sv(5).7,(5)ds
<Iy(L)y(L)+ % jOL Y(5)(s)ds +2 j: Sy.(5) i (5)ds (B.3)

LYWL+ 5[ ¥)p()ds 2L 3, (5) 2 ()ds
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which gives (B.2). []

Lemma B.2 For any y = [y1, ...V, ..., ]’ with y; € C'[0, L], i =1, ..., n, the following inequalities
hold

max (5(6)(6) <1 00(0)+2,[[ v [ 1.9 B4)
max (59N <AL +2, [ v5)5)ds [ 1,051, )3 ®5)

Proof. We prove (B.4). The proof of (B.5) is similar by using a change of coordinate & = L —s.
From fundamental of calculus, we have

y(s).y(s) = ¥(0).y(0) +2I0Sy(@-y4(é3d§

(B.6)
K002, [[ UL [ v 4D v i

where we have used the Cauchy-Schwartz inequality.

Appendix C. Proof of Theorem 3.1

C.1 Existence and uniqueness Let A%(0, L) be the usual Hilbert space Adams and Fournie. Our
analysis is based on the Sobolev spaces

VS=w € H*0, L) w(0, 1) =0 (C.1)
equipped with the norm [u], = |u,],, and
WS “we VSmH4(OaL)|wss(07 t) = 07 Wss(La t) =0 (C2)

equipped with the norm |[ulw, = |w,/, +|w,,|, Where [ -], denotes the L” norms. From the
Poincare’ inequality, it follows that | - |, and [ - [, are equivalent to the standard norms of H* (0,
L) and H* (0, L), respectively. Next, we “consider ¢ € Vs. Now inner producting both sides of the
first equation of (15) by ¢ then integrating from O to L by parts result in
L L L 2 0 L
m() '..0 th‘¢dS+BJ.0 ws.s"¢s,\'dS+ -[0 (F;_BK )(W\ +r>\‘)‘¢sds_ J.O q¢ds (C3)
+kw (L, 1)+ kyw (L, 0)).¢(L,1) = 0

where we have used (48).We will use the Galerkin approximation to show that for all ¢ & Vs there
exists w & Ws such that (C.3) holds. Let ¢/ be a vector whose each component is a complete
orthogonal system of Wy for which {w(s, %), w(s, #)}. Span{¢ #}. For each n € N, let W, =
Span {¢', #, ..., #'}. We search for a function w'(s, 1) = X/_, ¥(f)¢ such that for any ¢ € W, it
satisfies the approx1mate equation

Loy Loy L n2 n n0 L
mofo wt,.¢ds+BJ.0 Wi @ ds + IO (F;=BK™)(w, +r,").dds— IO q.¢ds )

+(kywi (L, £)) +kywi (L, £).4(L, ) = 0
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where F° and & denote F; and x with w and w,, replaced by w" and w’,, respectively, and with

the initial conditions

Wn(S7 tO) = W(S7 tO): W?(Sa tO) = Wt(S, tO) (Cs)

which are possible since each element of (w(s, ), wi{s, %)) belongs to Ws, for n >2. Noticing that
(C.4) and (C.5) are in fact a 3n x 3n system of ordinary dierential equations in the variable 7, which
has a local solution in [0, #,). After the estimates below, the approximate solution will be extended
to the interval [0, 7] for any glvgn 7>0.

Estimate I: Upper bound of I wiow, ds+I wi.wids. In (C.4), taking ¢ =W/ results in

m(,j wh. w,ds+B'[ wh wmds+'[ (Ff—BK"Z)(wf+rf0).wf,ds—J. q.w,ds
0 0

(C.6)
Hkow/ (L, )+ kowi(L, 1) w(L,1) = 0
We consider the following Lyapunov function candidate
_ mo L n n B L n n A/ L n n L n n
w, = > IO w,.w,ds+ > IO W W ds + 2 IO w,.w.ds + 05-[0 SW, . w.ds (C.7)

where A and « are positive constants specified as in Section 3. Indeed, as in Section 3, the function
W, satisfies

L L L
ancl‘[ w:'.wfds-i-l—?'[ wgs.wgsds-l-czj wiw'ds
0 2% 0
s B.L N (C.8)
<(c,+2al "wids+= [ wl.wld +( + = " wld
Wn (cl (24 pO) IO Wt wt s 2_[0 Wss wss s &) 2,00> IO Ws ws s

where the positive constants oy, ¢; and ¢, are specified in Section 3. We use the same technique in
Section 3 to calculate the time derivative of the function W, along the solutions of (C.6) as follows

. n n Lk n n
W, <—csw!(L, )W (L, £)— “m 200 (L, £ W (L, 1)~ W, +A, (C.9)

where the positive constants ¢ and ¢; are specified in Section 3, see (51), (53) and (54), and
Loy a ¢t n
A, = .qds +— .qd. C.10
= [ g [ gas 10
Substituting the expression of ¢ given in (29) into (C.10) gives

A, = J. wi (L 3=r5r nT) szCLD (L33 =75 "T)(V w;)
22 ConDal L= YV =)l Ly =YV~
(C.11)
n nT 1 n nT
+_I SWs ((13><3 rerg W, E/OWCLDDH([BX3 )V =w))

— NV =w))ds

2prNDDH”(]3><3 ’”n nT)(V Wt
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Since 7,.7, = 1, i.e., |rl| is bounded by 1, there exists an arbitrarily positive constant € such that

L n n L n n 1
A, < Q('[o w,.w,ds+ '[0 ws.wsds) + ‘EQ (C.12)

where the nonnegative constant Q depends on the maximum value of |/ . Substituting (C.12) into
(C.9) results in

- ky
I, <l (L 1) (L )~ 2220 (L, 1) (L[ mln(qQOSB cz)) Q (C.13)

U

0
mil’l(c,, O.SB, Cz)

WnS—EWn+$Q:> W (1) S(W,,(to)+4%t)e

Now picking © such that ¢ = ¢— is strictly positive, we can write (C.13) as

< 1o vis,20 (C.14)
40c
Hence from (C.8) and (C.14), we deduce that there exists a nonnegative constant M, such that
L L L
.[ w,.wids+ .[ wiwlds+ I wi.wids<M, Vte[0,T],neN (C.15)
(] (]

0

Estimate IT: Upper bound of w,(s, to) in L*-norm. In (C.4), taking ¢ = w'(s,1,) and ¢ = 1, gives

| W 1) W5, t)dls B[ WS, 1) w5, ) — | gl (s, )

[ (FE5,00) = BA(5, 1)) 085, 0) + P20 00 5, 0) s+ (R (L 1) + (L 10)) W (L 1) = O
0
(C.16)

By integrating (C.16) by parts and by the compatibility condition Bw/,, = (L, #))—F: (L, t))r (L, t,)
= kw/(L,t,) +kyw,(L,t,), and the boundary conditions w’ (0,7, = 0,w.(L,¢,), and w. (0,%,) = 0
since 7./ =1 and r"Y = 0 (due to the straight initial position of the riser), we have

L
m '[ Wi(S, 10)- Wi (s, to)ds_'_BJ. Wiss(S, to).w,,(s,to)ds—_[o q-Wi(S, to)ds +

5588

~F;(0,10)r(0,£9).w,,(0, 1) — fo [(Fi (s, t6) = BK" (s, 10))r (s, 10)],wils, fg)ds = O
m, Loy n B2 Loy n

= T J.O W”(S, tO)'wtr(Sa t())ds < n70 _[0 Wssss(sa tO)'wssss(sa tO)ds (C17)
1t n

+n7 '[O qqu_i_Ff(Oa tO)rs(Oa Z‘0)""}”(0: tO)

o [T 10) = BR (5, 1)) )] [P 1) =B 5, 1) 1), s

Smce the 1mt1al Vah]les w(s, ty) and w(s, to) are suciently smooth, and we have already proved that
jo Wi (s, ). w/(s, )ds, [ wi(s, 1).wi(s, 1)ds, jo wh(s, t)ds are bounded, see Estimate I section, from
(C.18) there exists a rolon -negative constant M, such that

L
J' Wi, 1) wi(s,t)ds<M,, Vte[0,T],neN (C.18)
0
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Estimate III: Upper bound of w(s, t) and w(s, t) in L*-norm. To estimate the upper bound of
these terms, we use difference approach. Let us fix ¢ and & such that £ < T —¢ Now taking the
difference of (C.4) with t = ¢+ £and ¢ = ¢, and then letting ¢ = w,"(t + &) —w/(¢) result in

4[(wf(s, t+8)—w;(s,1)).(w; (s, 1+ &) —w](s,1)]ds

(C.19)
2I 91 w51+ =Wl (5, 0). (Wi (s, 1 ) =Wy (s, ))]ds +Q = 0
where
Q= *IL (q(s, 1+ &) —q(s,1).(w(s, 1+ &) ~w](s, 1))ds
A" 05,1+ O]~ [ AL, 9=l (5, 0)ds ©20)

+(ky (W) (L, 1+ &)~ Wi (L, 1)) + ky(Wi(L, t+ &) ~W(L, 1))).(W] (L, t+ ) —w/(L, 1))
A" = (Fi(s,t+ E)-Br(1+ O)(Wi(s, 1+ &) +1) = (Fi(s, )-BK" (1)) (Wi(s, ) + ")

Since the initial values w(s, #)) and w,(s ty) are suﬁimently smooth, w(0, 7) + r’= = 0, (0, 1) =0, wy(L, 1)
=0 for w e Wy and all the terms J' wy(s, t).w)(s, t)ds, J' wi(s, £).wi(s, t)ds , J' wi(s, t).wh(s, t)ds are
bounded, see Estimate I section, usmg the Mean Value "[‘heorem and Lemmas B.1 and B2 shows that
there exist nonnegative constants M, and Ms, such that

Q] < M;, IL (wy (s, 1+ &) —w/(s,1)). (W, (s, 1+ &) —w; (s, 1))ds

. (C21)
+M32J. (W:s(sa t+ @_W:s(sa t)).(WZS(S, t+ g)_wgs(sr t))dS
0
Using (C.21), we can write (C.19) as
dq’ D' (1, &)= D(t, &) < D(t,, £ (C.22)
where Mz is a nonnegative constant, and
(1, &) = (w,(s t+E)—w(s,1).(W) (s, t+ E)—w(s,1))ds
(C.23)
+§J. (W:s(sa t+ @—W:S(S, t)).(WZS(S, t+ @_W:S(S’ t))dS
0
Dividing both sides of the last inequality in (C.22) by & then taking the limit &— 0 gives
L L
maj Wi (s, 1). W, (s, t)ds + BJ wh (s, t).wh (s, t)ds <
0 0
(C.24)

L L Ma(t—
|, Wi t0) W 1)l B (5, ) Wl t)s Je

for all #,<¢<T. Now from the estimates given in (C.15) and (C.18), we can deduce from (C.24)
that there exists M; > 0 depending on T such that
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my [ WiCs, 0)-wis, 0)ds + B[ (s, 0.0 (s, s < My (C.25)
0 0

From the estimates given in (C.15), (C.18) and (C.25), we can use the Lions-Aubin theorem to
get the necessary compactness to pass the nonlinear system (C.4) to the limit. Then it is a matter of
routine to conclude the existence of global solutions in [0, 7.

Uniqueness. Let u and v be two solutions of the closed loop system consisting of (15), (25) and
(48). Letting z = u — v, we have z(s, #,)= 0 and z(s, #,)= 0 and from (C.3) we have

L L L
m,[ z,.¢ds+ B[ z,.gds+ [ (F/-B&)u,+r)—(F,—BL?) (v, +1))).4,ds
0 0 0
, (C.26)
*IO (q"—q")-gds + (kiz(L, ) + kpz (L, 1)). §(L, 1) = O

By taking ¢ = z(s, f) in (C.26) and using the Mean Value Theorem and passing of the limit of all
the estimates given in (C.15), (C.18) and (C.25) previously, we readily have

L I
C%UO z,.z,ds + J' Z. zﬂds) <M, OO z,.z,ds + .[ z,. zssds) (C.27)

where My is a positive constant. Since z(s, %) = 0 and z(s, %) = 0, using Gronwall’s Lemma shows
that z =0, i.e. u = v forall #>¢,>0 and s €[0,L]. [

C.2 Proof of convergence. First, we consider the case ¢ = 0 then move to the case g#0.

C.2.1 Case g= 0. With g= 0, (52) becomes

. Lk
W<—cswy(L,t).w/L, )~ “m 2

o

w(L,t)w,(L,t)—cW<—cW (C.28)

Therefore

(=c(t—1tg))

W(t) < W(t,)e V121,20 (C.29)

which combines with the low and upper bounds of W(f) given in (32), we have

L B.L L
c _[ w,(s,t).w,(s,t)ds+= _[ W (s, 8). w (s, 0)ds + cz.[ w(s, t).w,(s, t)ds
0 2% 0

S[(l%-i-aLpo).[ w,(s,1y).w,(s, to)ds+—J. W (8, 10), Wy (S, ty)ds (C.30)

(=e(r=1y))

()“ al V121,20

L
2+ 4—p0) [ w105, 1) Je

Since the initial values of w(s, ty), wys, %), wy(s, ) for all se[0,L] are bounded and
sufficiently smooth, all the integral terms in side the square bracket in the right hand side of (C.30)
are bounded. Hence, the right hand side of (C.30) is bounded and exponentially converge to zero.
Boundedness and exponential convergence of the right hand side of (C.30) to zero imply that the
left hand side of (C 30) must be bounded and exponentially converge to zero. This in turn implies
that all the terms j w,(s, 1).w,(s, t)ds, j w (s, ). w,(s, t)ds , and j w(s, 1).w,(s, t)ds are bounded and



192 K.D. Do

exponentially converge to zero. Next, we use Lemmas B.1 and B.2 to show that jLw(s, 1).w(s, t)ds
and |w(s,?)| are bounded and exponentially converge to zero. An application of Lemma B.1 gives

jLw(s, 1)-w(s,1)ds S 2(0,1).0(0, 1)+ 4L | "0, (s, 1), (s, 1)ds (C31)

Since w(0, )=0 and we have already proved that j w(s, £).w(s, t)ds is bounded and exponentially
converges to zero, (C.31) implies that j w(s, 1).w(s, f)ds must be bounded and exponentially
converges to zero. On the other hand, an application of Lemma B.2 shows that

A (0(s, )5, ) S W(0, ).w(0, 1) +2 J [ (s, 1).w(s, s J [ (s, 0w (s,1)ds (C.32)

Since w(0, ) = 0 and we have already proved that j w,(s, 1).w,(s, )ds and j w(s, t).w(s, t)ds are
bounded and exponentially converge to zero, (C.32) 1mphes that |w(s, 7)| must be bounded and
exponentially converges to zero. Next, to prove boundedness of the boundary control U(f), we need
to show that wy(L, ¢) and w(L, ) must be bounded.To prove boundedness of wy(L, f), we use the
constraint (s, #).ri(s, ) = 1 for all s € [0,L] and #>¢#,>0. This constraint implies that

(w,(s,1) +r2(8)).(w,(s, 1) +r2(5)) = L > w,(s,£).w,(s, ) + 21 (s).w,(s, 1) +ro(s).ro(s) = 1

1 o o (C.33)
=S>w(s, 1) w(s, 1)1+ EWS(S’ Hwy(s,t)+r(s).r(s)=>ws, t).w(s, 1) <4

for all se[0,L] and #>#,>0. Hence |w,(s,#)| is bounded for all s [0,L] and 7>#,>0. To
show that w(L, ) is bounded, we consider the following Lyapunov function candidate

1
W, = 27wt(L, t).w/(L,t) (C.34)

whose time derivative along the solutions of (15) with s = L satisfies
WWf = _klwt(L7 t)‘wt(La t) _kZWt(L7 t)‘ws(La t)

K2 2k2
Jiwt(L D-wLy 1)+ 5= " (L, ) wy(L, 1) <—m ke, W,,+=—=

wl‘ kl
25 ) ampary 2k (C.35)
Wwf(t)S[st(tO)+ 22] +_22
m k| m,k,
A\ ampi-r) Ak
= |wi(L, 1) < J(uwt@ i) + 2)e2 MWL Wiz ,20
1

where we have used (48), (25), (C.33), and (C.34). Since the initial value w(s, ) is bounded for all
€ [0,L], we have from (C.35) that |w,(L,?)| is bounded for all #>7,>0. []

C.2.2 Case ¢ + 0. Substituting (29) into (52) gives

. Lk
W<—cow(L,t).w/(L, ) “m 2y (L, 1).w (L, £)—cW+A, (C.36)

o
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where

L T 1 T

Ac = IO Wt‘((]3><3_rsrs) Wre+EprLDDH(I3x3_rsrs)(V_wt)
1 T T
30 CupDplls =1 (V= w)| (L5 = (V=) ds
; : (C.37)
[24

+n7 J.o sWy. (L33 _’”.s-’”sr) W+ EprLDDH(IZ! x3 _”s”.s-T)( V—w,)

1
30 CupDil (L s =YV =wl (s = rr )V =w,)ds

Since r,.r, = 1, i.e,, |r, is bounded by 1, there exists an arbitrarily positive constant o such that

L L 1
AL QOO w,.w,ds + .[0 ws.w_‘.ds) +4—QQ (C.38)

where the nonnegative constant O depends on the maximum value of |V]. Hence, substituting
(C.38) into (C.36) results in

] alk, ( e
W<— L,t)yw,(L,t)— L,tyw(L,t)—|c—
CSWr( » ) Wf( > ) m, Ws( > ) WS( ? ) ¢ min(Cl, 0.5B Cz)

where we have used (32) and (33) to yield QU w,. wds+_[ wew dsj <min(c,, 0.58, c,)W. Now
picking © such that ¢ = ¢— is strlctly pos1t1ve° we can write (C.40) as

1
) W0 (€39

min(c,, O.SB, C,)

<+ 0= W(t)s(W(z0)+%)e""’°’+ Lo im0 (C.40)
e 40c :
Hence W(r) exponentially converges to the nonnegative constant EQ This in turn implies that

all the terms j w,(s, 1).w,(s, t)ds, j w(s, £).w(s, t)ds and j w(s, 1).w,,(s, t)ds exponentially converge

to some nonnega tive constant 1ess than ! Q due to (32) and (33). Proof of boundedness
4¢c¢min(c,0.58,

(not exponential convergence to zero of) |y (s, ), wa(s 1).w(s, t)ds, [w(s, )], |w(L, 1) and the
boundary control U(f) can be carried out in the same tines as in the case where g=0. ]
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