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Modeling of flux enhancement in presence of
concentration polarization by pressure pulsation during
laminar cross flow ultrafiltration
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Abstract. A theoretical study for the flux enhancement by pulsation of transmembrane pressure is
presented for osmotic pressure controlled ultrafiltration under laminar flow regime. The transient velocity
profile is solved analytically using Green’s function method. Time dependent convective diffusive equation
is solved to quantify the membrane surface concentration and the permeate flux, numerically. The effects
of the amplitude and frequency of pulsation on flux, surface concentration and observed retention are
studied.

Keywords: pulsatile flow; osmotic pressure controlling; ultrafiltration; permeate flux; retention.

1. Introduction

Osmotic pressure controlled cross flow ultrafiltration has become an efficient and less energy
consuming unit operation for separation, concentration and fractionation of various important process
streams containing proteins, polymers, etc. However, decline in flux due to membrane fouling is the
major problem in the membrane based separation processes. Membrane fouling is generally divided
into reversible and irreversible fouling. In reversible fouling, solute concentration near the membrane
surface becomes more or there is a formation of gel type layer over the membrane surface depending
on the nature of solutes to be filtered. In this case, the deposition over the membrane surface can be
removed with an appropriate cleaning protocol. In case of irreversible fouling, the solutes may be
adsorbed on the pore mouth or inside the pore by blocking the pores partially or completely
(Pradanos et al. 1996). Many techniques to reduce the flux decline have been summarized in several
review articles (Ilias and Govind 1990, Spiazi et al. 1993, Winzeler and Belfort 1993, Wakeman and
Williams 2002). Based on the specific causes for flux decline, the control strategies are mainly
undertaken in the following directions, namely, (i) modification of the membranes, (ii) modification
of the feed, (iii) use of external field, e.g., electric, magnetic, sonic, etc,. (iv) modification of the
hydrodynamics in the flow channel. Modification of the membrane materials includes alteration of
the membrane surface by specific treatments, such as, surfactants, plasma treatments, etc., (Pal et al.
2008a). It is reported that the membrane surface treated by CO, plasma makes the surface more
hydrophilic, leading to a flux enhancement by about 15-20% (Pal et al. 2008b). In case of filtration
of charged macromolecules, such as, proteins, pectin, etc., suitable use of external electric field
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reduces the concentration polarization and consequently, enhances the permeate flux significantly.
Application of direct current electric field is reported to enhance the permeate flux of mosambi juice
upto 30% (Sarkar et al. 2008a, Sarkar et al. 2008b). For filtration of protein bovine serum albumin,
electric field can enhance the permeate flux even upto 100% (Sarkar et al. 2008c). Modification of
the hydrodynamics is the most popular approach. Modification of hydrodynamics can be achieved by
simply using turbulent promoter or changing the flow regime from laminar to turbulent. Reports of
use of turbulent promoters and turbulent flow regime to enhance the permeate flux is abundant in
literature (Krstic ef al. 2002, Ahmad et al. 2005, Das et al. 2007, Das et al. 2008). It is reported
that about 20 to 50% flux enhancement is possible using turbulent promoters and turbulent flow
regime for treatment of tannery effluents depending upon the operating conditions (Das ef al. 2007,
Das et al. 2008). Imposition of pulsatile flow in the membrane module is another technique for
modifying the hydrodynamics in the flow channel.

Alteration of the module hydrodynamics by pulsation can be induced by transmembrane pressure
pulsation (Rodgers and Sparks 1991, Li er al. 1998, Curcio et al. 2002) or retentate flow rate
pulsation (Najrain and Bellhouse 1998, Jaffrin et al. 1994, Wang et al. 1994). Induction of flow rate
pulsation by collapsible tube pulsation generator is also available in the literature for a
microfiltration system (Hadzismajlovic and Bertram 1998a, Hadzismajlovic and Bertram 1998b). It
is reported that the flux enhancement in the cross flow microfiltration can be as high as 450% for
laminar flow (Hadzismajlovic and Bertram 1998a) and upto 120% for turbulent flow regime
(Hadzismajlovic and Bertram 1998b). It is reported that the transmembrane pressure pulsation is
more effective than the flow rate pulsation (Rodgers and Sparks 1992). In a recent study, it is
reported that up to 300% flux enhancement is achieved by using flow pulsation during microfiltration
of bentonite solution (Wang et al. 2007). It may be noted that most of the works carried out to
investigate the effects of the pulsatile flow are restricted to cross flow microfiltration (Bertram ez al.
1993, Gupta et al. 1992, Jaffrin 1989) and the works available are mostly experimental in nature.
However, the effects of the pulsatile flow on the performance of the osmotic pressure controlled
cross flow ultratfiltration is scant in the literature and a theoretical approach to model such system
is rare.

In the present work, an attempt has been made to model the effects of transmembrane pressure
pulsation during osmotic pressure controlled cross flow ultrafiltration under laminar flow regime. The
nature of the pulsation of the resulting cross flow velocity is identified to effect the improvement of
the permeate flux. The transient velocity profile is solved analytically using Green’s function method
with an assumed periodic variation of the axial pressure drop profile. The convective diffusion
equation is numerically solved using the developed velocity profile to obtain the profile of the
membrane surface concentration and the permeate flux. The limiting value for the selection of the
amplitude and the frequency of pulsation is obtained. Finally, the maximum flux enhancement
possible in such case is quantified. It may be mentioned that the experimental data of flux
enhancement with pressure pulsation is available for cake/gel controlling ultrafiltration (Hadzismajlovic
and Bertram 1998a, Wang et al. 2007) but are unavailable for osmotic pressure controlled filtration.
Therefore, the present work is completely a modeling and simulation work. In case of water
treatment, either drinking water by reverse osmosis or sewage water treatment by ultrafiltration,
pressure pulsation can be one alternative to enhance the permeate flux. The present model can be of
extremely helpful in designing and scaling up of such systems.
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2. Theory

The flow geometry is shown in Fig. 1. Fluid is allowed to flow tangentially over the membrane
surface. The permeate flux is a function of the channel length for the module. The concentration
boundary layer develops over the effective length of the membrane. It is assumed that flow inside
the channel is laminar and fully developed before imposition of the pulsation. The cross-sectional
averaged velocity prevailing in the channel before pulsation is given by (Bird et al. 2002),

W ( a’P)
=1 _(_4aC 1
"o dx/,, 0
where, u is the cross sectional average velocity, 4 is the half height of the channel, x is the solution

viscosity and (_Z’P) is the pressure gradient. A periodic variation of the axial pressure gradient as

X
follows is now introduced in the system,
(—d—P) - (—d—P) (1+k cos(wr)) ?)
dx dx/,

Since, the permeate side pressure is atmospheric pressure, P in the above equation is equivalent to
transmembrane pressure drop at any location x. k is the amplitude and @ is the frequency of
periodic fluctuation.

2.1 Transient velocity profile
Initially, the fully developed laminar velocity profile exists in the flow channel. At >0, the

pressure gradient changes periodically following Eq. (2). The transient velocity profile can be
obtained using the x-component equation of motion as,

P =T H— 3)

e
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Fig. 1 Schematic of the cross flow system
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gradient given by Eq. (2), the following equation results,

ou_( dP azu
P (ﬁ)o (1kcos(on) 4% @)

The above equation is expressed in terms of the following non-dimensional variables,

t
y*=%,t*=i§,u*=§ )
Eq. (4) can be non-dimensionalized as,
2
%= al1+k cos(fre)]+ ©6)
oy*
2 2
where, a= (—d—P) L and f= ok .
X/ M %

The initial and boundary conditions of Eq. (6) in terms of the non-dimensional variables are,

at % = 0, u* = 6(y* 5*2) )
at y* =0, u* =0 (8)
aty* =1, u*=0 )

Eq. (6) is solved using Green’s function method and the analytical solution of the transient
velocity profile is obtained as presented in the Appendix,

ur(yt, ) = 24y UZCOSUD) i (7 )7
n=1 nmw

(nzﬂZCOSﬂf* + Bsin fr* —n ﬂzefnit*) (10)

 (1—cosnn) . 1—e k
+2a (—sm(mzy*)
nZ::l nr T n4zr4+,BZ

The cross-sectional averaged velocity profile can be obtained as
1
u*,, = Iu*dy* (11)
0

In order to check the validity of the transient velocity profile developed by Eq. (10), Eq. (6) is
solved numerically using a finite difference scheme. A comparison of the cross-sectional average
velocity ((Eq. (11)), computed using the analytical solution ((Eq. (10)) and the numerical solution of
Eq. (6) by finite difference, is presented in Fig. 2, for various values of the amplitude (k) and
frequency (w) of oscillation. The figure shows that the analytical solution by Eq. (10) is an exact
one.
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Fig. 2 Comparison of the analytical and numerical solution of the y-averaged velocity with £ and @ at
AP =550 kPa, ¢, =10 kg/m® and u, = 0.3 m/s. Solid line — Analytical solution; Symbols — Numerical
solution (1) £=1.0, ®=0.157 Hz; (2) k=1.0, ®=0.0785 Hz; (3) k=0.5, ®=0.0785 Hz

2.2 Profile of the transmembrane pressure drop

The pressure profile along the channel length at any time point can be obtained by integrating Eq.
(2) as,

P= Pi—(—%}) [1+k cos(wt)]x (12)

0

where, P; is the inlet pressure and (—i’P) is the inlet pressure drop. Substracting Ppemeqe On both
X

sides of Eq. (12), the expression for the transmembrane pressure drop can be obtained as,

AP = AP[—(—%) [1+k cos(wf)]x (13)

0

2.3 Profiles of the membrane surface concentration and the permeate flux along the
channel

The following assumptions are made in the development of the profiles of the membrane surface
concentration and that of the permeate flux: (i) diffusion along the channel is negligible compared
to convection in the same direction, (ii) permeate velocity is small enough compared to the feed
velocity, keeping the velocity profile in the major part of the channel one dimensional. However,
within the thin concentration boundary layer the flow is two-dimensional (as the mass transfer is
taking place in the y-direction as well) (iii) physical properties of the solution are constant.

Therefore, the solute mass balance equation inside the concentration boundary layer can be
written as,
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2
0 %€ 42 = pdc (14)
o ox Oy gy

where, ¢ is solute concentration, v is transverse (y-component) velocity component and D is the
solute diffusivity. The axial velocity profile, u, is expressed by Eq. (10). The transverse velocity
profile may be expressed as (Bouchard et al. 1994),

V=, (15)

where, v, is the osmotic pressure controlled permeate flux and is given by the osmotic pressure
model,

vy = L(AP — A7) (16)

AP is the transmembrane pressure difference and Az is the osmotic pressure difference across the
membrane and L, is the membrane permeability. The osmotic pressure difference across the
membrane is given as,

AZ= o — 1, 17

where, 7, is the osmotic pressure at membrane surface and 7, is the same at the permeate stream.
The osmotic pressure is generally expressed as a polynomial of concentration for macromolecules
(Cheryan 1998),

7= a;c+ ac* + ad’ (18)

In context of osmotic pressure calculation, it is assumed that pH and electrolyte concentration of
the solution is maintained constant throughout the experiments so that the charge on the
macromolecule remains constant. However, in the simulation of the present work, dextran, an
uncharged molecule is considered as the model solute.

The permeate concentration can be expressed in terms of the membrane surface concentration
through the definition of real retention, which is constant for a particular membrane-solute system
(Opong and Zydney 1991),

R=1-2 (19)

where, c, is the solute concentration in permeate and c,, is that at membrane surface. Therefore, the
osmotic pressure difference can be expressed in terms of the membrane surface concentration using
Egs. (17), (18) and (19),

Az=aye, R+ ac,[1-(1-R) T+ ase,[1-(1-R,)’] (20)

The initial and boundary conditions of Eq. (14) are,
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forall x and y,at =0, ¢ = ¢, 21

forall fand y, at x=0, c = ¢, (22)

for all x and 7, at y = h/2, g_c -0 (23)

for all x and ¢, at y =0, Dg—c-i-vwcmR,:O 24)
Y

On solution of set of equations, Eqs. (14) to (24), the profile of permeate flux and permeate
concentration are obtained as a function of time and channel length. The length averaged permeate
flux and permeate concentration are expressed as,

L
Viea = l'[vw(x, dx (25)
L]
1L
Cpa=7 _[cp(x, f)dx (26)
0

The length averaged observed retention is defined as,

R, =1 27)
Co

3. Results and discussions
3.1 Effect of pressure pulsation on velocity

It may be observed from Fig. 2, that the y-averaged velocity profile varies in a regular fashion
about the mean velocity, i.e., 0.3 m/s (considered herein). Imposition of this fluctuation of velocity
will result in an oscillatory permeate flux without improving it over the long time. Therefore, the
cross flow pulsation is required to be carried out as follows: the pulsation is continued as long as
the velocity remains above the mean velocity i.e., 0.3 m/s in this case. At the start of the pulsation,
velocity increases and pulsation is stopped when it becomes u, i.e., 0.3 m/s. Therefore, pulsation is
imposed in the first half of the cycle as shown in Fig. 3. The velocity profile remains constant with
the cross-sectional averaged velocity at u,, in the next half of the cycle. Next pulsation starts at the
end of the cycle. Pressure pulsation (cause) is manifested in velocity fluctuation (effect) and an
explicit relationship is derived in this work between the two. However, the controller which will
control this fluctuation will be designed to measure the resulting velocity change and act accordingly
as per Fig. 3. Since an explicit relation between the pressure and velocity fluctuation is available,
operation of controller can be done either by measuring the pressure or the resulting velocity.
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Fig. 3 Cross-sectional averaged velocity profile after imposition of the pulsation for half of the cycle, with &
and o at AP=550 kPa, ¢,=10 kg/m® and u#,=0.3 m/s (1) k=10, ®=0.157 Hz; (2) k=1.0,
®=0.0785 Hz; (3) k=0.5, ®=0.0785 Hz

3.2 Solution to the convective diffusion equation ((Eq. (14)) for prediction of the perme-
ate flux

The transient velocity profile, Eq. (10) is inserted in the transient mass balance equation, Eq. (14)
and is solved using MATLAB. The duration of the flow rate pulsation is for the first half cycle as
shown in Fig. 3. The simulation is carried out using dextran as the model solute. The physical
properties of the solution, membrane permeability and the geometry of the flow channel are
presented in the Table 1.

Fig. 4 shows the variation of the length averaged membrane surface concentration with time for
different values of amplitude and frequency of pulsation. The predictions are compared with the
transient solution without pulsation (curve 4). It may be observed from the figure that the membrane
surface concentration is mainly influenced by the amplitude of pulsation. The profile of the
membrane surface concentration qualitatively follows the imposed velocity pulsation as shown in
Fig. 3. Higher the amplitude, lower is the membrane surface concentration (curves 1 and 2 versus 3)
due to higher shear induced effects. The corresponding length averaged permeate flux profiles are

Table 1 Channel geometry and the physical properties of the solute, solution and membrane

Solute diffusivity: 4x107"" m?/s

Membrane permeability: 2.46x107"" m/Pa.s

Osmotic pressure coefficients: a; =37.5
a,=0.754
a;=0.00764

Length of channel: 1.0 m
Width of the channel: 0.04 m
Height of the channel :0.001 m
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shown in Fig. 5. Here also, the permeate flux profiles follow the trend of the imposed cross flow
velocity fluctuations. The upper half cycle pulsation increases the permeate flux and it is more for

larger amplitude.

The length averaged permeate flux profiles for various values of R, are shown in Fig. 6. For each
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Fig. 4 Variation of length averaged dimensionless
membrane surface concentration with time
for different values of & and @ at AP =550
kPa, ¢, = 10 kg/m’®, u,=0.3 m/s and R, = 1.0
(1) k=1.0, ®=0.157 Hz; 2) k=1.0, o=
0.0785 Hz; (3) £=0.5, @=0.0785 Hz; (4)
without pulsation
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Fig. 6 Variation of length average permeate flux with
time for different values of R, at AP =550
kPa, ¢, =10 kg/m’, u,=0.3 m/s and k= 1.0,
®=10.0785 Hz (1) and (2) R.,=1.0; (3) and
4) R.=0.99; (5) and (6) R.=0.95. (1), (3)
and (5) are for without pulsation
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Fig. 5 Variation of length averaged permeate flux
with time for different values of k and @ at
AP =550 kPa, c¢,=10 kg/m®, u,=03 m/s
and R.=1.0 (1) k=1.0, ®=0.157 Hz; (2)
k=1.0, »=0.0785 Hz; (3) k=0.5, ®=0.0785
Hz; (4) without pulsation
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Fig. 7 Variation of length average observed retention
with k and @ at AP =550 kPa, ¢, =10 kg/m®,
u,=0.3 m/s and R,=0.99 (1) k=1.0, =0.157
Hz; 2) k=10, ®=0.0785 Hz; (3) £=0.5,
®=0.0785 Hz
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Fig. 8 Variation of length averaged observed retention  Fig. 9 Variation of time averaged, length averaged

with R, at AP =550 kPa, ¢y = 10 kg/m’, u,=0.3 permeate flux with number of cycles at AP =
m/s and k=10, w=0.0785 Hz (1) and (2) 550 kPa, ¢, =10 kg/m®, u,=0.3 m/s, R, = 1.0,
R.=0.95; (3) and (4) R.=0.98; (5) and (6) k=10, ®=0.157 Hz

R,=0.99. 1, 3 and 5 are for without pulsation.

R,, the corresponding case of without pulsation is also presented. As expected, the flux increases
with lowering of R,. The effect of pulsation merits further discussion. It may be observed from the
figure that as the membrane becomes more porous (less real retention), the effect of pulsation is
dampened. For example, for R, =0.95 there is insignificant improvement of the permeate flux, due
to pulsation. As the membrane becomes more porous, the solute build up over it will be less and
hence, the membrane surface concentration is less as well. Therefore, the scouring effect of the
pulsation in the cross flow velocity in terms of reduction in ¢, and increase in the permeate flux
becomes less prominent. Therefore, the effect of the cross flow pulsation is minimized as the value
of R, becomes smaller.

The variation of the length averaged observed retention (R,,) is shown in Fig. 7 for R, = 0.99 at
various pulse amplitude and frequency. It may be observed that the long term time averaged
observed retention increases with pulsation and it is more for higher amplitude of pulses. The
effects of pulsation on the length averaged observed retention with different R; values are shown in
Fig. 8. It is observed that R, increases with pulsation but for more open membranes (lower R;), the
effect becomes more as discussed earlier.

Selection of the number of cycles for long term time averaging

In order to establish the suitable operating amplitude and frequency of the flow rate pulsation, one
must compute the long term time averaged permeate flux. For this purpose, the length averaged
permeate flux is time averaged over a number of time cycles. The results are presented in Fig. 9. As
observed from the figure, the time-averaged, length averaged permeate flux is independent of the
number of cycles after about 4 cycles. Therefore, all time averaging of the permeate flux is
computed over 4 cycles of oscillation.

3.2.1 Selection of the operating parameters of the pulsation
The variation of length averaged, long term time averaged (over four cycles) permeate flux with
frequency of pulsation is shown in Fig. 10 for various amplitudes. It is observed from the figure
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that there is insignificant flux enhancement with the frequency of the pulsation. It is observed that
the permeate flux increase from 1.013x10° m/s to 1.058x10° m/s as k increase from 0.5 to 2.

Limit of the amplitude of pulsation

As discussed earlier, the amplitude (k) plays the most important part in flux improvements. The
amplitude is associated with the fluctuations in the pressure drop. It is clear that the fluctuations in
pressure drop leads to the corresponding variation in velocity u. Since, the analysis in the present
work is valid strictly in laminar flow regime (Re<2200), maximum amplitude of fluctuation
corresponding to the steady state velocity (up) is estimated by calculating # from Eq. (10) so that the
Reynolds number is less than 2200. Table 2 shows the maximum value of the amplitude that can be
selected for a particular cross-sectional averaged cross flow velocity (u,) (under steady state around
which the pulsation is resulted). Using this value of k., the length and long term time averaged
permeate flux values are computed with and without pulsation and are presented in Fig. 11. The
percentage increases in flux for various u, values are shown in Table 3. It is clear from Table 3 and
Fig. 12 that for lower cross flow velocities, the flow rate pulsation is more effective and one can get
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Fig. 10 Variation of length averaged, time averaged  Fig. 11 Variation of length averaged, time averaged
permeate flux with @ at AP =550 kPa, permeate flux with k at AP =550 kPa, ¢, =
co =10 kg/m®, u,=0.3 m/s and R, = 1.0. (1) 10 kg/m®, u,=0.3 m/s and R.=1.0 (1) = 0.628
k=0.5,2)k=1.0; (3) k=2.0 Hz; 2) @=0.0785 Hz; (3) ®=0.0418 Hz

Table 2 Maximum amplitude that can be selected maintaining the laminar flow regime

u, (m/s) K max
0.1 10
0.2 4.6
0.3 2.75
0.4 1.8
0.6 0.85
0.8 0.39

1.1 0
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Table 3 Length averaged, time averaged permeate flux with and without pulsation for different values of u,
and the percentage increase in permeate flux

u, (m/s) Vx10° (m/s ) with Pulsation Ve 10° (m/s ) without pulsation % increase in flux
1.1 1.21 1.21 0
0.8 1.18 1.16 1.27
0.6 1.15 1.12 3.03
0.3 1.09 0.99 9.76
0.2 1.06 091 15.73
0.1 1.01 0.78 29.02
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Fig. 12 Comparison of length average time average permeate flux with and without pulsation, at different
cross sectional average velocity (1) with pulsation (using k = kmax as in Table 1); (2) without pulsation

a flux enhancement upto 29%, whereas, this will not be effective for higher cross flow velocity.

4. Conclusions

In the present work, an attempt has been made to quantify the extent of flux enhancement possible
in an osmotic pressure controlled cross flow ultrafiltration system under the laminar flow regime, using
transmembrane pressure pulsation. In the model developed herein, the transient velocity profile is
solved analytically and the analytic results are verified numerically. The coupled hydrodynamic and
mass transfer problem is solved to obtain the membrane surface concentration and the permeate flux
as functions of the operating conditions, namely, the real retention, amplitudes and frequencies of
pulsation, etc. It is observed that the pulse amplitude plays the most important role in the flux
improvement, whereas an insignificant flux enhancement occurs with the frequency of the pulsation.
For lower cross flow velocities, the pulsation is most effective and flux enhancement up to 29% can
be achieved for dextran solution.
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cc

Nomenclature

Ao constants in Eq. (A17)

a123 osmotic pressure coefficients in Eq. (18)

ay time varying part of Green’s function

c solute concentration [kg/m?]

Co feed solute concentration at the channel inlet [kg/m?]
Cm membrane surface concentration [kg/m’]

¢ solute concentration in permeate [kg/m’]

Cpa length averaged solute concentration in permeate [kg/m?]
D solute diffusivity [m*/s]

g Green’s function

g* Adjoint Green’s function

h channel height [m]

k amplitude of pulsation [Hz]

L channel length [m]

L, operator

L*, operator

L, membrane Permeability [m/s Pa]

P Pressure [Pa]

Prermeate Pressure in the permeate side [Pa]

R, real retention

t time [s]

th time coordinate of unit impulse in Green’s function

t* time coordinate of unit impulse in adjacent Green’s function
u axial velocity [m/s]

u* dimensionless velocity

Uyg* dimensionless cross-sectional pulsatile average velocity [m/s]
u, cross-sectional steady state average velocity [m/s]

v velocity in y-direction [m/s]

Vi permeate flux [m*/m? .s]

Vwa length averaged permeate flux [m*/m? .s]

Vit length averaged time averaged permeate flux [m?*/m? .s]
X axial dimension [m]

y transverse dimension [m]
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Ve space coordinate of unit impulse in Green’s function
v time coordinate of unit impulse in adjacent Green’s function

Greek symbols

dimensionless pressure gradient

dimensionless frequency

transmembrane pressure difference at any x location [Pa]
transmembrane pressure difference at the inlet of the channel [Pa]
n-th eigenfunction

n-th eigenvalue

osmotic pressure [Pa]

osmotic pressure at the membrane surface [Pa]

osmotic pressure at the permeate side [Pa]

osmotic pressure difference across the membrane [Pa]
kinematic viscosity [m?/s]

viscosity [Pa s]

frequency of pulsation [Hz]

density [kg/m’]

n@@ag@g%ma

VEeE < B
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Appendix

Transient velocity profile using Green’s function (Doriaswamy and Amundson 1985):
The governing equation of the transient velocity is given by Eq. (6) with initial and boundary
conditions expressed in Eq. (7) to (9),
Eq. (6) can be expressed as
Liu* =1 + k cos(ft*)] (A1)
2

where, the operator LF%—%E . The right hand side of Eq. (A1) can be treated as a source term.
oy

Since the governing equation, Eq. (A1) is a linear, non-homogeneous type, a solution using green’s

function is sought.

The causal Green’s function is constructed as,

og(x, 1/ yh, 1h) Dgr*, /yE, 1) _
or* oy*?

S(y* = yo)(r*~ 15) (A2)

where, g is the causal Green’s function, & is the dirac delta function and y%, #} are the location of
impulse in dirac delta function. The initial and boundary conditions of Eq. (A2) are

for all y*, at *=0, g*=0 (A3)
for all t*, at y* =0, g*=0 (A4)
y*=0,g%=0 (A5)

Using partial eigenfunction expansion, Green’s function can be expressed as,

g%, 15/ %, 1%) = iana*)cbn(y*) (A6)

where, @, is nth eigenfunction (spatial part) and a, is the time varying part. The spatial part of Eq.
(A6) must satisfy the following eigenvalue problem.

2
40, 20, —0 (A7)
dy*2

Subject to, O,=0aty*=0 (A8)
and D, =0aty*=1 (A9)

Solution of Eq. (A7) with the boundary conditions are,
O,(y*) = Cy Sin(A,y*) (A10)

where A, =nm n=1, 2,.....0 are the eigenvalues.
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Forcing @,(y*) to be orthonormal i.e., ||ch||2 =1, the value of C; is obtained as C;= J2
Therefore, the complete solution of Eq. (A7) is,

D,(v*) = 2 Sin(Ay*) (ATT)

Using orthogonal properties of sin functions, a,(*) becomes ((from Eq. (A6)),

k) — <g9 CDn>
a,(t*) ©. ) (A12)

where, <fj, f,,> represents the inner product of functions fj and f; .
Since, @, are orthonormal as well, the expression of a, becomes,

a,(t*) = <g, ®,> (A13)
Taking inner product of Eq. (A2) with ®,, the following expression is obtained,

d<g’ (Dn> _1 azg
dt* an*Z

1
dy* = [6*— y3) 3%~ 13)D,dy* (A14)
0

Using Eq. (A7) and its boundary conditions Eqs. (A8) and (A9), the governing equation of a, is
obtained after simplification,

2y s Koa, = Se% = 1D, (%) (A15)
dr*
In order to obtain the solution of a,, the following equation is considered,
day, 2q —0 (A16)
dr*

The solution of Eq. (A16) becomes,

a(%) = Ajexp(—Aat*) for < ¥
= Agexp(—Ar*) for r>r* (A17)

Since as * =0, g =0 and hence a, =0 and therefore A;=0
Integrating Eq. (A15) between 7% and 1",

a,(157) = Du(¥7) (A18)
Combining Egs. (A18) and (A17), the value of A, is obtained,

Ay=,(y5) exp(—Ath) (A19)
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Thus, the solution of a, becomes,

_ %
a(t*)=0 for r*<t}

= @,(y}) exp[-A(t*— £§)]  for <>t} (A20)
Thus the Green’s function becomes,
g(y*’ t*/yﬂ(;’ tﬂ(;):() for f*<t>§

=3 @,0)D,(y¥) exp[- A+~ %) for > (A21)
n=1

Having obtained Green’s function, the adjoint Green’s function is constructed. The adjoint
operator corresponding to L; is (Doriaswamy and Amundson 1985),

«_ 0 &

= ——=

at* ay*Z

Therefore, the governing equation of adjoint Green’s function becomes,

_ogr, B/, 1) S, /0T,

t*
or* P D A (o) (A22)

where, g* is the adjoint Green’s function and y*, #* are the corresponding variables. Now, the
inner product of Eq. (A2) with g* and that Eq. (A22) with g are taken and subtracted. By forcing
bilinear concommittant to be zero, the relationship between g and g* and initial and boundary
conditions of g* are obtained,

gx, 10/ VY. ) =gy, /8, 17) (A23)
for r*>1%, g* =0 (A24)
for y*=0, g*=0 (A25)
fory*=1,g*=0 A26

g

Taking inner product of Eq. (7) with g* and that of Eq. (A22) with «#* and after subtraction, the
following equation is resulted,

i

12 7 N2
u* " u* %k %
—— g*dy*dt*— |—E *dy*dt*+ |i6 wrdy*dt + [ [CE-u*dy*dt*
ngy mezy Jﬁﬁ g Jﬁw ’

i

=a ”(1 +k cos Br¥)g*dy*dt*—u*(y*, 1) (A27)
00
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Using the relationship between g and g* ((Eq. (A23)) and the boundary conditions of u#* ((Egs.
(9) and (10)) and g* ((Egs. (A25), (A26)), and simplification, Eq. (A27) becomes,
1 1
Wy, 1) = u(15=0)g*(y5,0/ ¥, £)dyidey +a [ [(1+k cos Bty)g*dy i dty
0 00
= Il + Iz (A28)

The integral I, is,

1 o
L= 60y -yi) Y @YD (r])exp—(4, 1)y
0 n=1

2 2 %
—n 7Tt

sin(nzy™)e (A29)

:24°°(1—L5(3””))

n=1 nmw

Substituting expression for g*, the integral I, is evaluated as,

2 2 %

- -n 7t 2 2%
Izzzzazwsin(nﬂy”;) 1—62 —t— f (W7 cosfr* + fsinfr* —n’ e )
nrw nr nor +ﬂ2

n=1
Changing the coordinates y*, ¢* to y*, #* the velocity profile is,

ur(¥, 1¥)=24%" (1-cos(n7)) sin(nmy*)e """
3 3
n=1 nnw
© (]— . 1— e k
+2a2“1(—;(:n”)sm(n7zy*){ e22

+
nr n4ﬂ4+/3’2

(7 cos B+ Psinfrt—n" e " ” t*)} (A31)
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