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Abstract. The concrete bridge is likely to produce fatigue cracks during long period of service due to
the moving vehicular loads and the degeneration of materials. This paper deals with the time-frequency
analysis of a coupled bridge-vehicle system. The bridge is modeled as an Euler beam with breathing
cracks. The vehicle is represented by a two-axle vehicle model. The equation of motion of the coupled
bridge-vehicle system is established using the finite element method, and the Newmark direct integration
method is adopted to calculate the dynamic responses of the system. The effect of breathing cracks on the
dynamic responses of the bridge is investigated. The time-frequency characteristics of the responses are
analyzed using both the Hilbert-Huang transform and wavelet transform. The results of time-frequency
analysis indicate that complicated non-linear and non-stationary features will appear due to the breathing
effect of the cracks. 

Keywords: bridge-vehicle system; dynamic response; time-frequency analysis; Hilbert-Huang transform;
wavelet transform.

1. Introduction 

The dynamic responses of bridges subjected to moving vehicles have been studied in the past few

decades (Yener and Chompooming 1994, Kou and Dewolf 1997, Pan and Li 2002). The dynamic

responses of coupled vehicle/train-bridge systems have been studied extensively in recent years

(Yang and Yau 1997, Zhang et al. 2005, Sun and Luo 2007, Yau 2009, Yang et al. 2010, Li and

Zhu 2010). Some scholars also studied the effect of road roughness on the dynamic responses of the

coupled vehicle-bridge system (Law and Zhu 2004, Chang et al. 2010). Cojocaru and Irschik (2010)

studied the dynamic response of an elastic bridge loaded by a moving elastic beam with a finite

length. Wang et al. (2010) investigated the nonlinear dynamic responses of a long-span bridge using

a complex wind-train-bridge system model. 

The concrete bridges are likely to produce fatigue cracks due to the moving vehicles and the

degeneration of materials. The flexural rigidity of the bridge will be reduced due to these cracks,

which may greatly affect the dynamic responses of the bridge. The dynamic responses of a cracked
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bridge has been investigated by many researchers. Mahmoud (2001) studied the effect of cracks on

the dynamic responses of a simple beam subjected to a moving load. Mahmoud and Abou Zaid

(2002), Ariaei et al. (2009) discussed the dynamic responses of a beam with a crack subjected to

moving masses. Law and Zhu (2005) investigated the dynamic behavior of a damaged concrete

simply supported bridge under moving vehicular loads.

Generally, there are two kinds of crack model in the existing literature: open crack model (Abdel

et al. 1999, Binici 2005, Aydin 2008, Lu and Law 2009) and breathing crack model (Chondros et

al. 2001, Law and Zhu 2004, Douka and Hadjileontiadis 2005, Mahmoud 2001, Ariaei et al. 2009).

Most researchers assume the cracks to remain open during the vibration of the structure. On the

other hand, a breathing crack will open and close with time depending on the load conditions and

vibration amplitudes. In fact, different crack models may lead to different conclusions. There are a

lot of researches in the literature regarding the vibration analysis of structures containing open

cracks (Aydin 2008, Lu and Law 2009). There are also many researches dealing with the bridge-

vehicle system with multiple breathing cracks (Mahmoud 2001, Ariaei et al. 2009). 

There exist several signal processing tools to analyze the response characteristics of structures,

such as the fast Fourier transform (FFT), wavelet transform (WT) and Hilbert-Huang transform

(HHT). Law and Zhu (2005) investigated the nonlinear characteristics of the reinforced concrete

structures under vehicular loads using the FFT transform. It is known that WT and HHT are

especially useful for the analysis of non-stationary data. Some scholars analyzed the non-stationary

characteristics of wind effects on tall buildings with HHT (Li and Wu 2007, Chen et al. 2011). Kim

and Melhem (2003) conducted damage detection in a simply supported pre-stressed beam with both

FFT and continuous wavelet transform. Zhu and Law (2007) discussed the nonlinear characteristics

in the vibration response of a reinforced concrete beam with cracks using the Hilbert-Huang

spectrum. An et al. (2010) established a simply-supported cracked beam subjected to a moving

spring-mass system and studied the damage detection using the wavelet analysis. Chakraborty and

Basu (2008) developed an input-output relation for the non-stationary responses of long-span

bridges subjected to random differential support motions with continuous wavelet transform. 

This paper aims to investigate the time-frequency analysis of a coupled bridge-vehicle system

with breathing cracks. The vehicle is represented as a two-axle vehicle model, and the bridge is

modeled as a continuous damaged Euler-Bernoulli beam with breathing cracks. The equation of

motion for the coupled vehicle-bridge system is established using the finite element method, and the

Newmark direct integration method is used to calculate the dynamic responses of the system. The

effects of different numbers and the positions of the cracks on the vibration responses of the bridge

are studied. The roughness of the bridge is also taken into account. The time-frequency feature of

the dynamic response is analyzed using both the HHT and WT. The results from time-frequency

analysis indicate that complicated non-linear or non-stationary feature will appear due to the

breathing effect of the cracks.

2. Theory and formulation 

2.1 Vehicle-bridge system 

Fig. 1 shows a vehicle-bridge system under study. The equations of motion for the vehicle and the

bridge are obtained as follows. 
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2.1.1 Equation of motion of the vehicle 

According to the d'Alembert principle, the equation of motion for the vehicle is expressed as

(1)

where  is the response vector,  

is the excitation force vector, and  are the mass, damping and stiffness matrices of

the vehicle, respectively. The detailed expressions for these matrices are written as

2.1.2 Equation of motion of the bridge 

After finite element discretization, the forced vibration equation for the bridge can be written as 

 (2)

where  is the vertical displacement,  is the nodal force vector, and  are

the system mass, damping and stiffness matrices of the bridge. In this paper the Rayleigh damping

model is adopted, i.e., , where  and  are two constants. 
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Fig. 1 Vehicle-bridge system under study
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2.1.3 Equation of motion of the vehicle-bridge system 
The vehicle-bridge system is treated as two dynamic sub-systems in this paper, i.e., the vehicle

and the bridge. The interaction forces between the vehicle and the bridge are regarded as the

external forces for each sub-system. We assume that there is a close contact between the wheel and

the bridge deck all the time. The equation of motion of the coupled vehicle-bridge system is

expressed as

(3)

The interaction force between the bridge and the vehicle can be written as

 (4)

where  (i=1, 2) is the vertical displacement of the contact point between the ith wheel and the

bridge, which can be expressed as

 (5)

Here  is the road roughness. If the road roughness is zero, .

The nodal force vector  in Eq. (3) can be obtained using the shape function matrix  of

the beam element 

 (6)

Differentiating with respect to time on both sides of Eq. (5), one has

 (7)

The Newmark direct integration method is used to obtain the dynamic responses of the bridge-

vehicle system as shown in Eq. (3). 

2.2 Modeling of the crack in the bridge 

2.2.1 Open crack model

Abdel Wahab et al. (1999) modeled the cracked beam as a reduction in the Young’s modulus of

the material. The evolution of damage along the beam length was described through an

experimental work. Fig. 2 shows the distribution of the Young’s modulus along the beam.

(8)
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and  are the parameters of the crack damage. α characterizes the magnitude of the crack,

which lies between 0 and 1. If α is equal to 1, no crack is presented, whereas if α drops to zero, the

bending stiffness will vanish at the middle-point of the beam. β characterizes the length of the crack

zone, and it lies between 0 and 1. Parameter n characterizes the variation of the E-modulus from the

center of the beam to the end of the crack zone. E0 is the modulus of the intact beam.

2.2.2 Breathing crack model

Actually, during the operation stages of the bridge, the depth of the crack will vary with the

moving vehicle instead of open all the time. The crack opening/closing behavior can be simulated

by elastic-stiffness recovery during the elastic unloading process from tensile state to compressive

state. Law and Zhu (2004) introduced a parameter to describe the variation of opening/closing

behavior of the crack.

 (9)

where s is introduced in open crack model to describe the degradation process, and . s is

equal to 0 or 1 denoting that the crack is closing completely or open completely, respectively; when

, where , v is the speed of the vehicle. 

2.3 Time-frequency analysis of the structural acceleration response

2.3.1 A brief introduction to the Hilbert-Huang transform 

It is known that the HHT consists of two parts: empirical mode decomposition (EMD) and hilbert

spectral analysis (HSA). The HHT is suitable for the nonlinear and non-stationary data analysis

(Huang et al. 1998). A brief introduction of the method is given below.

α β n, ,

E x( ) E0 1 s 1 α–( ) π

2
---

x

βL 2⁄
-------------⎝ ⎠
⎛ ⎞

n

⎝ ⎠
⎛ ⎞2

cos–⎝ ⎠
⎛ ⎞ for 0 x βL 2⁄< <( ),=

E E0 for βL 2⁄ x L 2⁄≤ ≤( ),= ⎭
⎪
⎬
⎪
⎫

0 s 1<≤

0 s 1 s,< < s0 1 s0–( ) πvt

L
--------⎝ ⎠
⎛ ⎞sin+= s0 0.3=

Fig. 2 Symmetric damage function by Abdel Wahab et al. (1999)
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Firstly, making use of EMD, the response signal is decomposed into a set of narrow-band signals

called the intrinsic mode functions (IMFs). The basis of the EMD method is the “sifting method”.

Through the sifting process, the original signal is finally expressed as a sum of the IMFs and a

residual signal.

 (10)

where  is the summation of the IMFs, and  is the residual signal.

Secondly, the instantaneous frequency is computed through the Hilbert transform on each IMF

component. For an IMF , whose Hilbert transform is defined as

 (11)

The analytic signal of the j th IMF is 

 (12)

where i is the imaginary part, , . The instantaneous

frequency is defined as

 (13)

2.3.2 Wavelet transform 
Among the spectrum of time-frequency analysis techniques, the wavelet transform has also

received much attention and has been widely used in recent years. The wavelet analysis can provide

local features in both time and frequency domains and has the characteristics of multi-scale and

“mathematical microscope” (Gurley and Kareem 1999). The continuous wavelet transform of signal

 is defined as 

 (14)
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where  is the bandwidth parameter,  is the central wavelet frequency, and i is the imaginary

unit. 

3. Numerical simulations

3.1 A single-span simply supported bridge

A single-span simply supported bridge subjected to a moving vehicle is studied. The parameters

of the bridge are: flexural rigidity , mass density  and

length . The parameters of the two-axle vehicle are taken as

,

,

,

3.1.1 Dynamic response of the bridge
The vehicle is assumed to move from the left end to the right end of the beam with a speed of 10

m/s. The bridge is discretized into 20 Eulerian beam elements. In the calculation of the dynamic

response of the bridge-vehicle system, the time step is taken to be 0.005 and the first two modal

damping ratios are assumed to be 0.015 and 0.02, respectively. The first four natural frequencies of

the intact bridge are 5.69, 22.76, 51.20 and 91.02 Hz, and the natural frequencies of the vehicle are

1.6, 2.3, 10.3 and 15.1 Hz. Fig. 3 shows the vertical deflection time history of the mid-point of

bridge. The peak value of the beam is obtained when the rear wheel of the two-axle vehicle reaches

the mid-point of the bridge.
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Fig. 3 Dynamic deflection of the intact simply supported bridge
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The deflection responses of the middle of the bridge with different crack models are showed in

Fig. 4. One can observe that there is an obvious increase in the deflection when the crack appears in

the beam. This is due to the reduction in the flexural rigidity of the beam when the crack emerges,

which affects the load-carrying capacity of the bridge. The maximum values of deflection of the

mid-point obtained for the two crack models are almost the same, which indicates that the two

models are basically the same when the breathing crack is completely open. As a whole, the

deflection obtained from the breathing crack is slightly smaller than that of the open crack, due to

the “opening/closing effect” of the breathing crack model.

3.1.2 Dynamic response of the bridge with different crack zones 

Since the parameters  characterize the pattern of crack damage, if they change, the effect

of crack on the dynamic responses of the bridge should be different. Let us consider the case when

the open crack occurs in the middle of the bridge. Fig. 5 gives a comparison on the deflection

α β n, ,

Fig. 4 Dynamic response of the bridge with different crack models

Fig. 5 Dynamic response of the bridge with different crack parameters
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responses at the mid-span of the bridge with three sets of parameters: ,

 and . Obviously, the crack damage has a

negative effect on the responses of the bridge, especially when the crack condition is serious. For

the case with , the maximum deflection is almost doubled compared with

that of the intact bridge. Table 1 shows the first six natural frequencies of the bridge with an open

crack but different parameters. The natural frequency of the bridge decreases little by little when the

crack damage is getting more serious.

3.1.3 Time-frequency analysis of the dynamic response

It is known that the dynamic response of the vehicle-bridge system will reveal nonlinear

characteristics due to the existence of breathing crack in the bridge. The “breathing effect” will lead

to the change in the natural frequency of the bridge with time, which is known as the instantaneous

frequency. In this section, the time-frequency analysis of the acceleration response is carried out

using both the HHT and WT. 

In recent years, many researchers use the HHT to analyze the non-stationary signals. There are a

host of research papers dealing with the improved HHT method. In this paper, the improved HHT

(Yang 2008) is adopted. Making use of the HHT, the instantaneous frequency can be obtained. On

the other hand, the WT is also studied by many scholars. The Morlet wavelet is used in this study

with . 

The time-frequency information is extracted using the acceleration response of the bridge with a

breathing crack located at the mid-point of the bridge, the parameters of the crack function are

taken as: . Fig. 6 shows the time-frequency curve of the acceleration

response at L/4 of the bridge. It can be found that the frequency components in the dynamic

vibration of the bridge are mainly composed of the first few lower frequencies of the bridge and

vehicle. The bridge vibrates mainly at its fundamental frequency of 5.69 Hz. The first and third

frequencies of moving vehicle are also contained in the dynamic response of the bridge. Apart from

these frequency components, several higher order frequency components (around 30 Hz, 40 Hz) can

also be observed from the dynamic response of the bridge. This nonlinear characteristic comes from

the effect of the breathing crack in the bridge. Each frequency component and its magnitude of the

bridge can be clearly seen in the Hilbert-Huang transform marginal spectrum of the acceleration

response shown in Fig. 7.

A comparison study is carried out to analyze the variation of amplitude of each frequency

component for different crack parameters. The Hilbert-Huang marginal spectra of accelerations for

three different breathing crack conditions are shown in Fig. 8. One can find that the main frequency

components of the bridge response are the first three frequencies of the coupled bridge-vehicle

α 0.85 β, 0.3 n, 0.7= = =

α 0.7 β, 0.4 n, 1= = = α 0.5 β, 0.5 n, 2= = =

α 0.5 β, 0.5 n, 2= = =

fb 1 fc, 3= =

α 0.5 β, 0.5 n, 2= = =

Table 1 First six frequencies of the bridge with different open cracks

Mode number Intact bridge α = 0.9, β = 0.3, n = 0.7 α = 0.7, β = 0.4, n = 1 α = 0.5, β = 0.5, n = 2

1 5.68 5.61 5.36 4.63

2 22.75 22.73 22.56 21.26

3 51.20 50.61 49.14 46.23

4 91.02 90.73 88.96 80.89

5 142.23 140.92 138.02 128.71

6 204.82 203.76 199.03 184.68
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Fig. 6 Time-frequency curve of acceleration of the bridge with a breathing crack: (a) Hilbert-Huang transform
spectrum and (b) Wavelet transform spectrum

Fig. 7 Hilbert-Huang marginal spectrum of the acceleration response of the bridge with a breathing crack

Fig. 8 Hilbert-Huang marginal spectrum of the acceleration response with different crack parameters
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system. There are also several harmonic components in the frequency components, but their

magnitudes are relatively small.

In the case studied above, the road roughness is not considered in the calculation of the dynamic

responses. Such an effect will be considered here. The PSD (Law and Zhu 2004) is used to simulate

the road surface roughness and classes A, B and D are investigated, with class A indicating the best

quality. Fig. 9 shows the deflection of the breathing cracked bridge ( )

with different levels of road roughness. One can find that the road roughness has significant

influence on the dynamic responses of the bridge. The amplitude of the bridge response for class B

and class D is much larger than that for class A. 

3.2 A three-span continuous bridge 

In this example, a three-span continuous bridge is studied, as shown in Fig. 1. The parameters

adopted of the bridge are: flexural rigidity  mass density ,

cross-sectional area , . The parameters of the

vehicle are the same as the first example. The first four natural frequencies of the intact bridge are

11.4, 14.6, 21.3 and 45.6 Hz. 

Free vibration of the bridge is analyzed to obtain the natural frequencies and the corresponding

mode shapes of the bridge with and without crack. The first eight mode shapes of the bridge with

and without crack damage are compared in Fig. 10. It is assumed that the crack occurs at the

middle point of the mid-span of bridge and the E-modulus has a 50% reduction. In this figure, one

can find that the differences between the mode shapes of the bridge with and without crack are

small. 

The first eight natural frequencies of the bridge with and without crack(s) are listed in Table 2. It

should be pointed out that the frequency calculated in the table for the case with “breathing” crack

is based on the condition of “completely open”. From this table, one can find that the natural

frequency of the beam decreases due to the presence of cracks. 

α 0.85 β, 0.3 n, 0.7= = =

EI 1.752 10
11 
Nm

2×= ρ 2500 kg m
3⁄=

A 7.9725 m
2

= L1 20 m L2, 20 m L3, 20 m = = =

Fig. 9 Dynamic response of the bridge with different road roughness
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Fig. 10 First eight mode shapes of the three-span bridge: (a) 1st~4th and (b) 5th~8th
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3.2.1 Dynamic response of the intact bridge

In this case, different numbers of vehicles are used to simulate practical traffic flow, three cases

are studied: (1) one vehicle, (2) two vehicles and (3) three vehicles. For cases (2) and (3), the

vehicles are assumed to move along the bridge from the left support to the right support one by one

with a speed of 20 m/s. The distance between each vehicle is 20 m. Fig. 11 shows the deflection

time histories of the middle point of the left-span with different numbers of vehicles. Table 3 lists

the maximum deflections of the mid-point of the left-span under different vehicle numbers. 

3.2.2 Time-frequency analysis of the dynamic response with breathing cracks

For the present purpose, we consider that there are three vehicles moving along the bridge one by

one. The parameters of the damage function are taken as: , , . Two cases

are studied. 

α 0.5= β 0.5= n 2=

Table 2 First eight natural frequencies of the bridge with cracks

Mode 
number

Intact 
bridge

A crack 
at location B

Two cracks 
at locations A and B

Three cracks 
at locations A, B and C

1 11.41 10.65 9.88 9.37

2 14.63 14.58 13.71 12.65

3 21.36 20.01 19.59 19.10

4 45.66 44.65 43.68 43.00

5 52.04 51.59 50.14 48.59

6 63.84 61.39 60.41 59.26

7 102.70 98.64 94.91 92.96

8 112.20 111.30 106.80 101.70

Fig. 11 Displacement response of the left span of bridge with different vehicle numbers

Table 3 Maximum deflections of the mid-point of left-span under different vehicle numbers

Deflections of the bridge (10−4 m) One vehicle Two vehicles Three vehicles

Point A 1.223 1.223 1.224
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Case 1: Assuming that only a breathing crack is located at point B as shown in Fig. 1. Figs. 12

and 13 show the time-frequency result from HHT and WT for the acceleration response at a quarter

point (from left) of the first span. 

Case 2: Assuming that three breathing cracks are located at points A, B and C. Figs. 14 and 15

show the time-frequency result of the acceleration response at a quarter point (from left) of the first

span.

The following observations are made for the two cases above:

1. The main frequency components in the time response are the 1st, 2nd and 3rd frequencies of the

bridge as shown in Figs. 12 and 14. 

2. Due to the nonlinear effect of breathing cracks, there also exist harmonic components in the

response. In case 1, the crack is located at the mid-point of the second span, as the vehicle is

moving along this span, the depth of the breathing crack changes with the moving loads. From Fig.

12, one can clearly find that the harmonic components near 40, 60 and 100 Hz. Fig. 13 shows the

Fig. 12 Time-frequency curve of acceleration of a three-span bridge with one breathing crack: (a) Hilbert-
Huang transform spectrum and (b) Wavelet transform spectrum

Fig. 13 Hilbert-Huang marginal spectrum of the acceleration response of a three-span bridge with one
breathing crack
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magnitude of each frequency component. In case 2, we assume that there are three breathing cracks

located at points A, B and C, as shown in Fig. 1. From Fig. 14, one can also find that the harmonic

components near 40, 60, 80 and 100 Hz. 

3. Fig. 15 is the Hilbert-Huang transform marginal spectrum with different breathing crack

numbers. Comparing the HHT marginal spectrum of the responses with different crack numbers,

the amplitudes of the 3rd and 4th frequency components of the bridge increase if more cracks

appear. The harmonic components also become stronger, but their magnitudes are still relatively

small. 

4. Comparing the time-frequency results from HHT with those from WT, it can be seen that both

the HHT and WT can extract the time-frequency characteristics from the bridge responses. The

instantaneous frequencies of the system can be identified from the HHT. The wavelet transform can

only show the frequency bands and the energy distribution with time, but not the instantaneous

frequency.

Fig. 14 Time-frequency curve of acceleration of a three-span bridge with three breathing cracks: (a) Hilbert-
Huang transform spectrum and (b) Wavelet transform spectrum

Fig. 15 Hilbert-Huang marginal spectrum with different number of breathing cracks
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4. Conclusions 

This paper deals with the time-frequency analysis of bridges with open and breathing cracks. The

dynamic responses of the vehicle-bridge system are obtained from the Newmark integration method.

This study shows that the dynamic responses of the bridge will become large when the crack

damage occurs. The time-frequency analysis is conducted for the dynamic responses of the bridge

with breathing cracking using both the HHT and wavelet transform. Comparing the time-frequency

results from HHT with those from WT, one observes that the time-frequency characteristics can be

extracted from both HHT and WT. The frequency bands and the energy distribution can be shown

from WT, but the instantaneous frequency can not be identified clearly. The time-frequency results

from the HHT indicate that harmonic components will emerge due to the nonlinear effect of the

breathing crack(s). The effect of the road roughness on the dynamic responses of the bridge is also

investigated. It is concluded that dynamic responses of the bridge will increase when the road

roughness becomes serious. 
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