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Abstract. A multiscale modeling scheme that addresses the influence of the nanoparticle size in
nanocomposites consisting of nano-sized spherical particles embedded in a polymer matrix is presented. A
micromechanics-based constitutive model for nanoparticle-reinforced polymer composites is derived by
incorporating the Eshelby tensor considering the interface effects (Duan et al. 2005a) into the ensemble-
volume average method (Ju and Chen 1994). A numerical investigation is carried out to validate the
proposed micromechanics-based constitutive model, and a parametric study on the interface moduli is
conducted to investigate the effect of interface moduli on the overall behavior of the composites. In
addition, molecular dynamics (MD) simulations are performed to determine the mechanical properties of
the nanoparticles and polymer. Finally, the overall elastic moduli of the nanoparticle-reinforced polymer
composites are estimated using the proposed multiscale approach combining the ensemble-volume average
method and the MD simulation. The predictive capability of the proposed multiscale approach has been
demonstrated through the multiscale numerical simulations.

Keywords: multiscale modeling; molecular dynamics; micromechanics-based constitutive model; nano-
particles; polymer composites.

1. Introduction

Nanocomposites are a novel class of composite materials in which one of the constituents has

dimensions that range between 1 and 100 nm. Generally, nano-sized reinforcements have the

properties of a high specific surface area, a high surface energy, and a large number of atom surface

defects in comparison with conventional reinforcements (Cho et al. 2006). Recently, nanoparticle

(e.g. nanosphere, nanotube, clay platelet) reinforced polymer materials have received tremendous

attention in both scientific and industrial fields due to their extraordinary enhanced physical,

chemical, and mechanical properties (Adnan et al. 2007, Zeng et al. 2008). To facilitate the

development of nanostructured polymer composite materials with the aforementioned advantages,

constitutive relationships must be developed to predict the bulk mechanics properties of the
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materials as a function of the molecular structure of the polymer and reinforcement (Odegard et al.

2005). When the size of the reinforcements in the composites decreases to the nanometer scale, the

ratio of their surface area to the volume increases critically, thus enabling unusual mechanical

properties that differ from those of their macro-sized counterparts (Cho et al. 2006, Chen et al.

2007). Therefore, conventional continuum and/or micromechanics cannot accurately predict the

behavior of nanocomposites.

Numerous studies of nanoparticle-reinforced composites have been carried out to predict their

overall behavior. Previous analyses of nanoparticle-reinforced composites can be broadly classified

into two types: 1) a top-to-bottom approach, which extends the classical continuum and/or

micromechanics taking into account the surface and size effects and 2) a bottom-up approach based

on molecular dynamics (MD) simulation (Guz and Guz 2006, Scocchi et al. 2007). In a top-to-

bottom approach, Gurtin and Murdoch (1975a, 1975b) developed the surface elasticity theory for

isotropic materials based on a number of rational principles of mechanics to consider the surface

effects. Gurtin and Murdoch's generic surface model has been successfully applied by many

researchers to various problems, such as elastic solids with nanoinclusions or nanocavities (Miller

and Shenoy 2000, Sharma et al. 2003, Yang 2004, Duan et al. 2005a, 2005b, Li et al. 2006),

determinations of the yield strength of nanowires (Zhang et al. 2008), assessments of crack-tip

stresses (Wang et al. 2008), and analyses of the elastic behavior of homogeneous ultra-thin films

(Lim and He 2004). Dingreville et al. (2005) proposed the overall elastic behavior of nano-sized

structural elements incorporating the surface free energy into the continuum theory of mechanics. In

addition, Boutaleb et al. (2009) proposed a micromechanical analytical model for nanocomposites

consisting of silica nanoparticles embedded in a polymer matrix taking into account an interphase

corresponding to a perturbed region of the polymer matrix around the nanoparticles. In the other

approach (the bottom-up approach), Adnan et al. (2007) investigated the effect of the nanoparticle

size on the elastic properties of nano-sized buckminsterfullerene bucky-ball embedded polyethylene

(PE) matrix nanocomposites using MD simulations.

In spite of a variety of studies of nanoparticle-reinforced composites, most focused on one method

(the top-to-bottom approach or the bottom-up approach), with the result being discrete modeling or

a failure to reflect the nature of the nano-sized composite materials accurately. An alternative to

conventional analysis is multiscale modeling and simulation strategies that provide seamless

coupling among various length and time scales (Zeng et al. 2008). Multiscale modeling and

simulation play an important role in modern research associated with nano-sized materials, which

depends on a fundamental understanding of their hierarchical structures and behaviors (Glotzer and

Paul 2002, Fermeglia and Pricl 2007, Rojek and Oñate 2008, Zeng et al. 2008, Zhao and Aluru

2008). Recently, Odegard et al. (2005) used MD simulation initially to calculate the properties of

nanoparticles and a polymer, subsequently applying classical micromechanics to estimate the bulk

modulus of nanocomposites using the values of each constituent calculated from the MD simulation.

However, it appears that the direct use of micromechanics for nanoparticle composites is

inappropriate if failing to take into account the effects associated with the significant size difference

between a nanoparticle and a conventional particle.

In the present study, a multiscale modeling scheme is presented to address the influence of the

nanoparticle size in nanocomposites consisting of nano-sized spherical particles embedded in a

polymer matrix. A micromechanics-based constitutive model for nanoparticle-reinforced polymer

composites is derived by incorporating the Eshelby tensor considering the interface effects (Duan et

al. 2005a) into the ensemble-volume average method (Ju and Chen 1994). In order to validate the
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proposed micromechanics-based constitutive model, a numerical investigation is carried out, and a

parametric study on the interface moduli is also conducted to investigate the effect of interface

moduli on the overall behavior of the nanocomposites. In addition, MD simulations are performed

to determine the mechanical properties of the nanoparticles and polymer. Finally, the overall elastic

moduli of the nanoparticle-reinforced polymer composites are estimated using the proposed

multiscale approach combining the ensemble-volume average method and the MD simulation.

2. Micromechanics-based constitutive model of nanoparticle-reinforced polymer

composites

2.1 Recapitulation of the Eshelby tensor for a nano-sized particle

The summary of the Eshelby tensor for nano-sized particle is repeated here for completeness of

the proposed constitutive model for the multiscale modeling scheme. The position-dependent

Eshelby tensor (Duan et al. 2005a) with interface stress is adopted to model nano-sized particles

and is incorporated into the framework using the ensemble-volume average method. The

formulation of the Eshelby tensor for nano-sized particle was systematically derived by Duan et al.

(2005a). It can be expressed as

(1)

with

(2)

(3)

where r (= rn) denotes the position vector of arbitrary point, n signifies the unit vector, and r is the

distance from the center of the spherical inhomogeneity. In addition, a fourth-order tensor 

with the components S1(r), , S6(r) and the transversely isotropic tensor E introduced by Walpole

(1981) can be found in Duan et al. (2005a).

Here, the Eshelby tensor in Eq. (1) depends on the size of the spherical inhomogeneity through

the non-dimensional parameters (e.g.  and ) and can be finally expressed in the classical form

without an interface effect by letting the non-dimensional parameters be zero (Duan et al. 2005a).

Details of the Eshelby tensor for nano-sized inhomogeneity can be found in Duan et al. (2005a).

2.2 Effective elastic moduli of nanocomposites

To obtain the effective properties of randomly distributed nanoparticle-reinforced composites, the

ensemble-volume average method (Ju and Chen 1994) is adopted in the present study. Let us start

by considering a nanocomposite consisting of a matrix (phase 0) and a randomly distributed

nanoparticle (phase 1). Following Ju and Chen (1994), the effective elastic stiffness tensor C* for
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where the subscripts 0 and 1 signify the phase of the matrix and the nanoparticle, respectively. φ1 is

the volume fraction of the nanoparticle, I signifies the fourth-rank identity tensor, the fourth-rank

tensor A1 is A1 = [C1− C0]
−1. C0, and Cq (q = 0, 1) denotes the elasticity tensor of the q-phase (cf.

Liang et al. 2006, Lee and Pyo 2007).

In the present study, volume integration is carried out to obtain the volume-averaged Eshelby

tensor  for a spherical nano-inhomogeneity. After performing volume integration, the volume-

averaged Eshelby tensor  can be finally expressed as follows

(5)

with

,     (6)

where the components  (i = 1, 2, 3) can be expressed as (cf. Duan et al. 2005a)

,     

(7)

with

(8)

(9)

in which = µ1 / µ2, with ν0, ν1, µ0, and µ1 being the Poisson's ratio and shear moduli of the matrix

and nanoparticle, respectively.  and  are two non-dimensional

parameters, and  = 2 ( ). R denotes the radius of a spherical nanoparticle. In addition, 

and  are the interface moduli, which are intrinsic physical properties of the interface. They can be

obtained either by experiments or by atomistic simulations (Duan et al. 2005b).

From the volume-averaged Eshelby tensor in Eq. (5), the effective elastic stiffness tensor C* for
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expressed as follows

,     (12)

with

,     (13)

3. Effective elastic moduli of nanoparticle-reinforced polymer composites consider-

ing nanoparticle size-dependency

The effective elastic moduli of nanoparticle-reinforced polymer composites are predicted using the

proposed micromechanics-based constitutive model. A comparison between the present predictions

and experiments on a silica (SiO2) nanoparticle-reinforced poly (ether-ether-ketone) (PEEK) matrix

composite conducted by Kuo et al. (2005) is made to assess the predictive capability of the

proposed micromechanics-based constitutive model. The material properties of the nanoparticle-

reinforced polymer composites used in the simulation are as follows (Kuo et al. 2005, Odegard et

al. 2005): E0 = 4.1 GPa, = 0.356 for the PEEK matrix; E1 = 88.7 GPa, and = 0.082 for the

SiO2 nanoparticle. The size of the SiO2 nanoparticle in the composite is 15 nm, which is identical to

that used in Kuo et al. (2005). In Fig. 1, the effective Young’s moduli predicted from the proposed

micromechanics-based constitutive model are compared with those obtained by Kuo et al. (2005).

Fig. 1 shows that the present predictions are in a good quantitative agreement with the experimental

data (Kuo et al. 2005).

A parametric study of the interface moduli is also conducted to investigate the effect of interface

moduli on the overall behavior of the composites. The interface moduli based on Duan et al.

ζ1

γ1 2γ2 3γ1 2γ2+( )ξ1+

1 4γ2ξ2–( ) 1 3γ1 2γ2+( ) 3ξ1 2ξ2+( )–[ ]
-------------------------------------------------------------------------------------------------= ζ2

1

2
---

γ2

1 4γ2ξ2–
----------------------+=

γ1

1

2
---

κ1 κ0–

κ1 κ0–( ) 3ξ1 2ξ2+( ) κ0+
--------------------------------------------------------------φ1⋅–= γ2

µ1 µ0–

2µ0 ξ2 µ1 µ0–( )+
------------------------------------------φ1=

ν0 ν0

Fig. 1 Comparison between the present prediction and the experimental data (Kuo et al. 2005) according to
the volume fraction of nanoparticles
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(2005a), where the surface properties were taken from Miller and Shenoy (2000) and Sharma et al.

(2003) and stress concentration as a function of surface properties was investigated, are used as the

parameters in the parametric study. Fig. 2 shows the effective Young’s modulus and bulk modulus

of a SiO2 nanoparticle-reinforced PEEK matrix composite with various interface moduli. This figure

shows that the effective Young's modulus and bulk modulus asymptotically converge at a certain

value as the nanoparticle size increases, finally reaching a state in which no interface moduli effect

can be observed (cf. Duan et al. (2005a)). It is also clear from the figure that, due to strong

interface effect at small length scale, the size of nanoparticles affects the mechanical moduli of

nanoparticle-reinforced polymer composites. The influence of interface moduli begins to diminish

when the size of nanoparticle exceeds 3 nm.

4. Multiscale numerical simulations

Multiscale numerical simulations on nanoparticle-reinforced polymer composites are carried out to

illustrate the potential of the proposed multiscale modeling.

4.1 Molecular dynamics (MD) simulation

As the first step of the present multiscale numerical simulations, MD simulations on SiO2

nanoparticle-reinforced polymer composites are carried out using the MD code Materials Studio 4.3

(Accelyrs Inc.) in an effort to determine the elastic properties of the polymer matrix and the SiO2

Fig. 2 Effective Young’s modulus and bulk modulus of a SiO2 nanoparticle-reinforced PEEK matrix
composite with various interface moduli
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nanoparticle. Note that similar MD simulations were done by Odegard et al. (2005).

The polymer is based on a polyimid from 3, 3', 4, 4'-biphenyltetracarboxylic dianhydride (BPDA)

and 1, 3-bis (4-aminophenoxy) benzene (APB) monomers shown in Fig. 3 (cf. Srinivas et al. 1997,

Hergenrother et al. 2002, Odegard et al. 2005). As shown in Fig. 3, the copolymer of BPDA

combined with APB in a random equivalent molecular repartition is used to form a new base

monomer. In order to construct atomistic models of polymer chains, 7 polymer chains of 10

repeating units are computationally generated using the “Polymer Builder” tool of the Materials

Studio program. Using the “Amorphous Cell” module, smart optimization of the geometry is then

carried out to construct three-dimensional periodic structures of polymeric systems. In accordance

with Odegard et al. (2005), the MD simulation at 650K until relaxation, with a final MD of 200 ps

at 300K, is subsequently conducted. In each case, the constant-valence forcefield (cvff) potential

(Dauber-Osquthorpe et al. 1988) in the Materials Studio program is used for the description of the

inter-atomic interactions. Fig. 4 shows the polyimid matrix after MD simulation at 300K. After the

MD simulation, the mechanical properties of the polyimid matrix are obtained using the “Synthia”

module, which estimates polymer properties using empirical and semiempirical methods. The

estimated elastic properties of the polyimid matrix from the MD simulation are shown in Table 1.

MD simulation of the SiO2 nanoparticle is also carried out. For the SiO2 nanoparticle, the crystal

structure of α-quartz symmetry, corresponding to P3221 group symmetry, is modeled using the

Fig. 3 The schematic description of 3, 3’, 4, 4’-biphenyltetracarboxylic dianhydride (BPDA) and 1,3-bis (4-
aminophenoxy) benzene (APB) monomers (cf. Srinivas et al. (1997), Hergenrother et al. (2002), and
Odegard et al. (2005))

Fig. 4 Polyimid matrix after MD at 300 K
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“Crystal Builder” tool of the Materials Studio program. In “Crystal Builder”, only a single repeat

unit (unit cell) of the SiO2 nanoparticle is considered in the MD simulation. The lattice and atomic

parameters of the crystal α-quartz structure are selected from Ikuta et al. (2007). Fig. 5 shows the

crystal α-quartz structure obtained using “Crystal Builder” of the Materials Studio program.

Geometry optimization and MD simulation of the crystal α-quartz structure are carried out using the

“CASTEP” module, which is a state-of-the-art quantum mechanics-based program designed

specifically for solid-state materials science. For geometry optimization of the crystal α-quartz

structure, the generalized gradient approximation (GGA) of PBE (Perdew et al. 1996) is used as an

exchange-correlation potential type of density function theory (DFT). The crystal α-quartz structure

is subjected to DFT/GGA (PBE)-based molecular dynamics at 650 K and 300 K using the ensemble

of the constant volume and temperature (NVT). The elastic constants of the crystal α-quartz

structure are finally analyzed, as listed in Table 1.

For the validation of the present MD simulations, the elastic properties of the polymer matrix and

the SiO2 nanoparticle obtained from the MD simulations are compared with those previously

Table 1 The elastic properties of the polymer matrix and SiO2 nanoparticle obtained from the present MD
simulations and the simulations by Odegard et al. (2005).

Polymer matrix SiO2 nanoparticle

Young’s modulus 
(GPa)

Bulk modulus 
(GPa)

Young’s modulus 
(GPa)

Bulk modulus 
(GPa)

Present MD simulations 4.1 7.0 87.3 39.3

Odegard et al. (2005)’s simulations 4.2 7.0 88.7 35.3

Fig. 5 Crystal α-quartz structure for the MD simulation of SiO2 nanoparticles
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obtained by Odegard et al. (2005). The elastic properties of the polymer matrix and the SiO2

nanoparticle obtained by Odegard et al. (2005) can also be found in Table 1. The Young's modulus

and bulk modulus of the polymer matrix and the Young’s modulus of the SiO2 nanoparticle obtained

from the present MD simulations are shown to be similar to those obtained from the simulations by

Odegard et al. (2005), whereas the bulk modulus of the SiO2 nanoparticle obtained from the present

MD simulations is slightly higher than that of Odegard et al. (2005) due to the nature of two

different MD approaches.

4.2 Numerical simulations of nanoparticle-reinforced polymer composites

Using the elastic properties obtained in the present MD simulations, a series of numerical studies

are carried out to obtain the effective elastic moduli of nanoparticle-reinforced polymer composites.

The influence of the nanoparticle radius on the effective elastic moduli of nanoparticle-reinforced

polymer composites is investigated. The material properties of the polymer matrix and SiO2

nanoparticles used here are listed in Table 1. The volume faction of the nanoparticles is assumed to

be φ1 = 0.05. In addition, the interface moduli are obtained using the data from Odegard et al.

(2005) as: λs = 1.8 N/m and µs = 0.9 N/m. The effective elastic moduli of the nanoparticle-

reinforced polymer composites are calculated by the proposed micromechanics-based constitutive

model described in Section 2.

Figs. 6 and 7 illustrate the predicted effective Young’s modulus and bulk modulus, respectively, of

the nanoparticle-reinforced polymer composites versus the radius of nanoparticle. It is apparent that

the effective Young's modulus and bulk modulus decrease as the radius of the nanoparticle

continues to increase, finally showing a similarity to the case in which no interface effect can be

observed. The size effects are shown to be definitive when the size of the nanoparticle is less than

approximately 3 nm. It can be said that the modulus of R > 3 nm is nearly equal to the classical case

(without interface effect), due to the small ratios (  and ) between the intrinsic length scales (lκ
and lµ) and the size of the nanoparticle (R). Here, intrinsic length scales related to the property of

κs

r
µs

r

Fig. 6 The predicted effective Young’s modulus of nanoparticle-reinforced polymer composites according to
the radius of nanoparticles
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the interface are below 0.1 nm (Duan et al. 2005a, Chen et al. 2007). In addition, the size effect on

the bulk modulus is much more pronounced than that on the Young’s modulus.

An additional investigation on the volume fraction of nanoparticle is conducted. Figs. 8 and 9

highlight the predicted effective Young’s modulus and bulk modulus, respectively, of nanoparticle-

reinforced polymer composites according to the volume fraction of the nanoparticle. These results

show that the increase in effective Young's modulus and bulk modulus coincide with the increase in

volume fraction of the nanoparticle.

Fig. 7 The predicted effective bulk modulus of nanoparticle-reinforced polymer composites according to the
radius of nanoparticles

Fig. 8 The predicted effective Young’s modulus of nanoparticle-reinforced polymer composites according to
the volume fraction of nanoparticles
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5. Conclusions

In this study, a multiscale approach has been presented to predict the overall elastic behavior of

nanoparticle-reinforced composites. Based on the ensemble-volume average method and on MD

simulations, the effective elastic moduli of the composites are explicitly obtained. A numerical

investigation is carried out to validate the proposed micromechanics-based constitutive model, and a

parametric study on the interface moduli is conducted to investigate the effect of interface moduli

on the overall behavior of the composites. In addition, MD simulations are performed to determine

the mechanical properties of the nanoparticles and polymer. Finally, the overall elastic moduli of the

nanoparticle-reinforced polymer composites are estimated using the proposed multiscale approach

combining the ensemble-volume average method and the MD simulation.

The prediction on effective elastic moduli of nanoparticle-reinforced polymer composites obtained

from the proposed micromechanics-based constitutive model is shown to have a good correlation

with the experimental data (Kuo et al. 2005) as a whole. The numerical investigation shows that the

increase in effective Young's modulus and bulk modulus coincide with the increase in volume

fraction of the nanoparticle. The present study has demonstrated the suitability of the proposed

multiscale modeling approach for predicting the mechanical properties of nanoparticle-reinforced

polymer composites.
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