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Abstract. The present paper is concerned with vibrations of an elastic bridge loaded by a moving
elastic beam of a finite length, which is an extension of the authors’ previous study where the second
beam was modeled as a semi-infinite beam. The second beam, which represents a train, moves with a
constant speed along the bridge and is assumed to be connected to the bridge by the limiting case of a
rigid interface such that the deflections of the bridge and the train are forced to be equal. The elastic
stiffness and the mass of the train are taken into account. The differential equations are developed
according to the Bernoulli-Euler theory and formulated in a non-dimensional form. A solution strategy is
developed for the flexural vibrations, bending moments and shear forces in the bridge by means of
symbolic computation. When the train travels across the bridge, concentrated forces and moments are
found to take place at the front and back side of the train.

Keywords: bridge dynamics; moving beam; Euler-Bernoulli theory; rigid interface.

1. Introduction

The vibration analysis of structural elements such as elastic beams loaded by moving distributed
loads has a considerable importance and has been the subject of numerous investigations in various
areas, such as the response of bridges to moving vehicles (Fryba 1999) or the transportation of
masses along a carrier structure, e.g. of metal slabs in steel fabrication. Usually, a single force, a
train of single forces or a force loading with constant distribution was used as a simplified model
for the train to determine the dynamical effects of the traveling loads (Pesterev e al. 2003). Some
of these studies took also into account the inertial effect of the load masses (Fryba 1999, Lee 1996,
Yang 2005, Esmailzadeh 1995). Other works did not take it into account but treated aspects such as
the effects of dampers on the dynamic response of bridges (Greco and Santini 2002), the distribution
of the loads due to sleepers and ballast layer (Museros 2002), or the resonant vibration under high-
speed trains (Li 1999). In more complicated models, when the riding comfort or vehicle response is
of concern, the dynamic train-bridge interaction was modeled by a series of lumped masses or
bodies connected by springs and dashpots, such as in Fryba (1996), Majka and Hartnett (2008), Xia
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et al. (2003), Zhang (2001), Yang (2001) and Yau (2009).

In reality, the moving masses themselves which represent the train could be considered as
structures with an own stiffness. The stiffness of the old trains is often small, but the modern
railway trains show an increasing overall stiffness. To this stiffness only little attention has been
paid so far in the literature. For this reason the authors started a few years ago a series of studies,
which considered the bending stiffness of the train such as Cojocaru et al. (2003, 2004). More
recently, Zhang and Zheng (2010) considered the traveling beam as to be connected to the bridge by
flexible springs at discrete points.

In the present study, the case of a finite elastic beam, called “the train”, is treated, which moves
with constant speed along a simply-supported elastic beam, called the bridge. This paper is an
extension of the case of a semi-infinite train from Cojocaru et al. (2004). The train is connected to
the bridge by means of an interface, which is modeled by the limiting case of a rigid connection
such that the deflections of the bridge and the train are forced to be equal. The rigid interface is a
first step in modeling the real interface between the bridge and the train and is considered from
computational reasons. In extension of the usual model of distributed forces, both the elastic
stiffness and the mass of the train are taken into account. In this case the vibrations of the bridge
are mainly governed by velocity, bending stiffness and mass of the train, besides the parameters of
the bridge. In the present paper, the interest of study is focused on the following phenomenon: when
the train travels across the bridge, then at the locations of front and end of the train, the
concentrated forces and moments turn out to occur, and bending moments and shear forces in the
bridge show a jump at these moving locations.

As also in the authors’ other studies, the problem was described in a non-dimensional form in
order to cover all possible cases by a single formulation. The non-dimensionalised problem is governed
by three similarity- or Pi-numbers, that is the bending stiffness ratio, mass ratio and non-dimensional
velocity. For the notion of a Pi-number in similarity methods in engineering dynamics, see e.g.
Baker et al. (1991). Two sets of fourth-order partial differential equations was developed according
to the Bernoulli-Euler theory of beams (Ziegler 1991), one set being valid for the unloaded part of
the bridge, the other for the region loaded by the train. The two sets are coupled by means of
transition conditions at the location of the front and end of the train. To obtain a rapid convergence,
the fourth-order partial differential equations were split into a static and a dynamic part. Only the
part of the train that moved on the bridge was considered. The influence of the rest of the convoy
was taken into account through a system of loadings which consisted of a transversal force and a
couple that acted at the location of the bridge entrance and bridge exit. This system depends on the
elastic stiffness of the rail outside the bridge and could be obtained by a substructure method similar
to the one given in Cojocaru et al. (2003). In order to simplify the computational effort of the
problem under consideration, the influence of the rest of the convoy is neglected in the present
study, setting the respective transversal force and couple equal to zero.

The symbolic computer codes Maple 9.5 and MatLab 7.3 are used to solve the problem under
consideration, where the methods of real analysis, linear algebra and numerical methods are combined,
as described e.g. by Hirsch and Smale (1974) and Kucharski (2000). The Laplace transform is used
to solve the quasi-static boundary value problem. To solve the dynamic part of the problem the
Galerkin method is applied, where a Ritz approximation with the modes of the natural bridge
vibrations as shape functions is used to express the dynamic deflection of the bridge. Non-dimensional
deflection, bending moments and shear forces are depicted, and special emphasis is laid on the
concentrated force and moment at the front and the end of the train.
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2. Elastic beam travelling on a bridge

A simply-supported straight beam of span L is considered in the bridge model. An Euler-Bernoulli
beam model is used to describe the deformation of the bridge. A subscript b is used to denote the
corresponding mechanical entities of the bridge, which are described as a function of the axial co-
ordinate x measured in the inertial co-ordinate system x(y. The inertial co-ordinate system x(y has
the origin at the left end of the bridge and the axial co-ordinate x covers the interval from 0 to L
and outside from the bridge, see Fig. 1(a). In the following, B, = E,/, denotes the effective bending
stiffness, E, is the Young's modulus, /, is the second moment of inertia of the cross-sectional area
and A, is the mass per unit length of the bridge. The deflection, slope, bending moment and shear
force of the bridge are denoted by w;, @, M, and Q,, respectively.

A finite moving elastic beam of length /, which represents the “train“ is assumed to travel with
constant speed v across the bridge, such that the front of the train is located at the distance s(7), also
measured from the left end of the bridge, see Fig. 1(a), and to possess an own co-ordinate system
located at the front of the train which travels together with the train at the same constant speed v.
The length of the train is smaller than the length of the bridge. In the following the subscript 7 is
used to denote the corresponding mechanical entities of the train, see also Fig. 1(a), which are
described as a function of the axial co-ordinate & and time & measured in the train-fixed co-ordinate
system. The train is assumed to be connected to the bridge by the limiting case of a rigid interface
such that the deflections of the bridge and the train are forced to be equal.

The bridge is loaded by a transverse forces #,, see Fig. 1(b), which represents the pressure that is
transmitted by the rigid interface from the train to the bridge. The train is loaded by transverse force
n; (£,6) which represents the pressure that is transmitted by the rigid interface from the bridge,
measured in the train-fixed co-ordinate system, and by the own weight ¢, (£,6), see Fig. 1(b). The
influence of the rest of the convoy when the train comes on the bridge is taken into account through
a bending moment M, and a shear force Q, that act at the location of the bridge entrance, see Fig.
1(b). For the case that the front of the train leaves the bridge, a system of loadings M, and Q, that
acts on the bridge exit is taken into account to model the part of the convoy which leaves the
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Fig. 1 An elastic bridge loaded by a moving elastic beam with finite length: (a), (b) load case 1, (c) load case
2, (d) load case 3
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bridge. The relations between the two co-ordinate systems are
x=s(t)+&andt =0 (1)

where s(¢) = vt. The governing equation for the undamped flexural vibration of the bridge written in
the inertial co-ordinate system, according to Ziegler (1991), are

4 2
p w0\ S

" = ny(x, )[H(x—(s 1)) —H(x—s)] 2
ox
or written in an explicit form
4 2
- for the Toaded part of the bridge: B, Wb(f’ D0 Wb(zx’ D~ ) 3)
ox ot

4 2
a Wb(f: t) +Aba Wb(x7 t)

- for the unloaded part of the bridge: B, >
Ox ot

=0 ©

The governing equation for the undamped flexural vibration of the train written in the moving
coordinate system is

3 wi(S, 6’)+A5 wi(5 0) _

t t 0 t 5
Iy Py = q/s 0)—n(s, 0) ©)

Due to the rigid interface, the deflection of the train at the section & should be equal to the
deflection of the bridge at the same section, described in the inertial frame x(y. The same is also
valid for the contact force between the two beams and for the load of the train

w(& 1) = w(x=s(2),1) = wy(x,1)
n(g,1) = n(x=s(),1) = ny(x,1),9,(5 1) = q,(x—5(1),0)q(x,1) (6)

For the convenience of analysis, using the relationships obtained from the chain rule, see also

(Cojocaru et al. 2004) and Eq. (6), re-write the governing equation of flexural vibrations of the train
from Eq. (4) as a function of the co-ordinate x and ¢, as follows

= —my(x,0)+q (7

4 2
B,a wt(ic, t)-i-A,a wt(;c, t)+/\ 0w,(x, t)+( )28 wt(x t)
ox ot Oxort ox”

where $(¢) equals the velocity v of the train and §(7) is the acceleration of the movement. When
the train travels with constant velocity, §(#) = 0. In order to simplify the expressions, s(f) is
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substituted with s. It is assumed that g(x,f) = g = gAt, with g = 9.81 m/s* the gravitational acceleration.
Because the bridge and the train remain all the time in contact and both deflections are equal, the
two beams are considered as one beam with bending stiffness (B, + B;) and mass (A, + A,), and the
deflection of the system is denoted with w(x, #). Hence, adding Egs. (3) and (7) yields

4 2 2 2
(B, +B) B | (5, 44 )TWE0D) | A,[zsa WL 1) 4 (5200, ’)J - Ag )
Ox ot oxOt Ox

The Egs. (4) and (8) describe our problem now. Depending on the position of the train on the
bridge, three load cases (in a short form denoted as LC) are considered as follows:

- Load case 1 (LC1) - s <L, s —/,<0, which means that the train is not entirely on the bridge,
see also Fig. 1(a). In this case, the deflection, slope, bending moment and share force of the
unloaded part of the bridge in front of the train are denoted as wy ¢ My and O respectively. The
boundary conditions (in the following as BC denoted) at the two ends of the beam are defined in
terms of displacements and bending moments, as follows

w(0,7) = wy(L,t) = 0

2 2
M(O,1) = (8, + B) TG = aaf ag (1, =Bba—wa(zi’) ~0 )
X X

where M, represents the contribution of the rest of the convoy which still travels outside the bridge
on the left end of the bridge. The slope, bending moment and share force of the loaded part of the
bridge are denoted by ¢ M and Q, respectively.

- Load case 2 (LC2)-s<L, s—1/>0, which means that the train is entirely on the bridge according
with Fig. 1(c). Additionally to LC1, the deflection, slope, bending moment and share force of the
unloaded part of the bridge behind of the train are denoted as wy, @, M, and O, respectively. The
BCs at the two ends of the beam are defined in terms of displacements and bending moments, as
follows

wy(0,8) = we(L,1) = 0
Mh(O’ t) = AJf(La t) =0 (10)
- Load case 3 (LC3)- s>L, s—/, <L, which means that the train is traveling outside of the

bridge, see also Fig. 1(d). The BCs at the two ends of the beam are defined in terms of
displacements and bending moments, as follows

wy(0,8) =w(L,t) =0

2 2
M,0,0) = 8,280 _ o apr, ) = (B, + By T2LD) — ()
ox ox

At the front and the end of the train, between the unloaded and loaded part of the bridge, the
transition conditions are defined in terms of bending moments and shear forces, as follows:
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- for the end (left side) of the train

Owi(s=L,1) _
Twis=h1) _

ow s—1,t
) Ms—/) Qh(s_la t) = _Bbh(—3) = Qs—l

M,(s—1,t) = -B

ox ox
2 3
Ms—1,0) = ~B,+B)ZXE=LD —yy o os—1,0) = B,+B)TXEZLD — o (1)
ox ox
- for the front (right side) of the train
2 3
Ms,1) = ~(B,+ BYZUSD — ar o 0(s,0) = (B, + BYZMED = o
ox ox
2 3
M5, 1) = Ba—wa@ — M, Q5,1 = Ba—Wa(L’) -0, (13)
X X

The bending moment and shear force in the bridge at the location of the train front are denoted as
M, and Q,, and train end as M,,; and O, respectively. At the locations front and end of the train the
bending moment and shear force in the unloaded part of the bridge and in the system train+bridge
are equal, see Fig. 2(a). Because a rigid interface is assumed between the train and the bridge, the
deflection of the train equals the deflection of the bridge, and the second and third derivative of the
train beam are not zero at these locations, as showed in Fig. 2(b). Based on these observations it is
supposed that at these locations—the front and the end of the train—concentrated forces and
moments appear, as shown in Fig. 2(c).

According to the force method (Ziegler 1991), these additional unknowns are calculated from the
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Fig. 2 Equilibrium state at the front and the end of the train
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following two conditions of kinematical continuity for the system at the location end and front of
the train, respectively
wyx=s-0) =wkx=s-10), g(x=5-10) = p(x=5-1)
w(x=s) = w(x=s), p(x=5) = @r(x=s) (14)

In order to work with minimum number of parameters that determine the solution of the problem,
the following dimensionless formulations are introduced

A BA 2 Byh . Bpyh

x=Lx, s=Ls, I—Ll t=1? b b q:_qu g
4 4
Ab L L

w=Wwh, W, =Wyh, ws =W h, (0——(/?, (Ph=—¢ha Pr=—0r

B h Byh - Byh - Bih ~
Lsz Mh:L—Mhs Mf:_Mfa Q— Q Qh— : Qh, Qf=—Qf (15)

M=

where a superimposed hat is used to denote dimensionless entities. The deflection is scaled with a
characteristic thickness /, and two ratios are introduced: the bending ratio B= B,/ B, and the mass
ratio A = A,/ A, With these dimensionless parameters, the derivatives of the deflection become

dv(x.) _hdw Fwxo)_ hIw Fwxy _ h Iw
& L& & @ 2ar oat [t at
dv(x.1) _ h |By dv Fw(x1) t) __h By Fw

a P\ a & A a2
ﬁzw(x 0 _ By P
a&a 3\ A, & (16)

Now the differential equation Egs. given in Egs. (4) and (8) and the BCs from Eq. (10) to Eq. (14)
can be written, using the formulations from Egs. (15) - (16), in a dimensionless form as:
- for the loaded part of the bridge

4 2
(1452 W(E,T) INY: Wz, ) [{2 pL w(xt) oG )25 WD) | a7
ox or

- for the unloaded part of the bridge

a“w(x N, 52W(%,1) o (18)
ox* or?
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The BC at the both ends of the bridge are:
- for the LC1 : w(0,7) = vT/f(L,f) =0

~ 2A =~ ~
. PWO0,7) o o e OWe(L,t) (19)
M(0,7)=—(1+B) "2 = MY, Mo(Li)=——T—" "=
O.0=-(1+B)—2 e 7 552
- for the LC2 : W (0,1)=w(L,7)=0 (20)
My(0,5)= M (L,1)=0
- for the LC3 : v, (0,7)=w(L,7)=0
2= 0 7 2007 7
Mh(o,?)=—5wh—(20”)=o, M(Z,?)=—(1+B)w=ﬂi 1)
% %
The BC for the end of the train are
o PPwG-LD) o A s Pw(-1D) A
Mh(s_lat)_ 5;2 - s—1» Qh(s_lat)_ 0,323 — s
M(§—l,?):—(1+8)aL2ZJ):MS_Z,Q(§—l,t):—(1+B)é’L3lJ):Qs_l (22)
% %
The BC for the front of the train are
~ 3~
M(§,E):—(1+B)%f2”):z\2s, Q(§,f)=—(1+3)%f3”):gs
ox ox
WG - - PG
- i - !
Mo(5,7)=— =M, Q,G5,()=——I"""=
f( ) ) K f( 6’23 Qs (23)

(24)

In a first step, only the dynamic response of the bridge due to the part of the train that travels on
the bridge is interested in, so it is assumed that A/§ =M} =0 and Qj=0j =0. In this way, the

computational effort could also be keep low.



Dynamic response of an elastic bridge loaded by a moving elastic beam with a finite length 351

3. Solution by means of symbolic computation

The differential equations presented in Section 2 were solved by means of symbolic computations.
In the domain of small deformation, which implies linearity of the solution, the deflection of the
system is split into two parts, namely a (quasi-) static and a dynamic part

w=w* +w’ (25)
where the superscripts s and d are used to denote the static and dynamic part, respectively. The
advantage of this splitting is a better convergence of the series solutions to be introduced. According
to Eq. (25), Egs. (17) and (18) can be re-written as:

- the loaded part of the bridge

oM (7,1)

e the static part:  (1+ B) pe

=Ag (26)

e the dynamic part:

o'W (%,1) O*w (%,1) W (x,1) , W (x r)
(1+B)7x4 (l A)7+A{2S oo () }

+(1+A)0”2W(£,?)+A{2§ azws(f,?)+(§)2 azwf,?)}:o

i o0t ox’ 27)
- the unloaded part of the bridge
o the static part: 3w}, #(%,7) 0 (28)
ox
ot 52 7 o°
e the dynamic part: Wh f (*, t) Wh f *, ) i f (. t) (29)

ox* or? or?

To simplify the equations, the terms in Eq. (27) containing the static displacement by LSP is
denoted as

32w (x 7) 258 (3,7) LGP 3% (%,7) (30)

LSP=(1+A) a - e

+A|2

and the static contribution in Eq. (29) as HSP for the unloaded part of the bridge behind the train
and FSP for the unloaded part of the bridge in front of the train
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The BCs from Egs. (19) to (23) are also split into a static part and a dynamic part, as well as the

continuity conditions form Eq. (24) at the locations x=5-/ and x=5. For this strategy see also
(Cojocaru et al. 2004).

3.1 The static solution

For the static solution, the Laplace transformation method is used, carried out with respect to x

W(o,f)=L[W&,1)]= j W, e P do (32)
0

where w is the complex variable of Laplace transform. Taking the Laplace transform of Egs. (26)
and (28), and considering the static part of the BC from Egs. (19) to (23), for each loading case, an
equation of deflection is obtained for the unloaded and loaded part of the bridge. The unknowns
will be determinate form BCs, from transition conditions and form the continuity conditions at the
locations x=5—-/ and % =5, (Cojocaru et al. 2004). Taking into account that =1, the expressions of
static deflection of the system “bridge-train” become:

- for the LC1:
e the loaded part of the bridge

-3
w:AL(mzﬁ —4§)—AL(B§5 -35*B+35° BB +57 -5 =57 (33)
B) 8(1+B
e the unloaded part of the bridge in front of the train

Ags?(x-1)

wp = (2% B 2% ~ 4B 4545 B+65 B +5” (34)
24(1+B)

- for the LC2:
e the unloaded part of the bridge behind of the train

=3 D

— L (2§B+2§—f—28—2)+m(—12§2+18§f+21§—24f—10i2—6)+
12(1+B) 12(1+B)
D~ T

NEL LI R T L (257B-65B+4B+257 ~65+4)+

12(1+B) 12(1+B)

+ﬂ(14Z3B+12i23—4ﬁ9+4i43—i3—4?2—4i)

24(1+B)

35)
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e the loaded part of the bridge

; (—21”2+4Z§—4§)+%(6i2—12i§+6§2)+

Ag%
wW=—>7?"="—
24(1+B)
+&(4i SB—201*5B+81*B—1*+361352B—24135B+4135 —241 253 B+121 252B +
24(1+B)
+121%5B—61%5% —4] > +16Z§3B—24Z§23+SZ§B+85§—4723—4§3)+
+L(—4i SB+20145B—814B+14—36]352B—4135 241 252 B+ 61 252 + 8153 B—4l5° +§4)
24(1+B)
(36)
e the unloaded part of the bridge in front of the train

Aglx? (x-1)
wWry=—m—=
/7 121+ B)
+A§i (x-1)
24(1+B)

Aglx(x-1)
12(1+B)

(4i 4B _20135B+813B—13+361 252 B—241 25B+ 41 25 — 2453 B+ 45°

(2§B—Z—BZ+2§)+ (2?3—453—4§+2i)

+185°B65" +45°B) 37)

- for the LC3:
e the unloaded part of the bridge behind the train

_AgE
12(1+B)

L Agx
24(1+B)

+40521°B+845%1 B +485%IB—6521% —125%] +652B—45°% —5651°B—485] *B—125IB

w, (—izB—iz+2Z§B+zi§—23i—2i—§23—§2+2§B+2§—B—1)

(—4§5B+zog4i3+14§43—§4—40§3i 2B_565°1B—165°B+45°1+45°

+85] +451°—2051* +41°B+141*B-1* +161°B—41> +6223—422) 38)

e the loaded part of the bridge

CAgP(x-1)  Aget(3-1)

i Agx(x—1)
24(1+B) ~ 24(1+B) \

24(1+B)

0524451 -2 —1)+ (452 _85] +412 —1)
+(20§4i +85*B—5%_405312B-325°1B+ 4531 —453B+405%1°B+485%1 B +125°IB—65%1 >

2051 4B-32513B—12512B+4513 +41 S B+81*B—1* +4] 33) 39
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3.2 The dynamic solution

The next step is to solve the differential equations from Egs. (27) and (29) to obtain the dynamic
solution. For this scope, a Ritz - Galerkin procedure is used, where the dynamic deflection is
assumed in the form of a finite series of functions separable in space and time, (Ziegler 1991).

n .~
W (@0)=Y p,(1)® (), with d j(f)zsin% (40)
j=1
where 75 (t) are the n generalised co-ordinates, and @ ; ; (x) are the modes of natural vibrations of a
simply supported homogeneous beam. When substitute the approximate solution (40) into the

governing Egs. (27) and (29), and apply the Galerkin procedure with the virtual variation of the
assumed solution as

S (x.0)= 38D, (P (%) (1)
=l

and after some mathematical manipulations, an expression is obtained as the form
- for the LC1:

x)[1+B Zp]d)j(x)+ 1+Ai D }fj x){Zsijd)](x)
0

Jj=1 j=1 Jj=l

O'_."l)

n 5 L "
+(5)? Zﬁjéj(f)}afm [®;()LSPdz+ [@,(3 [zp@j'(mzpjcpj (x)+FSP]d” 0

J=1 0 5 =l Jj=1

(42)

- for the LC2:

.M:

_j&),-(f)[ x)+2pj®](x)+HSP]f+ | @ (x){ (1+B) ijcpj (%)
0 J=1

J=1 s—{ J=1

+(1+A)Y p,® j()?)]cb?+ chl.(x){zkéz D jci>’j(2)+(§)2}z p® j(f)]+ L(i),-(i)LSPﬁ
s—1

j=1 §-1 J=1 J=l

L n
J [Z_:P]q)] (X)+Zp]®J(x)+FSP]a” 0 w

Jj=1
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- for the LC3:

[ @i ZPJCD] (x)+2pj®j(x)+HSP]cf
0 Jj=1 Jj=1

Z n n
+ j&)i()z) (1+B) ijcbj (¥)+(1+A Z

Z n n Z
+ [ (9] 25 5,85(0+6) [ p,P j<f)]+ [ &, (®)LSPdz=0
L =l J=1 51 (44)

After re-arrange the Egs. (42), (43) and (44) collecting for the derivatives of the generalized
coordinates, they can be put into a matrix form as follows

M1,2,3ﬁ+C1,2,3p+K1,2,3p+f1,2,3 =0 (45)

where the indices 1,2,3 refer to the load case. The coefficients from Eq. (45) are matrices with
elements of the form

. 1,2,3 eq . . . .
- the mass matrix M, , 3 = [m;; "] with i, j =1, 2,.., n, is a n X n matrix

5 L
LCL: my=(1+A) [0,(R)® ;(R)d + [; ()P ; (¥)dx
0 s
5-1 5 L
LC2: mj= [ ®;(0)®;(H)ds+(1+A) j ()P ()dx+ [;(R)D (%)
0

s

-_,h)

s—1
LC3: m; j D;(D)®;(D)di+(1+A) [ D;(R)D ()l
0 (46)

- the damping matrix C, , ; = [c;;

;"1 with i, j=1, 2,.., n, is a n X n matrix

D, (%)’ (¥)dx

) @

5=l

LCI: c}j-=(2§A)§f J(R)P';(%)dx, LC2: =(2sA)
0
i

LC3: ¢ =(25A) [ &0 (R)ax (47)
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- the stiffness matix K, , ; = [k}j’z’B] with i, j =1, 2,.., n, is a n X n matrix
§ ~n Z —_ —m
LC1: k1 (1+B f (x)dD (x)f+ _f ()P j(X)dx+ |D;(X)D ; (x)dx
0 0 s

Vﬁ)

51 5 5
LC2: kj = j D, (x)(D (%)dx+(1+B) j (DD (x)dx+(§)2 j éi(x)cb}(fc)dx
0 s-1

I
+ [a (DD} (R)dx

LC3: k= jcp(x)cp @Ddi+(1+B) [ (D (®)d+(5)
0 s—1 s—1

B, (D) (%)l

)0_..1\)
)-_.h)

- the vectors of external loads f, , ; = [f1 > 3] with i =1, 2,.., n, is a n x n matrix

s
LCI: jcp (X)LSPdx+ jcp (X)FSPdx
0

s

s L
j ®,(X)LSPdx + j(i)i()?)FSPd)?
i

s

S—

s—1
LC2: f7= [ ®;(x)HSPds+
0

&~

5o
LC3: f7= j @, (x) HSPdx + j @, (x)LSPdx
0 s—{

(48)

(49)

In order to obtain the solutions of the problem under consideration, the systems of differential
equations second order from Eq. (45) were transformed into a system of differential equations of

first order
X = AX+b

where
- X denotes the state vector of the form: X' = (p Pl

- A is the coefficients matrix of the form: A= 0 E
M'K-M'C

- b is the vector of external loads of the form: b’ = [Ofolf]

Hence, the first order differential equations can be written in the extend form

(50)

(51)

(52)

(53)
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Eﬂ : LMO'K —ME ! (J [g} ’ L\Z‘J (54)

The symbolic computer code Maple9.5 is used to obtain the static solution of the system, to build
the system of differential equations of second order and to transform this into the system of
differential equations of first order, taking the time as an additional variable. The solution of this
system is obtained through numerical simulations with the help of MatLab/Simulink. A fixed-step
continuous solver, that is a fifth order Dormand-Prince formula (MatLab On-line Manual) was used
with the fixed-step size of 0.001.

4. Numerical results

In order to illustrate the influence of bending stifthess of the train upon the deflection, bending
moment and shear force in the bridge, a series of symbolic computations are performed. An elastic
bridge of 100 m span and unit high (4 =1 m), with 7, = 74.65m"* and 4, = 8.64 m” is taken as an
example structure. The material is steel with Young's modulus £ =2.1 x 10" N/m? and density of
mass p = 7850 kg/m’. With the above values one obtains B, = 1.5676 x 10"* Nm” and A, = 67824 kg/m.
The lengtgl of the train is 30 m. With these values, a non-dimensional gravitational acceleration
g= g/\;—L = 0.042 was computed. If it is necessary to calculate the dynamic response of a structure with
another hléight, h; for example, the non-dimensional gravitational acceleration g should be multiplied by L/;.
The computations were performed for four values of the non-dimensional stiffness ratio B =0, 0.5, 1 and 1.5,
two values of mass ratio A = 0.5 and 1, and for six values of the non-dimensional velocity of the train § = y=
0.055, 0.2, 0.55, 0.64, 1.096 and 1.57, which are the correspondent dimensionless values of 30, 110, 300, 350,
600 and 860 km/h. The last velocity 860 km/h, is the velocity with which the train travels across the bridge in
0.42 s, which represents the period of the first mode of vibration of the unloaded bridge. The first velocity
corresponds to a quasi-static load of the bridge. -

With the above similarity numbers, the dimensionless deflection w,, bending moment M, and
shear-force O, in the mid-span of the simply supported bridge are determined as a function of time.
For the dynamic deflection a Ritz approximation with 5 terms is used. The results for w,, M, and
O, are shown in Figs. 3, 4 and 5. In the following representations, both the forced vibrations of the
bridge when the train travels over the bridge and the free vibrations of the bridge after the train
leaves the bridge are considered.

Figs. 3(a) and 3(b) show the time histories of deflection at the mid-span of the bridge for two
values of the mass ratio A and each of them for four values of the bending stiffness ratio B. It can
be observed that the deflection at the mid-span of the bridge increases with increasing mass ratio
but decreases with the increasing bending stiffness ratio. Fig. 3(c) shows the time history of the
deflection at the mid-span of the bridge for four non-dimensional velocities of the train. As can be
seen the deflection at the mid-span of the bridge increases also with the increasing traveling velocity
of the train, however slowly for non-dimensional velocities until 0.55. For non-dimensional
velocities greater as 0.55 the deflection of the bridge increases strongly. The amplitudes of the free
vibrations of the bridge also increase with increasing mass ration and traveling velocity.

Shown in Figs. 4(a) and 4(b) are the time histories of the bending moment at the mid-span of the
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(a) for A=0.5, v=0.64 and various B (b) for A=1, v=0.64 and various B

-

\‘, =0.55
~=:=yp =1.096

0 5 16 1‘5 26 . 25
t
(c) for A=1, B=0.5and various velocities v

Fig. 3 Deflection W) at the mid-span of the bridge as a function of 7

bridge for two values of the mass ratio A and each of them for four values of the bending stiffness
ratio B. As can be seen from Figs. 4, a concentrated moment occurs at the front and the end of the
train, which is materialized by the jumps in M ,. The jumps occur when the front and the end of the
train passes the middle of the bridge. It can be also observed that the bending moment at the mid-
span of the bridge increases with mass ratio and decreases with bending stiffness ratio when the
train crosses over the middle of the bridge, but the jumps in bending moment increase with stiffness
ratio. Fig. 4(c) shows the time history of the bending moment at the mid-span of the bridge for four
non-dimensional velocities of the train. The bending moment at the mid-span of the bridge increases
with the traveling velocity of the train, and it can be observed the same behavior as by the
deflection of the bridge: it increases slowly for non-dimensional velocities until 0.55 and strongly
for non-dimensional velocities greater as 0.55. The amplitudes of the free vibrations increase with
mass ratio and traveling velocity too.

Shown in Figs. 5(a) and 5(b) are the time histories of shear force at the mid-span of the bridge for
two values of the mass ratio A and each of them for four values of the bending stiffness ratio B.
The shear force at the mid-span of the bridge shows the same behavior towards the mass ratio and
bending stiffness ratio as the bending moment. Also in this case concentrated force occurs at the
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A=0.5, v=0.64
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(c) for A=1, B=0.5and various velocities v

Fig. 4 Deflection M »at the mid-span of the bridge as a function of 7

front and the end of the train, when these locations pass the middle of the bridge. The concentrated
forces are materialized by the jumps in Q,. The jumps occur when the front and the end of the train
passes the middle of the bridge, and increase with stiffness ratio. Fig. 5(c) shows the time history of
the shear force at the mid-span of the bridge for four non-dimensional velocities of the train. The
shear force at the mid-span of the bridge increases with traveling velocity of the train, and it can be
observed the same behavior as by the deflection of the bridge: it increases slowly for non-
dimensional velocities until 0.55 and a bit strongly for non-dimensional velocities greater as 0.55.
The amplitudes of the free vibrations also increase with mass ratio and traveling velocity of the
train.

As can be seen from Figs. 4 and 5, a concentrated force and a concentrated moment occur at the
front and the end of the train, which are materialized by the jumps in M, and Q,. The jumps occur
when the front and the end of the train passes the middle of the bridge, because a rigid interface is
assumed between the train and the bridge. This rigid interface imposes that the deflections of the
train and the bridge are equal, which implies that the second and third derivative of the deflection of
the train do not vanish at this location as shown in Fig. 2(c). In a detailed modeling with a non-
rigid interface, the concentrated loads at the front of the train would be represented by pressure
concentrations, as shown in (Cojocaru et al. 2003).
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Fig. 5 Shear force Qb at the mid-span of the bridge as a function of 7

The case of v = 1.57, i.e. the case in which the train passes the bridge in the period of the first
mode of vibration of the unloaded bridge, is treated in comparison with the case of v =0.64 in Fig. 6. As
can be seen, the passage of the train on the bridge with high velocities, i.e. v =1.57 produces
considerably high amplitude response of the bridge.

The influence of bending stiffness and mass ratio on the response of the bridge at the mid-span is
also investigated for a number of velocities of the train from 0.055 until 1.57 with an increment
about 0.1. In this case, the maximum deflection of the bridge is determined for three values of the
non-dimensional stiffness ratio, B = 0.25, 0.5 and 1, and for three values of the non-dimensional
mass ratio, A =0.25, 0.5 and 1. The results are plotted in Fig. 7. It can be observed that the deflection
of the bridge increases slowly for non-dimensional velocities until 0.7 and has a kink at 0.7; and for
values of the non-dimensional velocity greater as 0.7, the deflection shows more or less a strong increasing
tendency, depending on the mass and bending stiffness ratios. Also in Fig. 7 it can be observed the
same behavior as in Fig. 3: the deflection increases with mass ratio and decreases with bending
stiffness ratio.

A convergence analysis is also performed taking for the dynamic deflection with a Ritz
approximation of 1, 3 and 5 terms. In Fig. 8, the time history of bending moment at the mid-span of
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Fig. 6 The response of the bridge at the mid-span for A=1, B=0.5 and Vv =0.64, V = 1.57
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Fig. 7 The maximum deflection of the bridge

the bridge is plotted considering the approximated solution with 1, 3 and 5 terms. It can be observed
that the solution with 3 and 5 terms deliver similar results, while the solution with 1 term delivers
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Fig. 8 Convergence of the bending moment at the mid-span of the bridge as a function of 7

increased values of the time history. It can be concluded that the approximated solution with 5
terms furnishes satisfactory results.

5. Conclusions

As can be observed in Figs. 3, 4 and 5, the deflection, bending moments and shear forces of the
bridge increase with mass ratio A, but decrease with bending stiffness ratio B. This means that
considering the stiffness of the train leads to a lower overall strength of the bridge. When a rigid
interface as a connection between bridge and train is considered, the bending moments and shear
forces in the bridge show a jump at the location of the front and end of the train, the amount of this
jump increases with a growing B. These traveling jumps, on the other side, indicate a high local
strength in the cross-sections that are traversed by the both ends of the train. In a detailed modeling
with a non-rigid interface, the concentrated loads at the front of the train would be represented by
pressure concentrations.
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