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Abstract. The essential idea of the element-free Galerkin method (EFG) is that moving least-squares
(MLS) approximation are used for the trial and test functions with the variational principle (weak form).
By using the weighted orthogonal basis function to construct the MLS interpolants, we derive the
formulae for an improved element-free Galerkin (IEFG) method for solving three-dimensional problems in
linear elasticity. There are fewer coefficients in improved moving least-squares (IMLS) approximation than
in MLS approximation. Also fewer nodes are selected in the entire domain with the IEFG method than is
the case with the conventional EFG method. In this paper, we selected a few example problems to
demonstrate the applicability of the method.

Keywords: weighted orthogonal function; Improved moving least-squares (IMLS) approximation; Ele-
ment-free Galerkin (EFG) method; Improved element-free Galerkin (IEFG) method; 3D elastic problem.

1. Introduction

A number of meshless methods have been developed in recent years, and have achieved
remarkable progress in computational mechanics. The main objective of such methods is to
eliminate, or at least to alleviate, the difficulty of meshing and remeshing the entire problem domain
by simply adding or deleting nodes. The main difference between meshless and conventional
numerical methods is the way in which the shape function is formulated. However, once this
function has been obtained, the meshless method, the finite element method (FEM), and the
boundary element method (BEM) all use the same procedure to form the equations needed to obtain
the solution to a problem (Belytschko et al. 1996).

There are several meshless methods: the diffuse element method (Nayroles et al. 1992), the
element-free Galerkin (EFG) method (Belytschko ef al. 1994), the Hp clouds method (Duarte and
Oden 1995), the meshless local Petrov-Galerkin method (Atluri and Zhu 1998), the reproducing
kernel particle method (Liu er al. 1995), the radial point interpolation method (Liew and Chen
2004a, Liew and Chen 2004b, Liew and Chen 2004c), the complex variable meshless method (Liew
et al. 2007), the boundary element-free method (Kitipornchai er al. 2005, Liew et al. 2005, Sun et
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al. 2006, Liew et al. 2006), and the moving least-squares differential quadrature meshfree method
(Liew et al. 2003, Liew et al. 2004) and others (Hu et al. 2009, Matsubara and Yagawa 2009, Wu
and Koishi 2009, Wang and Wu 2008). All of these methods evaluate the field variables based
entirely on a set of discrete nodes and require no predefined nodal connectivity (Liu 2003). As there
is no need to create a mesh, and the nodes can be created by a computer in a fully automated
manner, the time that an engineer would have spent on conventional mesh generation is minimized.

The EFG method, which is one of the most promising meshless methods, was developed based on
the discrete element method (DEM). It essentially has two aspects: moving least squares (MLS)
approximation is used for the construction of the shape function, and the Galerkin weak form is
employed to develop the discretized system equation (Liu 2003). MLS approximation was
developed from the conventional least-squares method, and in practical numerical processes it
essentially involves the application of the conventional method to every selected point. A
disadvantage of the conventional least-squares method is that the final algebra equations system is
sometimes ill-conditioned. Hence, this ill-conditioned algebra equations system must be solved in
MLS approximation. However, it is difficult to determine which system is ill-conditioned, as no
methods in mathematical theory judge whether a system is ill-conditioned before the equation is
solved. Thus, it is sometimes impossible to obtain a good, or even correct, numerical solution. This
drawback can be avoided by using the improved moving least-squares (IMLS) technique to obtain
the approximation function. In this type of approximation, an orthogonal function system with a
weight function is used as the basis function. The algebra equations system in IMLS approximation
is not ill-conditioned, and it can be solved without the need to derive the inverse matrix.

Based on IMLS approximation and the EFG method, an improved element-free Galerkin (IEFG)
method is formulated. The IEFG method is used in this paper to study three-dimensional (3D)
elastic problems. Several numerical examples for the elastic problems are presented to evaluate the
accuracy and efficiency of the proposed technique.

2. Improved Moving Least-Squares (IMLS) approximation

In the EFG method, MLS approximation is employed for the construction of the shape function.
The MLS approximation is useful because the approximated field function is continuous and
smooth in the entire problem domain, and it is capable of producing an approximation with the
desired order of consistency (Liu 2003).

2.1 MLS approximation function

Let u(x) be the function of the field variable defined in the domain Q. The MLS approximation
of u(x) at point x is denoted uh(x), and the trial function is

W'(x) = 3 pix)a(x) = p'(x)a(x) (1)

i=1

where p(x) is a vector of basis functions that consists of monomials of the lowest order to ensure
minimum completeness, m is the number of terms of the monomials, and a(x) is a vector of
coefficients given by
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a'(x) = (ay(x), a,(x), ..., a,(x)) (2)

which are functions of x.
In the three dimensions, the following basis can be chosen

p'(x) = (1,x,y,z)  (m=4, linear basis) or (3)
pT(x) = (1,x,y,z,xy,yz, zx, X, y2, 22) (m =10, quadratic basis) 4
The local approximation at x, as described by Lancaster and Salkauskas (1981), is

d"(x,%) = 3 p(®ax) = p'(Dax) 5)

i=1
where X is the point in the local approximation of x.

To obtain the local approximation of the function u(x), the difference between it and the local
approximation uh(x) must be minimized by a weighted least-squares method.

Define the function

2
n n

J= S wx—x)u (x) —uCe)T = 3 wx—x)| 3 pix) - a(x) — u(x,) ©)

I=1 I=1 i=1

where w(x —x;) is a weight function with a domain of influence, and x,(/ = 1,2, ..., n) are the
nodes with domains of influence that cover point x.
Eq. (6) can be written as

J = (Pa—u) W(x)(Pa—u) (7)

where
T

u = (uy,uy, ..., u,) )

Pi(x1) pa(xy) .. pul(xy)
P = P1(x3) Pa(x3) ... pul(xy) and 9)
pl(xn) pZ(xn) pm(xn)
w(x—x,) 0 0
W(x) = O w(x.—xz) 0 (10)
6 0 ow(x—x,

The minimization condition requires that

L =o (11
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that results in the equation system

A(x)a(x) = B(x)u (12)

where matrices 4(x) and B(x) are
A(x) = P'W(x)P and (13)
B(x) = P'W(x) (14)

in which u is the vector that collects the nodal parameters of the field variables for all of the nodes
in the support domain.
From Eq. (12), we obtain

a(x) = A ' (x)B(x)u (15)
The expression of the local approximation uh(x) is thus

W'(x) = D) = Y O(x) (16)
I=1
where ®@(x) is the MLS shape function and

D(x) = (@(x), @y(X), ..., D,(x)) = P'(x)A4 ' (x)B(x) (17)

2.2 The IMLS procedure

In MLS approximation, Eq. (12) is sometimes ill-conditioned, even in the presence of a singular
phenomenon. Thus, it is difficult to obtain a correct numerical solution. To overcome this, the
weighted orthogonal basis functions can be employed to present the IMLS approximation
(Matsubara and Yagawa 2009).

For Vf(x), g(x) € span(p), we define

n

(,8) = Y wlx—x)f (x)g(x)) (18)

1=1

and then (f, g) is an inner product, and span(p) is a Hilbert space.
In the Hilbert space span(p), for the set of points {x;} and the weight functions {w,}, if the
functions p,(x), p,(x), ..., p,,(x) satisfy the conditions

Pop) = 3 wpx)px) = {0 T =12 m) (19)
i=1 Ay k=
then the function set p,(x), p,(x), ..., p,(x) is called a weighted orthogonal function set with
weight functions {w,} at points {x;}. If p,(x),p,(x),...,p,(x) are polynomials, then the
function set p,(x), p,(x), ..., p,,(x) is called a weighted orthogonal polynomials set with weight
functions {w;} at points {x,}.

From Eq. (18), Eq. (12) can be written as
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P11 PuP2) - PLPw) || ai(x) (p1sup)
(P2 21) (P2, 2) - (P2 )| | @2(X)| = | (P25 1)) (20)

(pm’pl) (pm’pz) (pm’pm) am(x) (pm’ u[)

If the basis function set p,(x) € span(p), i=1,2, ..., m is a weighted orthogonal function set at
points {x,}, i.e., if

(pup) =0 (%)) 2D
then Eq. (20) becomes
(pi,p) O 0 a,(x) (p1sup)
0 (p2p) - 0 ar(x)| = | (P2 uy) (22)

0 0 (pmapm) am(x) (pm7 u[)
We can then obtain the coefficients a,(x) directly, as follows

(pia ul)

a(x) = 7)) i=1,2,...,m) (23)
ie.,
a(x) = A(x)B(x)u (24)
where
1 0
Pir1)
1
i = ° Gam ! (25)
0 R
L (pm:pm)_

From Egs. (23) and (5), the expression of the approximation function uh(x) is
W'(x) = D)u = Y Dy(x), (26)
I=1
where @(x) is the shape function and

B(x) = (By(x), Dr(x), ..., Dy(x)) = P'(x)A(x)B(x) 27)

This is an IMLS approximation in which the coefficients a,(x) are obtained. It is impossible to
yield an ill-conditioned or singular equations system, and we can thus obtain the correct solution.
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From Eq. (27), we have

Di(x) = > p;()A)B(x)];r (28)
j=1

which represents the shape function of the IMLS approximation corresponding to node /. Then, the
partial derivatives of @;(x) can be obtained as

a)l,i(x) = Z [pj,i(;IB)ﬂ +pj(;1,iB +1‘_IB,i)j1] (29)
i=1
The weighted orthogonal basis function set p = (p;) can be formed with the Schmidt method

p =1
RSN D) .
pi=r =) ——=p., i=2,3,... (30)
= (Pwpr) ¢
or can be expressed as
p =1
Py = r—a,
pi = (r—a)pi_1—bp; 5, i=3,4,.. (31)
where
(rpi_1,Pi-1)
a = —-—- (32)
Pi-10i-1)
b, = (Pi_1,Pi1) (33)
(Pi—2Di-2)

and r = A/x? +x§ +x§, or r = x; +x,+x; for 3D problems.
Furthermore, using the Schmidt method, the weighted orthogonal basis function set p = (p,) can

be constructed from the monomial basis function. For example, for the monomial basis function
_ _ 2 2 2
P = (D) = (1,xy, X5, X3, XX, X X3, X,X3, X7, X, X5...) (34)

the weighted orthogonal basis function set can be generated as

_ O (Dapi) .
p; = Di— =2 e, i=1,2,3, ... (35)
kZ::l(pkapk) ¢

When the weighted orthogonal basis functions (30) and (31) are used, there are fewer coefficients
in the trial function. Therefore fewer nodes are needed in the domain of influence in IMLS
approximation than in MLS approximation.

2.3 Weight function

The weight function used in Eq. (6) through Eq. (17) plays an important role in the EFG method.
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This function should be non-zero over only a small neighborhood of x; to generate a set of sparse
discrete equations.

Define d; = |x-x,| and r = d,/d,,,, where d,,, is the size of the domain of influence of the
1" node. Then, the weight function can be written as a function of normalized radius r. In this
paper, we use the cubic spline weight function

2—4rz+4r3 rSl
3 2
wx—x;)=w(r) = 36
( 2 *) 4—‘—4r+4r2—4—1r31<rﬁl 36)
3 3 2
0 r>1

The size of the domain of influence at a node, d

m

dmI = dmax> Cr (37)

;> 1s computed by

where d,, . is a scaling parameter that is typically 2.0-4.0 for a static analysis, and distance ¢, is
determined by searching for enough neighbor nodes to allow A to be regular, i.e., invertible. Due to
Eq. (29), we must compute the spatial derivative of the weight function as

(—8r+ 121 )sign(x—x,) for r<

N —

dw, _ dwdr _

38
dx dr dx (-4 + 8r74r2)sign(xfx,) for % <r<i %)

0 for r>1

3. IEFG method for 3D elasticity problems
3.1 Governing equations
Consider a continuum of 3D elastic solids with volume Q and surface boundary 7, as shown in
Fig. 1. The governing equation of equilibrium is
V:o+b=0 inQ (39)
where
o=Dg =V, u (40)

In the above, Q is the domain of the body, o is the stress tensor, ¢ is the strain, b is the body
force per unit volume, D is a matrix of material constants, u is the displacement, V - is the
divergence operator, and V| is the symmetric gradient operator.

The boundary conditions are

u=u, on 1, (41)
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t, I,

X

Fig. 1 A continuum of Solid subjected to force

and
oc-n=1t, on I (42)

where @ is the prescribed displacement on essential boundary 73, t is the prescribed traction on
natural boundary 77, and n is the unit normal outward to the domain boundary. Also

Uy
u = i, and (43)
u,
1-v v v 0 0 0]
v 1—-v v 0 0 0
1% v 1—-v 0 0 0
26 | o o o =2V o o e
D = D for tridimensional stress. (44)
(1-2v)
o 0o o o 122V o
2
o o o o o0 =2V
- 2 -

3.2 The Galerkin weak form

The use of MLS approximation produces shape functions that do not possess the Kronecker delta
function property, i.e., ¢,(x,) # J,,, and therefore uh(x ;) #=u,. This implies that essential boundary
conditions cannot be imposed in the same way as in the FEM (Liu 2003). In this paper, we use
penalty factors to enforce these conditions. The use of the penalty method produces equation
systems of the same dimensions as those produced by FEM for the same number of nodes, and the
modified stiffness matrix is still positively defined (Liu 2003). Moreover, the symmetry and
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bandness of the system matrix are preserved.
In the IEFG method, the essential boundary conditions that need to be enforced have the form

Sé(ou, = u(x) on I (45)

where u(x) is the prescribed displacement on the essential boundary.

Now, consider the problem stated in Eqs. (39)-(42). We introduce a penalty factor to penalize the
difference between the displacement of the MLS approximation and the prescribed displacement on
the essential boundary. The constrained Galerkin weak form using the penalty method becomes

7= 1 [(vu'DVudQ - [u" bdQ - [T W+ 1 [(u-T) (a-8) - (u-Wdl  (46)

2Q Q T, 2f
where a = (o, @, ..., &) is a diagonal matrix of the penalty factor and £ = 3 for 3D cases.
The penalty factors ¢;(i =1, ...,k) can be a function of the coordinates and different from one
another, even though in practice we often assign them the identical constant of a large positive

number, which can be chosen with the following way (Liu 2003)

a=10x10""*xE and (47)
s, 00
$=10s,0 (48)
0 0 s5

When there are displacement restrictions along the direction of x; (or x,, x3), s; (Or s5, 53) i,
correspondingly, equal to one; otherwise, it is equal to zero.

Substituting Egs. (26) (which is the approximation function of the IMLS), (47) and (48) into Eq.
(46) yields the following total potential

= %uT(KJrKa)u—uT (F+F°) (49)

Invoking the stationary condition of /7, i.e., /7 = 0, gives the following linear system of u.

|K+K%Ju = F+F° (50)
where
K[J = J. B;rDBldQ, iaj: 1’ 2’ 3’ e R and (51)
A .
F, = [ @I+ [ ®/bdQ (52)
r, Q

The additional matrix K is the global penalty matrix assembled using the nodal matrix defined by
Ky = af ®,SD,dI" (53)

The vector F* is caused by the essential boundary condition, and its nodal vector takes the form

Fi' = af @, Sudl" (54)
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with

@, 0 0
0 @, 0
0 0 @. (55)
0 @,
Q. 0 @,
D, D O |

=
I

4. Numerical results and discussion
4.1 Convergence analysis and error estimation

A convergence study of the proposed method is carried out by analyzing the final function values
under different discretization schemes and different scaling factors for the nodes of the study field.
For error estimation, we suppose the problem is

{ uelv (56)
a(u,v) = (f,v),VvelV

where V is the function in Banach space defined on domain €. Function a (-, -) and fe V' satisfy
the conditions of the Lax-Milgram theorem.
In space V), = span{®,|1 <i< N} <V, the EFG method for Eq. (56) is

M

u eV,
{ M M\ _ M M (57)
a(u ", v )={f,v),Yv eV,

We consider the error of u —u" under the L? error norm. Using linear basis function, cubic spline
weight function and penalty method, the error and related error of L* error norm are defined as follows

1

=20y = € J (- ™)’ dQ)” and (58)
re ”u - uM” 2

”u - ”MI inQ) = = (59)
]

By varying the number of nodes and the scaling factor, the convergence study of a 3D solid is
studied. We consider the stretching of a prismatic bar by its own weight; if pg is the weight per unit
volume of the bar (Fig. 2), then the body force is

X=Y=0, Z=-pg (60)

The differential equation of equilibrium is satisfied by letting
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Fig. 2 Stretching a prismatic bar by its own weight

Table 1 Relationship between the number of nodes and the relative error norm (displacement) for the EFG
and IEFG methods and their computation time in 4.1

Number of nodes Relative error norm Computation time of the Computation time of the
(displacement) IEFG method (s) EFG method ()
5x5x%x3 0.0011 19.640 20.328
S5x5x%x5 3.0312x 107 83.063 84.766
5x5x%x7 1.8114x 107 190.422 191.546
5x5x%9 1.1255 x 107 311.312 313.750
5x5x11 7.5606 x 107 433.078 439.344
o, =pgz, O0,=0,=17,=71,.=7.,=0 (61)

and assuming that on each cross section, we have uniform tension produced by the weight of the
lower potential of the bar. The parameters are taken as /=40 mm, v=0.15, E=2.069 x 10* MPa,
and p = 2405 kg/m’. The final expressions for the displacements are

u(x,y,z) = 5= (62)
wx, p,z) = 2 gyz and (63)

= P82 Py+ YR8 1y
wx,y,2) = EEE 1)+ LG 4y (649)

Tables 1 and 2 indicate that under a certain d,,,,,, the relative error norm decreases as the number
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Table 2 Relationship between the number of nodes and the relative error norm (stress) for the EFG and IEFG
methods and their computation time in 4.1

Number of nodes Relative error norm Computation time of the ~Computation time of the
(stress) IEFG method (s) EFG method (s)
5x5x%3 0.012 23.907 24.953
5x5x%x5 0.0072 112.891 115.125
S5x5x%x7 0.0047 254.516 258.110
5x5x%x9 0.0032 416.281 421.500
5x5x11 0.0024 579.453 587.484
0.0012 !
0.0010 \
—Y— the relationship between
0.0008 the nodes number and the
g ’ displacement relative error norm
E (dmax = 28)
S 0.0006
5
o
5 0.0004
=
2 \‘zk
0.0002
—
i
0.0000 : : i : i
5'5*3 5'5*5 557 5'59 5*5*11

nodes number

Fig. 3 Convergence rate for displacement with IEFG method and fixed d,,;,.

relative error norm

T
0.012 e
—v— the relationship between
0.010 the nodes number and
’ the stress relative error norm
=29
0.008 \
bAd
0.006
Al
0.004
Y
0.002 . . 1 . 1
5*5*3 5*5*5 5*5*7 5*5*Q 5*5%11

nodes number

Fig. 4 Convergence rate for stress with IEFG method
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0.00036 %

—Y— relationship between the dmax
and displacement relative error norm __|
(IEFG Method Results)

0.00030

g N (nodes number is 5*¥5*11)
=
o 0.00024 A\
S
£ I \
(]
[
.2 0.00018
=
[}
- %
0.00012
i‘}\
i w
0.00006 : : : ! : !
24 25 26 2.7 2.8

dmax

Fig. 5 Convergence rate for displacement with IEFG method and a certain number of nodes

0.0128 —
0.0112 \
\ —Y— relationship between the dmax
0.0096 and the stress relative error norm i
£ *, (IEFG Method Results)
1 *g%k
S 0.0080 !(nodes number is 5*¥5%11)
5 |
g 3.
Y 0.0064
[}
2 3%,
B
) 0.0048 \
0.0032 ke \
0001 6 1 1 1 1 1 1 i
23 24 25 26 2.7 2.8 29
dmax

Fig. 6 Convergence rate for stress with IEFG method

of nodes increases and the solution converges when the number of nodes is 5 x5 x 11. The
convergence studies are also plotted in Figs. 3 and 4 to show a clearer convergence trend. From the
tables and figures, we conclude that a higher completeness order of the basis function achieves a
better convergence rate than the lower order.

In Figs. 5 and 6, we show the convergence of the IEFG method by keeping the number of nodes
unchanged and resized the values of d,,,,. Because the proposed method is sensitive to the support
size of the nodes that are denoted by the scaling factor, the relative error norm decreases with an
increase in d, It is found that d,,,, = 2.8 for the displacement and d,,,, =2.9 for the stress produce

max * max max

good results. In Table 3, we compare the computation time for both EFG and IEFG methods. We
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Table 3 Relationship between d,,,. and the relative error norm for the EFG and IEFG methods and their
computation time in 4.1

Relative error norm  Relative error norm Computation time of Computation time of

(displacement) (stress) the IEFG method (s) the EFG method (s)
2.3 3.6285x 1074 0.0123 242.197 254.422
2.4 3.6828 x 107* 0.0092 244.047 259.937
2.5 2.5552x 1074 0.0071 436.219 440.094
2.6 13157 x 107 0.0057 434.235 449.594
2.7 8.9576 x 107 0.0046 433.500 442313
2.8 7.5606 x 107 0.0034 433.078 439.344
2.9 8.5423 x 107* 0.0024 579.453 587.484

observe that the IEFG method achieves a faster computational speed with the same precision.
4.2 Example problems

The implementation of the IEFG method for elastostatic problems is now evaluated via a number
of examples.

A regular arrangement of nodes and the background mesh of cells are used for the numerical
integrations to compute the system equation. In each integration cell, a 3 x 3 x 3 Gauss quadrature
scheme is used to evaluate the stiffness matrix. The 3D linear basis function and cubic spline
weight function are used in the IMLS approximation.

4.2.1 Load distributed over a part of the boundary of a semi-infinite solid

Imagine that the plane z=0 is the boundary of a semi-infinite solid, and we find the
displacements and stresses produced by a distributed load (see Fig. 7). Suppose that pg is the
weight per unit volume of the body, the body forces are X=Y=0, Z=—pg and the stress
distribution is given by the following equations

0, = 0, = ———(q+pg?) (65)
o. = —(q * pgz) and (66)
Ty = 0. =7, =0 (67)

The vertical displacement of the semi-infinite body is

w=0End-2v) +E(V1_1;)2V [q(h—z)Jr%(hz—zz)J (68)

The parameters are g = 1 MPa, E =2.069 x 10* MPa, v=0.15, and p=2405 kg/m’.

Figs. 8 and 9 present the analytical solution and numerical results by using the EFG and IEFG
methods. It can be seen that when d,,. =2.0 for displacement and d,,, =2.7 for stress, both
methods works well; however, the computational speed of the IEFG method is faster than that of
the EFG method.
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Fig. 7 Load distributed over a part of the boundary of a semi-infinite solid
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Fig. 8 Displacement distribution along Z axis

1.0 & Analytical Solution i
\ O EFG Method Results
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a5 \ % IEFG Method Results i
. (Elapsed time is 999.281 seconds)
3 \ (d_, =2.7 and nodes are 6*6*9)
-2.0 \
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N
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Fig. 9 Normal stress distribution along Z axis
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Vi

Y L :

z A 4

VP

Fig. 10 3D cantilever beam subjected to a parabolic at the free end

4.2.2 A cantilever beam

The 3D cantilever beam, shown in Fig. 10, is investigated to benchmark the proposed method.
The left end of the beam is fixed, and the right end is subjected to paraboloidally distribute
downward traction. As the beam is relatively thin, a plane stress problem can be considered to yield
the analytical solution. This analytical solution is then adopted as the reference value in our
numerical study.

The displacement components of the analytical solution are given by

2

“w = — fg][(@ T RgeRy (e %ﬂ and 69)
u = 2 [3 WAL —x)+(4+5 v)’%c + L —x)sz (70)

where the moment of the inertia / of the beam is given by [ = D712, v =03 and
E = 30MPa. The stress components that correspond to the foregoing displacements are

o, = _@ (71)
o, = 0 and (72)
2
_ g(ll_ 2)
Oy 1\ (73)

The parameters are taken as p = —1000, L = 50, D = 12, and B = 1 in the study of this
numerical example.

Figs. 11-13 show the comparisons between the EFG, IEFG results and the analytical solutions, in
which Fig. 11 shows the comparison for displacement in y-direction along the neutral axis, Fig. 12
for the normal stress and Fig. 13 for the shear stress. All these plots show that the results obtained
using both EFG and IEFG methods are in good agreement with the analytical solutions, yet about
five percent of the computation time is saved with IEFG method.

4.2.3 3D Lame problem
The three-dimensional Lame problem consists of a hollow sphere, with inner and outer radius a
and b, respectively, under internal pressure. Fig. 14 shows a schematic of the problem under



Improved Element-Free Galerkin method (IEFG) for solving three-dimensional elasticity problems 139

0.000

-0.002 \ﬁb\

-0.004 \

~ \e\
<
<
\:/x -0.006 X
Analytical Solution \E
0.008 -+  © Results with EFG method \
% Results with [EFG method h
(dmax = 3.0 and nodes are 11*7*3) \@ ]
-0.010
0 5 10 15 20 25 30 35 40 45 50
X

Fig. 11 Displacement (u,) distribution along the neutral axis

1125 T T T T T T T T T T
- Analytical Solution /
750 L © Results with EFG method
%  Results with [EFG method 4
(dmax = 3.0 and nodes are 11*7%*3)
375
=
Q 0 g
S
© -375 /
-750 @/ﬁ
-1125 - : - : : :
6 -4 2 0 2 4 6
Y

Fig. 12 Normal stress distribution along the line of x =L/2, z=0.0

consideration. The numerical solution for this problem is obtained using the material parameters

E =10 and v = 025 and the geometric parameters ¢ = 10 and b = 20, with an internal
pressure p = 1.

The exact solutions for the radial displacement and radial and tangential stresses are given as

" = %[(1 21+ V)b—z:l (74)
E(B —a') 2
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Fig. 14 3D Lame problem: hollow sphere under internal pressure
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Due to the symmetry of the hollow sphere and inner pressure, one eighth of the hollow sphere is
considered when the EFG and IEFG methods are used. Fig. 15 shows the nodes distribution of the
problem domain. The displacement and stress that are obtained using both the EFG and IEFG
methods are shown in Figs. 16 and 17. It should be noted that in this analysis, the same number of
nodes but different d are used for displacement and stress. As the figures shown, the

max

computational time elapsed by IEFG method is slightly less than the EFG method.
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5. Conclusions

This paper proposes an IEFG method that is based on IMLS. By comparing example results
obtained with the EFG and the analytical solution, it has been demonstrated that the IEFG method
is efficient for dealing with 3D elastic problems. In IMLS approximation, the orthogonal function
system with a weight function is used as the basis function. IMLS approximation has greater
computational efficiency and precision than does MLS approximation, and it also does not lead to
an ill-conditioned system of equations. This means that this system can be solved without obtaining
the inverse matrix, and fewer coefficients are involved. The method has been demonstrated for
solving several example problems and concluded that the convergence rate of IEFG method is
slightly better than the EFG method.
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