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Abstract.  Delamination of multilayered inhomogeneous beam that exhibits non-linear relaxation behavior is 
analyzed in the present paper. The layers are inhomogeneous in the thickness direction. The dealamination crack is 
located symmetrically with respect to the mid-span. The relaxation is treated by applying a non-linear stress-strain-
time constitutive relation. The material properties which are involved in the constitutive relation are distributed 
continuously along the thickness direction of the layer. The delamination is analyzed by applying the J-integral 
approach. A time-dependent solution to the J-integral that accounts for the non-linear relaxation behavior is derived. 
The delamination is studied also in terms of the time-dependent strain energy release rate. The balance of the energy 
is analyzed in order to obtain a non-linear time-dependent solution to the strain energy release rate. The fact that the 
strain energy release rate is identical with the J-integral value proves the correctness of the non-linear solutions 
derived in the present paper. The variation of the J-integral value with time due to the non-linear relaxation behavior 
is evaluated by applying the solution derived. 
 

Keywords:  delamination; inhomogeneous material; multilayered structure; non-linear relaxation; time-

dependent behavior 

 
 
1. Introduction 
 

The advance in various areas of current engineering is closely related to the application of high 
performance structural materials. In particular, the multilayered materials and structures are of 
great interest. Another exceptionally perspective class of structural materials are the 
inhomogeneous (functionally graded) materials (Ali Kurşun et al. 2012, Ali Kurşun and Muzaffer 
Topçu 2013, Ali Kurşun et al. 2014, Arefi and Rahimi 2013, Arefi 2014, 2015, Butcher et al. 1999, 
Dolgov 2002, Gasik 2010, Han et al. 2001, Hedia et al. 2014, Hirai and Chen 1999, Mahamood 
and Akinlabi 2017). Such materials are widely used in modern technology since they have 

numerous advantages over the homogeneous structural materials (Markworth et al. 1995, 
Miyamoto et al. 1999, Nemat-Allal et al. 2011, Saiyathibrahim et al. 2016, Shrikantha and 
Gangadharan 2014, Nguyen et al. 2015, Nguyen et al. 2020, Wu et al. 2014). Particularly, high 
strength-to-weight and stiffness-to-weight ratios is the most advantageous feature of layered 
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materials especially for load-bearing structural applications in which the low weight is of primary 

concern.  

However, along with their advantages, the multilayered materials have some fundamental 

drawbacks. For example, the use of multilayered materials and structures is hindered because of 

their low delamination resistance. Appearance of delamination cracks between layers is one of the 

main reasons for failure of multilayered structural members. Therefore, analyzing the delamination 

fracture of multilayered beam structures is a research problem of great importance in the context of 

ensuring of structural integrity, safety and durability. The delamination has been analyzed usually 

assuming linear-elastic behavior (Dolgov 2005, 2016). Recently, papers concerned with 

delamination analyses of multilayered inhomogeneous non-linear elastic beam configurations have 

also been published (Rizov 2019, 2020, Rizov and Altenbach 2020, 2022, 2022a, Rizov 2022). 

Analyses of delamination in inhomogeneous beams under linear relaxation have been developed 

too (Rizov 2020a).   

In contrast to (Rizov 2020a), the main goal of the present paper is to analyze the delamination 

of a multilayered inhomogeneous beam structure that exhibits non-linear relaxation behavior. The 

significance of the present research work consists in the fact that in the engineering practice the 

delamination and the non-linear relaxation behaviour can be combined since there are load-bearing 

multilayered structural applications in which the engineering structures are under constant strains 

(the strains do not change with time). In such situations, the structures may exhibit non-linear 

relaxation behaviour that should be taken into account when analyzing the delamination of these 

multilayered structures (this is done in the present paper).   
A time-dependent solution to the J-integral that takes into account the non-linear relaxation is 

derived here. A time-dependent solution to the strain energy release rate is also derived in order to 

verify the J-integral solution. The variation of the J-integral with the time is investigated.       

 

 
2. Delaminated multilayered beam under non-linear relaxation 

 

The multilayered inhomogeneous beam configuration shown in Fig. 1 is under consideration in 

the present paper. The beam is made of adhesively bonded layers of individual thicknesses and 

material properties. The number of layers is arbitrary. In order to create conditions for 

delamination fracture, a notch of depth, ℎ2 , is cut-out in the beam as shown in Fig. 1. A 

delamination crack of length, 2𝑎, is located between layers. The thicknesses of the lower and 

upper delamination crack arms are denoted by ℎ1 and ℎ2, respectively. The length of the beam is 𝑙. 
The beam has a rectangular cross-section of width, 𝑏, and thickness, h. The beam is loaded at its 

two ends by bending moments and then held so as the angle of rotation, 𝜙, of the ends of the beam 

does not change with time (Fig. 1). The stresses in the layers of the beam decrease with the time 

while the strains remain constant, i.e., the layers of the beam exhibit relaxation behavior that is 

treated by using the following non-linear stress-strain-time constitutive relation (Dowling 2013) 
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Delamination analysis of multilayered beams with non-linear stress relaxation behavior 

 

Fig. 1 Multilayered inhomogeneous beam with a delamination crack 

 

 

In the above formulae, 𝜀 is the strain, 𝑡 is time, 𝜎𝑖 is the stress in the i-th layer of the beam, 𝐻𝑖, 

𝐷𝑖 and 𝑛𝑖 are material properties in the layer, 𝑚2 is the number of layers in the beam. The material 

property, 𝐻𝑖, corresponds to the modulus of elasticity (since only elastic strain occurs as a result of 

rapid initial loading, at 𝑡 = 0 formula (1) transforms in 𝜎𝑖 = 𝐻𝑖𝜀; therefore, 𝐻𝑖 corresponds to the 

modulus of elasticity in the i-th layer of the beam). The material property, 𝐷𝑖 , accounts for 

relaxation behaviour. At 𝐷𝑖 = 0 the material exhibits linear-elastic behaviour. In the case of linear 

relaxation, the parameter, 𝐷𝑖, is related to the coefficient of viscosity, 𝜂𝑖, by the formula 𝜂𝑖 = 1/𝐷𝑖 
(Dowling 2013). The material property, 𝑛𝑖, accounts for nonlinearity in the i-th layer of the beam. 

The units for 𝐻𝑖 and 𝐷𝑖 are Pa and 1/(Pa.s), respectively. 𝑛𝑖 is dimensionless quantity.      

The material in each layer is inhomogeneous along the thickness (therefore, the material 

properties vary continuously along the thickness of the layer (refer to formulae (3)-(5)).  

The distributions of 𝐻𝑖, 𝐷𝑖 and 𝑛𝑖 along the thickness of the i-th layer are written as 
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In formulae (3)-(6), 𝐻𝐵𝑖, 𝐷𝐵𝑖 and 𝑛𝐵𝑖 are the values of 𝐻𝑖, 𝐷𝑖 and 𝑛𝑖 in the upper surface of the 

i-th layer, 𝑓𝑖, 𝑔𝑖 and 𝑠𝑖 are material parameters which control the distributions of 𝐻𝑖, 𝐷𝑖 and 𝑛𝑖 in 

the thickness direction of the layer, 𝑧1𝑖  and 𝑧1𝑖+1  are the coordinates of the upper and lower 

surfaces of the layer, respectively (Fig. 2).  
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Fig. 2 Cross-section of the lower crack arm 

 

 

Since the beam is symmetric with respect to 𝑥3 = 𝑙/2, only half of the beam, 𝑙/2 ≤ 𝑥3 ≤ 𝑙, is 

considered (Fig. 1).  

Due to the relaxation, the multilayered inhomogeneous beam configuration exhibits time-

dependent delamination behavior that is analyzed by applying the J-integral approach (Broek 

1986).  

Time-dependent solution to the J-integral is obtained by using the integration contour, Γ, shown 

by dashed line in Fig. 1. The upper delamination crack arm is free of stresses. Therefore, the 

solution to the J-integral is found as 

)(2
21  += JJJ ,                                                                  (7) 

where 𝐽Γ1  and 𝐽Γ2  are the values of the J-integral in segments, Γ1 and Γ2, of the integration contour.  

The material in each layer is inhomogeneous along the thickness.  

The segments, Γ1  and Γ2 , coincide with the cross-sections of the lower crack arm and the un-

cracked beam portion, respectively. It should be mentioned that the right-hand side of (7) is 

doubled in view of the symmetry (Fig. 1).  

The J-integral is segment, Γ1, of the integration contour is written as 
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where 𝑚1 is the number of layers in the lower crack arm, 𝑢01𝑖 is the strain energy density in the i- 
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Delamination analysis of multilayered beams with non-linear stress relaxation behavior 

 
Fig. 3 Three-layered beam configurations with a delamination crack located (a) between layers 1 and 

2, and (b) between layers 2 and 3 

 

 

Fig. 4 The J-integral value in non-dimensional form presented as a function of the non-

dimensional time (curve 1-for delamination crack located between layers 1 and 2, and curve 2-

for delamination crack located between layers 2 and 3) 

 

 

th layer, 𝛼 is the angle between the outwards normal vector to the contour of integration and the 

crack direction, 𝑝𝑥𝑖  and 𝑝𝑦𝑖  are the stress vector components in the layer, 𝑢  and 𝑣  are the 

components of displacement vector with respect to the crack tip coordinate system 𝑥𝑦, ds is a 

differential element along the integration contour.  

The strain energy density is equal numerically to the area enclosed by the stress-strain curve. 

Therefore, the strain energy density in the i-th layer is expressed as 
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Fig. 5 The J-integral value in non-dimensional form presented as a function of 𝑓1 (curve 1 - at 

𝜙 = 0.002 rad, curve 2 - at 𝜙 = 0.003 rad and curve 3 - at 𝜙 = 0.004 rad) (case b) from Fig. 3 

is considered) 
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The other quantities which are involved in (8) are found as 

ixip −= ,                                                                  (10) 
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In the present paper, a beam of high length-to-thickness ratio is under consideration. Therefore, 

the distribution of the strains is treated by applying the Bernolli’s hypothesis for plane sections.  

Hence, the strain is distributed linearly along the thickness of the lower delamination crack arm  
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In formula (15), 𝜅1 is the curvature of the lower crack arm, 𝑧1𝑛 is the coordinate of the neutral 

axis (the position of the neutral axis is marked by 𝑛𝐿𝐶 − 𝑛𝐿𝐶  in Fig. 2). The curvature and the  
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Delamination analysis of multilayered beams with non-linear stress relaxation behavior 

 

Fig. 6 The J-integral value in non-dimensional form presented as a function of 𝑔1 (curve 1 - at ℎ𝑙 =
0.002 m, curve 2-at ℎ𝑙 = 0.0025 m and curve 3-at ℎ𝑙 = 0.003 m) (case b) from Fig. 3 is considered) 

 

 

coordinate of the neutral axis are determined in the following way. First, three equations are 

worked-out by using the following conditions for equilibrium of the lower delamination crack arm 

and the un-cracked portion of the beam: 

 01 =N ,                                                                     (17) 

02 =N ,                                                                     (18) 

21 MM = ,                                                                  (19) 

where 𝑁1 and 𝑁2 are the axial forces in the lower crack arm and the un-cracked beam portion, 𝑀1 

and 𝑀2  are the bending moments in the lower crack arm and the un-cracked beam portion, 

respectively. The axial forces and bending moments in (17), (18) and (19) are expressed through 

the stresses.  

Hence, Eqs. (17), (18) and (19) take the form 
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where 𝑧2𝑖 and 𝑧2𝑖+1 are the coordinates of the upper and lower surfaces of the i-th layer in the un-

cracked portion of the beam, 𝑧2 is the vertical centroidal axis of the cross-section of the un-cracked 

beam portion, 𝑚2 is the number of layers in the beam, 𝜎𝑖𝑈𝑁 is the stress in the i-th layer of the un- 
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Fig. 7 The J-integral value in non-dimensional form presented as a function of 𝑠1 (curve 1-for the 

beam with delamination between layers 1 and 2, curve 2-for the beam with delamination between 

layers 2 and 3) 

 

 

cracked beam portion. 𝜎𝑖𝑈𝑁 is found by replacing of 𝜀 with 𝜀𝑈𝑁 in (1). Here, 𝜀𝑈𝑁 is the strain in 

the un-cracked beam portion.  

Formula (15) is applied to obtain 𝜀𝑈𝑁. For this purpose, 𝜅1, 𝑧1𝑛 and 𝑧1 are replaced with 𝜅2, 

𝑧2𝑛 and 𝑧2, respectively. Here, 𝜅2 and 𝑧2𝑛 are the curvature and the coordinate of the neutral axis 

of the un-cracked beam portion, respectively.  

Further one equation is worked-out by expressing the angle of rotation, 𝜙, as a function of 𝜅1 

and 𝜅2. For this purpose, the integrals of Maxwell-Mohr are applied. The result is 
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After substituting of stresses in (20), (21) and (22), the three equations for equilibrium are 

solved with equation (23) with respect to 𝜅1  , 𝑧1𝑛 , 𝜅2  and 𝑧2𝑛  by using the MatLab computer 

program.    

The J-integral in segment, Γ2, is written as 
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Fig. 8 The J-integral value in non-dimensional form presented as a function of 𝐻𝐵2/𝐻𝐵1 ratio (curve 1-

at 𝐻𝐵3/𝐻𝐵1 = 0.5, curve 2-at 𝐻𝐵3/𝐻𝐵1 = 1.5 and curve 3-at 𝐻𝐵3/𝐻𝐵1 = 2.5) 
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The J-integral solution is found by substituting of (8) and (24) in (7). The integration is carried-

out by using the MatLab computer program. It should be mentioned that this solution to the J-

integral is time-dependent. Therefore, the solution can be applied to evaluate the non-linear 

relaxation induced variation of the J-integral value with the time. 

The delamination in the multilayered inhomogeneous beam is analyzed also in terms of the 

strain energy release rate, 𝐺 . For this purpose, a time-dependent solution to the strain energy 

release rate is derived by considering the balance of the energy in the beam. A small increase, Δ𝑎, 

of the delamination crack length is assumed. The balance of the energy is written as 
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where 𝑈 is the strain energy cumulated in the beam. From (3), one derives 
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It should be noted that the term in brackets in (31) is doubled in view of the symmetry (Fig. 1).  

The strain energy is written as  
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By substituting of (23) and (32) in (31), one obtains  
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Fig. 9 The J-integral value in non-dimensional form presented as a function of 𝐷𝐵2/𝐷𝐵1 ratio (curve 1-

at 𝐷𝐵3/𝐷𝐵1 = 0.5, curve 2-at 𝐷𝐵3/𝐷𝐵1 = 1.5 and curve 3-at 𝐷𝐵3/𝐷𝐵1 = 2.5) 
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The MatLab computer program is applied to perform the integration in (33). The fact that the 

strain energy release rate found by (33) matches exactly the J-integral value obtained by (7) proves 

the correctness of delamination analysis of multilayered inhomogeneous beam with non-linear 

relaxation behavior developed in the present paper.   

 
 
3. Numerical results 
 

In this section of the paper, numerical results are presented by using the time-dependent 

solution to the J-integral obtained in section 2. The J-integral is expressed in non-dimensional 

form by applying the formula 𝐽𝑁 = 𝐽/(𝐻𝐵1𝑏) . Two three-layered beam configurations are 

analyzed in order to evaluate the effect of delamination crack location along the beam thickness on 

the J-integral value (Fig. 3). A delamination crack is located between layers 2 and 3 in the three-

layered beam depicted in Fig. 3(b). A three-layered beam with a delamination crack between layers 

1 and 2 is also considered (Fig. 3(a)). The thickness of each layer in the two three-layered beam 

configurations in Fig. 3 is ℎ𝑙 . It is assumed that ℎ𝑙 = 0.002 m, ℎ = 0.006 m, 𝑏 = 0.005 m and 

𝜙 = 0.004 rad.  

The variation of the J-integral value with the time is investigated for both three-layered beam 

configurations depicted in Fig. 3. For this purpose, calculations of the J-integral values are carried-

out at various values of the time. The results obtained are illustrated in Fig. 4 where the J-integral 

value in non-dimensional form is presented as function of the non-dimensional time for the two 

three-layered beams (the time is expressed in non-dimensional form by using the formula 𝑡𝑁 =
𝑡𝐷𝐵1). It is evident from Fig. 4 that the J-integral value decreases with increasing of the time. This  
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Fig. 10 The J-integral value in non-dimensional form presented as a function of 𝑛𝐵2/𝑛𝐵1 ratio (curve 

1-at 𝑛𝐵3/𝑛𝐵1 = 0.5, curve 2-at 𝑛𝐵3/𝑛𝐵1 = 1.5 and curve 3-at 𝑛𝐵3/𝑛𝐵1 = 2.5) 

 

 

finding is attributed to the relaxation behavior. It can also be observed in Fig. 4 that the J-integral 

value is lower when the delamination crack is located between layers 1 and 2.       

The influence of material parameter, 𝑓1, on the J-integral value is evaluated (the three-layered 

beam configuration with a delamination crack located between layers 2 and 3 is considered (Fig. 

3b)). For this purpose, the J-integral value in non-dimensional form is presented as a function of 𝑓1 

in Fig. 5 at three values of 𝜙. The curves in Fig. 5 indicate that the J-integral value increases with 

increasing of 𝑓1 (this means that lower values of 𝐻1 are unfavorable for delamination in sense that 

lower values of 𝐻1 cause increase of the J-integral under non-linear relaxation). One can observe 

also in Fig. 5 that increase of 𝜙 leads to increase of the J-integral value.  

An investigation of the effect of material parameter, 𝑔1, on the J-integral is performed. The 

results of the investigation are shown in Fig. 6 where the J-integral value in non-dimensional form 

is presented as a function of 𝑔1 at three thicknesses, lh , of the layers. The three-layered beam with 

a delamination crack between layers 2 and 3 (Fig. 3(b)) is analyzed. The curves in Fig. 6 show that 

J-integral value increases with increasing of 𝑔1 (this means that lower values of 𝐷1 is unfavorable 

for delamination since lower values of 𝐷1  cause increase of the J-integral under non-linear 

relaxation). Concerning the effect of the thickness of the layers, the analysis reveals that the J-

integral value decreases with increasing of ℎ𝑙 (Fig. 6).  

The effect of material parameter, 𝑠1 , on the J-integral value is investigated too. For this 

purpose, calculations of the J-integral value are carried-out at various values of 𝑠1. The three-

layered beam configurations depicted in Fig. 3 are considered. One can get an idea about the effect 

of 𝑠1 on the J-integral value from Fig. 7 where the J-integral value in non-dimensional form is 

presented as a function of 𝑠1. The curve in Fig. 7 indicates that the J-integral value increases with 

increasing of 𝑠1 (thus, decrease of 𝑛1 generates increase of the J-integral value under non-linear 

relaxation, therefore decrease of 𝑛1 is unfavorable for delamination). One can observe also in Fig. 

7 that the J-integral value for the beam with delamination crack located between layers 2 and 3 is 

higher in comparison with that for the beam with delamination between layers 1 and 2.  
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The influence of 𝐻𝐵2/𝐻𝐵1and 𝐻𝐵3/𝐻𝐵1  ratios on the delamination is also examined. The J-

integral value is calculated at various 𝐻𝐵2/𝐻𝐵1  and 𝐻𝐵3/𝐻𝐵1  ratios for the three-layered beam 

structure with delamination crack located between layers 2 and 3 (Fig. 3(b)). The J-integral value 

in non-dimensional form is presented as a function of 𝐻𝐵2/𝐻𝐵1  ratio in Fig. 8 at three 𝐻𝐵3/𝐻𝐵1  

ratios. It can be observed in Fig. 8 that the J-integral value decreases with increasing of 
12

/ BB HH

and 𝐻𝐵3/𝐻𝐵1  ratios (this finding indicates that the situation of increasing of 𝐻𝐵2/𝐻𝐵1and 𝐻𝐵3/𝐻𝐵1  

ratios is favorable for the delamination since in this situation the J-integral decreases). 

An analysis of the variation of the J-integral value with increasing of 𝐷𝐵2/𝐷𝐵1  and 𝐷𝐵3/𝐷𝐵1  

ratios is developed. The beam structure with delamination crack located between layers 2 and 3 is 

considered (Fig. 3(b)). The results of calculations of the J-integral value are illustrated in Fig. 9 

where the J-integral in non-dimensional form is presented as function of 𝐷𝐵2/𝐷𝐵1  ratio at three 

𝐷𝐵3/𝐷𝐵1  ratios. It can be concluded form Fig. 3 that the increase of 𝐷𝐵2/𝐷𝐵1  and 𝐷𝐵3/𝐷𝐵1  ratios 

leads to decrease of the J-integral value (thus, it can be concluded that the increase of 𝐷𝐵2/𝐷𝐵1  and 

𝐷𝐵3/𝐷𝐵1  ratios is favorable for the delamination).  

Finally, the effect of 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios on the delamination is studied. Calculations of 

the J-integral are carried-out at various 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios for the beam with 

delamination between layers 2 and 3 (Fig. 3(b)). The effect of 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios is 

examined in Fig. 10. The curves shown in Fig. 10 indicate that the J-integral value decreases with 

increasing of 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios, i.e., increase of 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios is favorable 

for the delamination.                      

 
 
4. Conclusions 
 

A delamination analysis of a multilayered inhomogeneous beam configuration that exhibits 

non-linear relaxation behavior is developed. The beam under consideration consists of adhesively 

bonded layers. Each layer is inhomogeneous along its thickness. The number of layers is arbitrary. 

The layers have individual thicknesses and material properties. The beam is loaded in bending and 

then held so as the angle of rotation of the ends of the beam does not change with the time. The 

stresses in the beam decrease with time while the strains do not change. The relaxation is treated 

by using a non-linear stress-strain-time relation. The material properties which are involved in this 

relation are distributed continuously along the thickness of each layer. The delamination is 

analyzed by applying the J-integral approach. A time-dependent solution to the J-integral is 

derived. The delamination is studied also in terms of the strain energy release rate. For this 

purpose, a time-dependent solution to the strain energy release rate is obtained by analyzing the 

balance of the energy in the beam. The strain energy release rate matches exactly the J-integral 

value (this fact proves the correctness of the solutions obtained). The variation of the J-integral 

value with time is studied. The analysis indicates that the J-integral value decreases with time (this 

behavior is due to the non-linear relaxation). Concerning the influence of the delamination crack 

location along the thickness of the beam, the calculations show that the J-integral value decreases 

with increasing of the thickness of the lower delamination crack arm. It is found that the J-integral 

value increases with increasing of 𝑓1 , 𝑠1  and 𝑔1 . The effect of 𝐻𝐵2/𝐻𝐵1 , 𝐻𝐵3/𝐻𝐵1 , 𝐷𝐵2/𝐷𝐵1 , 

𝐷𝐵3/𝐷𝐵1 , 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios on the delamination is also investigated. For this purpose, 
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calculations of the J-integral value are performed at various 𝐻𝐵2/𝐻𝐵1 , 𝐻𝐵3/𝐻𝐵1 , 𝐷𝐵2/𝐷𝐵1 , 

𝐷𝐵3/𝐷𝐵1 , 𝑛𝐵2/𝑛𝐵1  and 𝑛𝐵3/𝑛𝐵1  ratios. It is found that the increase of these ratios leads to decrease 

of the J-integral value. The results obtained in the present paper can be used when assessing the 

time-dependent delamination of multilayered inhomogeneous beam structures which exhibit non-

linear relaxation behavior in their life-time.           
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