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Abstract. The present paper is concermned with a delamination analysis of a multilayered frame structure that exhibits
non-linear creep behavior. A solution to the strain energy release rate is obtained by considering the time-dependent
complementary strain energy in the frame. The mechanical behavior of the frame is treated by using a non-linear stress-
strain-time relationship. The time-dependent solution to the strain energy release rate obtained in the present paper
holds for a multilayered frame made of arbitrary number of adhesively bonded layers of different thicknesses and
material properties. Besides, the dealamination is located arbitrary along the thickness. The solution to the strain energy
release rate is verified by applying the J-integral approach. A parametric study of the strain energy release rate is carried-
out. Two three-layered frame configurations are analyzed in order to evaluate the influence of the delamination crack
location along the thickness on the strain energy release rate. The strain energy release is analyzed also for the case
when a notch is cut-out in the inner delamination crack arm. The results obtained are compared with these for a frame
without a notch.
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1. Introduction

Multilayered materials consist of adhesively bonded layers of different materials. Multilayered
materials have numerous applications in modern engineering (Amenzadeh et al. 2006, Amenzadeh
and Kiyasbeyli 2007, Amenzadeh et al. 2011, Araki et al. 1992, Cilli and Ozturk 2010, Katsuhiko
Ariga et al. 2012, Kaul 2014, Lloyd and Molina-Aldareguia 2003, Sansveren and Yaman 2019,
Ozturk 2017, Ozturk and Akbarov 2009, Shestov et al. 2017, Maras et al. 2018, Maras et al. 2019,
Tekalur et al. 2008, Tench and White 1991, Wang et al. 2019). For example, the extensive use of
multilayered materials and structural components in many applications in aeronautics, automotive
industry and civil engineering is due mainly to the higher strength-to-weight and stiffness-to-weight
ratios of multilayered materials in comparison to the conventional homogeneous structural
materials. The multilayered materials are exceptionally appropriate for building-up of lightweight
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structures in engineering applications where the low weight is of primary concern. However, the
multilayered materials and structures have relatively low transversal strength in tension. This fact
makes the multilayered structural members very vulnerable to delamination cracking. Actually, the
delamination or separation of layers is the predominant failure mode in multilayered structures.
Therefore, various aspects of the delamination phenomenon have to be analyzed in order to improve
the delamination behavior of multilayered materials. The delamination has been analyzed mainly
assuming linear-elastic behavior of the layered material. Recently, works on delamination in
multilayered beam configurations, which show also nonlinear elastic behavior, published (Rizov
2017, Rizov 2018, Rizov 2019, Rizov and Altenbach 2020, Rizov 2020, Rizov 2020, Rizov 2021).

In contrast to delamination analyses of multilayered beams developed in Rizov (2020, 2020a,
2021), the present paper deals with delamination in a multilayered frame structure. Besides, the
present paper investigates the influence of the non-linear creep behavior of the multilayered material
on the delamination in contrast to Rizov (2021) where the delamination has been analyzed for the
case of beams exhibiting linear creep. Also, the delamination analyzed here is located entirely inside
the frame structure in contrast to Rizov (2020, 2020a, 2021), where the delamination is located at
the edge of the beam. The fact that the delamination is located inside the structure imposes the
multilayered frame to be treated as a statically undetermined structure in order to determine the
bending moments in the delamination crack arms which are needed to calculate the strain energy
release rate. The solution to the strain energy release rate derived in the present paper takes into
account the time-dependent delamination behavior of the frame induced by the non-linear creep.
The delamination in the multilayered frame is analyzed also by applying the J-integral approach in
order to verify the solution to the strain energy release rate.

2. Analysis of the strain energy release rate for delamination in multilayered frame

The multilayered frame depicted in Fig. 1 is under consideration. The frame consists of three
multilayered bars AC, CR and RH. The length of each of the bars is /. The inclined bar AC, and the
horizontal bar CR, are rigidly attached at C. The vertical bar RH is rigidly attached to the horizontal
bar CR at R. Each of the bars has a rectangular cross-section of width b, and thickness /4. The frame
is supported by a rigid support in section 4, and by a moveable support in section H, as shown in
Fig. 1. The external loading consists of a bending moment M, applied in R. Apparently, in sections
AC and CR, the frame is subjected to pure bending. Section RH of the frame is free of stresses (Fig.
1). It should be noted that the frame is made of an arbitrary number of adhesively bonded
homogeneous layers. Besides, each of the layers has individual thickness and material properties. A
delamination crack, LS, is located symmetrically with respect to C as shown in Fig. 1. The
thicknesses of the inner and outer crack arms are 4 and /., respectively. The delamination crack
length is 2a.

In each of the layers, the material exhibits non-linear creep behavior that is treated here by
applying the following non-linear stress-strain-time relationship (Dowling 2013)

o=Z-+Bolt+ Doy (L-e ) (D

where ¢ is the strain, ¢; and E; are, respectively, the stress and the modulus of elasticity in the i-th
layer, B;, m;, D;, a; and f; are material parameters in the i-th layer, # is the time. It should be mentioned
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Fig. 1 Geometry and loading of a multilayered frame configuration with a delamination crack

that the first term of the right-hand side of Eq. (1) describes the instantaneous linear-elastic strain.
The creep strain is described by the second and the third terms of the right-hand side of (1).

The main goal of the present paper is to derive a solution to the strain energy release rate for the
delamination crack in the multilayered frame with considering the non-linear creep behavior. Due
to the symmetry, only section, CR, of the frame is analyzed. The strain energy release rate, G, is
written as (Rizov 2020)

G= Zdi , 2)
bda
where U" is the complimentary strain energy cumulated in portion, CR, of the frame, da is an
elementary increase of the delamination crack length. It should be noted that the right-hand side of
(2) is doubled in view of the symmetry (Fig. 1).
The complementary strain energy cumulated in section, CR, of the frame is expressed as

U =U; +U, +U;, (3)

where Ul* , U; and U; are the complementary strain energy cumulated in the inner and outer

crack arms, and in the un-cracked part of CR, respectively.
The complementary strain energy cumulated in the inner crack arm is obtained as

i=n;

Ui=a) [[ ug,dA, (4)

=LA
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Fig. 2 Cross-section of the inner crack arm (the position of the neutral axis is marked by n1,~715)

where 7, is the number of layers in the inner crack arm, 4; is the area of the cross-section of the i-th
layer and u;li is the complementary strain energy density in the same layer.
The following formula is applied to obtain the complementary strain energy density (Rizov 2020)

Upyi= 03i€ — Ugy; » ®)

where oy; is the stress and uoy; is the strain energy density in the i-th layer. Since the strain energy
density is equal to the area enclosed by the stress-strain curve, uo1; is written as

Uy = | oyde. (6)

O ey ™y

By combining of (1) and (6), the strain energy density is obtained as

o> Bmo"t Daoc®t
Uy = —— +——121 4 ZPAZL (1 A) 7
o oE m, +1 a, +1 ( ) M

By substituting of (1) and (7) in (5), one derives

U., =
2B m+1l o +1

2 m; +1. o+l
« O +Biai t+DiUi (1—e‘ﬂ't). ®)

The distribution of the strains which are involved in (1) is treated here by applying the Bernoulli’s
hypotheses for plane sections. First, the distribution of strains along the thickness of the lower crack
arm cross-section is written as

&= Kl(zl — Iy, )a €]

where «; is the curvature, Zy, is the coordinate of the neutral axis. Here, the neutral axis, n1,— 71,

shifts from the centroid because the beam is multilayered (Fig. 2). It should be noted that since frame
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sections, AC and CR, are subjected to pure bending, from the small strain compatibility equations it
follows that ¢ is distributed linearly along the thickness of the cross-section.
The complementary strain energy in the outer crack arm is obtained as

i=n,

U=ay, [[ us,dA, (10)

=LA
where n; is the number of layers in the outer crack arm, 4; is the area of the cross-section of the i-th
layer and u;}i is the complementary strain energy density in the same layer. Formula (8) is applied

to obtain USZi . For this purpose o; is replaced with ;. Here, o»; is the stress in the i-th layer of the
outer crack arm. Formula (9) is used to obtain the distribution of strains along the thickness of the
outer crack arm. For this purpose, x1 and Z;, are replaced with x; and  Z,, , respectively. Here, x>

and Z,, are, respectively, the curvature and the neutral axis coordinate in the cross-section of the

outer crack arm.
The quantities k1, Z;, ,k2and Z,, , are determined in the following way. First, the equation for

equilibrium of the cross-section of the inner crack arm are written as

i=n;

N=Y, [[ oydA. (11)

=1(A)

Ml:f [[ ouzdA, (12)

=1(A)

where N and M, are, respectively, the axial force and the bending moment in the inner crack arm
where N1=0. The equations for equilibrium of the cross-section of the outer crack arm are expressed
as
i=n,
N,=> [ o,dA, (13)

=LA

i=n,
M=> [ ouz,dA. (14)
=1(A)
where N, and M, are, respectively, the axial force and the bending moment in the outer crack arm.
Here, N>=0.
Further, the equation for equilibrium of the bending moments is written as

M +M,=M. (15)

Finally, one equation is composed by treating the frame as an internally statically undetermined
structure with one degree of indeterminacy (M is taken as a redundant). The static indeterminacy is
resolved by applying the theorem of Castigliano for structures exhibiting material non-linearity

*

dU

=0, 16
e (16)
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Fig. 3 Two three-layered frame configurations with a delamination crack located (a) between layers
2 and 3, and (b) between layers 1 and 2

where U ::S is the complementary strain energy in section, CS, of the frame (Fig. 1). It should be

noted that the complementary strain energy in the un-cracked section, SM, does not depend on M;.
Thus, only the complementary strain energy in section, CS, of the frame is involved in (16). That is

why, U isfound as
Us =U; +U,. (17)

Eqs. (11)-(16) are solved with respect to M, M>, k1, Z;, , k2 and Z,, by using the MatLab

computer program at various values of time.
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The complementary strain energy cumulated in the un-cracked part of CR is expressed as

= —a)if: [ ugsdA. (18)

=1(A)
where 7 is the number of layers in the frame, u;3i is the complementary strain energy density in

the i-th layer. The complementary strain energy, u;3i , i1s found by replacing of ¢1; with o3; in Eq.

(8).
By substituting of (3), (4), (10) and (18) in (2), one derives the following solution to the strain
energy release rate for the delamination crack in the multilayered frame shown in Fig. 1

[Z | u01,dA+Z [[ ugdA - Z I} u03,dA] (19)

1) =l (A) =1 (A)

The integration in (19) is carried-out by using the MatLab computer program. It should be
mentioned that (19) can be applied to evaluate the creep induced time-dependent delamination
behaviour of the frame since the complementary strain energy densities are functions of the time
(refer to Eq. (8)).

The delamination in the multilayered frame is analyzed also by applying the J-integral approach
in order to verify the solution to the strain energy release rate (Broek 1982). The J-integral is solved
along the contour of integration, I, shown by a dashed line in Fig. 1. The solution to the J-integral
is written as

3=2, +3;, +3;,), (20)

where J ., J. and J_ are the values of the J-integral in segments I', I'; and I's, of the

integration contour, respectively. Segments I'y, I'; and I'3, coincide with the cross-sections of the
inner and the outer crack arms and with the un-cracked part of section, CR, respectively. It should
be mentioned that the expression in brackets in Eq. (20) is doubled in view of the symmetry (Fig.
1).

In segment, I';, of the integration contour, the J-integral is expressed as

S ou ov
- Z J. Upy COS &y, — [ P, a_x By, OX J Sr, » @1)
i r,

where . is the angle between the outwards normal vector to the contour of integration and the
crack direction, P, and P, are the horizontal and vertical components of the stress vector, u

and v are the horizontal and vertical components of the displacement vector, and CISrl is a

differential element along the contour of integration.
The components of (21) are obtained as

pxn =—0y> (22)
Py, =0, (23)
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Fig. 4 The strain energy release rate in non-dimensional form plotted against the non-
dimensional time (curve 1 - for the three-layered frame configuration with a delamination
between layers 1 and 2, and curve 2 - for the three-layered frame configuration with a
delamination between layers 2 and 3)

ds, =dz,,
cosa, =-1,
ou
—=¢=x\z, -7, |-
ox 1( 1 1n1)

hL

The J-integral in segment, I'2, of the integration contour is written as

du v

Jrz = z J. uOZi Cosarz - sz. a_ + pyz. a_ dsrz ’
i=l s, sz sz
where
px2i =03 >
pYZi O ’
ds;, =dz,,
cosay, = -1,
ou
— ==\, -2, )
X, 2( 2 2n2)
2
The J-integral in segment, I3, is expressed as
— ou ov
Iy, = Z J. Uogi COS O, — pxgia_x + Py, o ds. -
=l sy I3 I3

24)

(25)

(26)

27)

(28)
(29)
(30)
€2))

(32)

(33)
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Fig. 5 The strain energy release rate in non-dimensional form plotted against E»/E| ratio (curve
1 - at M=6 Nm, curve 2 - at M=8 Nm and curve 3 - at M=10 Nm)

The components of J.  are found as

p><3| =03 (34)
b, =0, 69)
ds;, =-dz,, (36)
cosa, =1, (37)

ou
P 0525 - 24, ): (38)

By substituting of (21), (27) and (33) in (20), one arrives at

ou ov
J= 2{ > _[[uOli cosar, —{pxﬁ F + Py, F }dsn +

=l s,

i=n,

ou ov
+ .[ Ugy COS —(pxﬁ o TP —J ds. +
r

i=1 Syi T,

au v
+ Upy COS @ty — — +p, — |[ds. - (39)
; SJ; 03i I3 {p X3i OX . py3i axrs I3

The integration in (39) is performed by using the MatLab computer program. The fact that the J-
integral value obtained by (39) matches exactly the strain energy release rate found by (19) is a

verification of the delamination analysis of the multilayered frame structure subjected to creep.

3. Parametric study
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Fig. 6 The strain energy release rate in non-dimensional form plotted against Bs/B; ratio (curve
1 - at A/b=1.5, curve 2 - at h/b=1.7 and curve 3 - at i/b=1.9)

In this section of the paper, results of a parametric study of the delamination in the multilayered
frame shown in Fig. 1 are presented.

For this purpose, the solution to the strain energy release rate (19) is applied. The strain energy
release rate is expressed in non-dimensional form by using the equation Gy=G/(E1b). In order to
evaluate the effect of the delamination crack location in the thickness direction on the delamination
fracture behavior of the frame, two three-layered frame configurations are analyzed (Fig. 3). A
delamination crack is located between layers 2 and 3 (the adhesion between layers 1 and 2 is perfect
i.e., there is no bond deformation between these layers) in the frame configuration depicted in Fig.
3a. A fame configuration with a delamination between layers 1 and 2 is also studied as shown in Fig.
3b (in this case, there is no bond deformation between layers 2 and 3). The thickness of the layers is
g in both frame configurations (Fig. 3). It is assumed that g=0.006 m, 5=0.012 m and =10 Nm.

The influence of the time on the delamination behavior is studied. For this purpose, the strain
energy release rate in non-dimensional form is plotted against the non-dimensional time in Fig. 4
for the two three-layered frame configurations shown in Fig. 3. The time is expressed in non-
dimensional form by using the equation #,=t¢f:. The cures in Fig. 4 indicate that the strain energy
release rate increases with the time due to the creep. It can also be observed in Fig. 4 that the strain
energy release rate obtained for the case when the delamination crack is located between layers 2
and 3 is higher in comparison with the strain energy release rate found when the delamination is
between layers 1 and 2.

The effect of £, in layer 2 of the frame on the delamination is also studied. For this purpose,
calculations of the strain energy release rate are carried-out at various E»/E; ratios. The frame
configuration with a delamination crack located between layers 2 and 3 is considered (Fig. 3(a)).
The results obtained are illustrated in Fig. 5 where the strain energy release rate in non-dimensional
form is plotted against £»/E ratio at thee values of the bending moment, M. It is evident from Fig.
5 that the strain energy release rate decreases with increasing of E»/E ratio. One can observe also in
Fig. 5 that an increase of M causes increases of the strain energy release rate.

The influence of B; in layer 3 on the delamination behavior is investigated by performing
calculations of the strain energy release rate at various Bs/B ratios.
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Fig. 7 The strain energy release rate in non-dimensional from plotted against m»/m; ratio (curve
1 - at D»/D1=0.5, curve 2 - at D»/D;=1.0 and curve 3 - at D,/D;=2.0)
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Fig. 8 The strain energy release rate in non-dimensional form plotted against as/a; ratio (curve
1 - at E3/E1=0.5, curve 2 - at E3/E1=1.0 and curve 3 - at E3/E1=2.0)

The three-layered frame with a delamination located between layers 2 and 3 is analyzed. One can
get an idea about the influence of B; on the delamination from Fig. 6 where the strain energy release
rate in non-dimensional form is plotted against Bs/B ratio at three 4/b ratios. One can observe in
Fig. 6 that the strain energy release rate increases with increasing of Bs/B) ratio. The curves in Fig.
6 show that the strain energy release rate decreases with increasing of 4/b ratio.

The variation of the strain energy release rate with increasing of my/m; and D,/D; ratios is
analyzed. The three-layered frame configuration with a delamination crack located between layers
2 and 3 is considered. The results of the analysis are shown in Fig. 7 where the strain energy release
rate in non-dimensional from is plotted against m./m; ratio at three D»/D; ratios. One can observe in
Fig. 7 that the strain energy release rate increases with increasing of m»/m; and D,/D; ratios.

An investigation of the influence of a3/a; ratio on the delamination behavior is performed. The
three-layered frame with delamination between layers 2 and 3 is studied. The strain energy release
rate is calculated at various as/a; ratios. The results of these calculations are illustrated in Fig. 8
where the strain energy release rate in non-dimensional form is plotted against as/a; ratio at three
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Fig. 9 Geometry and loading of a multilayered frame configuration with a notch in the inner crack arm
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Fig. 10 The strain energy release rate in non-dimensional form plotted against 5»/f ratio (curve
1 - for the multilayered frame with a notch in the inner delamination crack arm, curve 2 - for
the multilayered frame without a notch)

E3/E) ratios. The curves in Fig. 8 show that the strain energy release rate increases with increasing
of as/a ratio. The increase of E3/E; ratio induces decrease of the strain energy release rate (Fig. 8).

The strain energy release rate is derived also for the case when a notch is cut-out in the inner
delamination crack arm in C as shown in Fig. 9. In this case, the inner crack arm is free of stresses.
Therefore, the complementary strain energy in the inner arm is zero and the solution to the strain
energy release rate (19) is re-written as
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G :% ( 3 ([ usa 5 ([ us,da J (40)
=)

= (A)

The complementary strain energy density in the outer crack arm, uSZi , that is involved in (40)
is found by replacing of a1; with a»; in (8).

The curvature and the coordinate of the neutral axis of the outer crack arm cross-section are
determined by using the equations for equilibrium (13) and (14) where, in this case, M>=M since the
inner crack arm is free of stresses.

The solution to the strain energy release rate (40) is verified by applying the J-integral approach.
The integral is solved along the integration contour, I, shown by a dashed line in Fig. 9. Since the
inner crack arm is free of stresses, J n= 0. Therefore, the J-integral solution (39) is re-written as

& ou
=> I Ugi COSa, —| Py, — +P,, — | s, +
=i OX p OXr,
+ 5 j Ugy COS @ p au +p Kl ds } (41)
03i L 3 Ay 3i I3 '
= sy | ! X I ’ aXl"s

It should be mentioned that the J-integral value obtained by (41) is exact match to the strain
energy release rate found by (40). This fact verifies the solution to the strain energy release rate for
the delamination crack in the multilayered frame configuration with a notch in the inner
delamination crack arm (Fig. 9).

The strain energy release rate for the frame configuration with a notch in the inner delamination
crack arm is compared to that for the frame without notch in Fig. 10 where the strain energy release
rate in non-dimensional form is plotted against f,/f: ratio. The frame with a delamination crack
located between layers 2 and 3 is considered. One can observe in Fig. 10 that the strain energy
release rate in the multilayered frame with a notch is higher than that in the multilayered frame
without a notch. The curves shown in Fig. 10 indicate also that the strain energy release rate increases
with increasing of §»/f ratio.

4. Conclusions

Delamination in a multilayered frame structure that exhibits non-linear creep behavior is
analyzed in terms of the strain energy release rate. The frame is made of arbitrary number of
adhesively bonded layers with different thicknesses and material properties. A delamination is
located arbitrary between layers. Thus, the delamination crack arms have different thicknesses. The
time-dependent mechanical behavior of the material in the frame layers is treated by using a non-
linear stress-strain-time relationship. A solution to the strain energy release rate is obtained by
analyzing the complementary strain energy. The solution to the strain energy release rate obtained
in the present paper is time-dependent since a stress-strain-time relationship is used. The
delamination is studied also by applying the J-integral approach in order to verify the solution to the
strain energy release rate. The variation of the strain energy release rate with the time is investigated.
It is found that the strain energy release increases with the time. This finding is attributed to the non-
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linear creep. The effect of the location of the delamination crack along the thickness is evaluated.
For this purpose, two three-layered frame configurations are considered. The analysis reveals that
the strain energy release rate for the frame configuration in which the inner delamiantion crack arm
consists of one layer is higher compared to that for the frame configuration in which the inner
delamination crack arm is of two layers. It is found that the strain energy release rate decreases with
increasing of E»/E| ratio. The increase of //b ratio also leads to decrease of the strain energy release
rate. Concerning the influence of Bs/B1, mo/mi1, D2/Di, as/aq and f2/f ratios, the study indicates that
the strain energy release rate increases with increasing of these ratios. The strain energy release rate
is analyzed also for the case when a notch is cut-out in the inner delamination crack arm. The results
are compared with these obtained for the case of a frame without a notch. It is found that the strain
energy release rate for a frame with a notch in the inner delamination crack arm is higher than that
for a frame without a notch. The approach developed in the present paper may be used in fracture
mechanics based preliminary structural design of multilayered frames which exhibit non-linear
creep behavior.
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