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Abstract. This paper presents a careful theoretical investigation into interfacial stresses in damaged RC cantilever
beam with bonded prestressed FRP composites, taking into account loading model, shear lag effect and the prestressed
composites impact. These composites are used, in particular, for rehabilitation of structures by stopping the propagation
of the cracks. They improve rigidity and resistance, and prolong their lifespan. In this paper, an original model is
presented to predict and to determine the stresses concentration at the FRP end, with the new theory analysis approach.
This research gives more precision related to the others studies which neglect the effect of prestressed composites
coupled with the applied loads. A parametric study has been conducted to investigate the sensitivity of interface
behavior to parameters such as laminate and adhesive stiffhess, the thickness of the laminate and the fiber orientations
where all were found to have a marked effect on the magnitude of maximum shear and normal stress in the composite
member. The numerical resolution was finalized by taking into account the physical and geometric properties of
materials that may play an important role in reducing the stress values. This research is helpful for the understanding
on mechanical behaviour of the interface and design of the FRP-damaged RC hybrid structures.
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1. Introduction

The rehabilitation or strengthening of reinforced concrete structures is an important problem in
civil engineering. In the last few years, FRP composites are being used in the construction industry
in the form of laminates and pultruded plates for strengthening of existing structures. Strengthening
of an existing structure may become necessary because of a required increase in loading capacity
and a change in use, as a result of poor design or construction, or as a consequence of deterioration.
In such instances, various techniques may be employed to improve the service ability or ultimate
performance of the structure (Smith et al. 2002, Tounsi 2006, Hassaine Daouadji et al. 2016a, Al-
Furjan et al. 2020c, Rabahi et al. 2018, Rabia et al. 2020, Benferhat et al. 2021, Al-Furjan et al.
2020d, Al-Furjan et al. 2021, Benferhat et al. 2020, Benhenni et al. 2018, Hassaine Daouadji Tahar
et al. 2019, Bekkaye et al. 2020, Bendada et al. 2020 , Bendenia et al. 2020, and Rababhi et al. 2019).
In recent applications, the use of prestressed laminates has been explored both in laboratory tests
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and in field applications on bridges and other types of structure (Amara et al. 2019, Chaded et al.
2018, Hassaine Daouadji 2017, Akbas 2018, Al-Furjan et al. 2020b, Guellil et al. 2021, Akbas 2019b
, Benhenni et al. 2019, Bensattalah ef al. 2020a, Hassaine Daouadji 2013,Refrafi et al. 2020, Tounsi
et al. 2020, Zine et al. 2020, Khatir et al. 2019, Kadir et al. 2020, Rabahi et al. 2020, Rabia et al.
2016, Panjehpour et al. 2016, Hassaine Daouadji et al. 2008, Rabahi et al. 2016, Yehia et al. 2018,
Cheng et al. 2019). By prestressing the laminate, the ultra high tensile strength of the composite
material can be better utilized, which gives a more effective strengthening scheme. In concrete
structures, the compressive stresses induced by prestressing will close existing cracks, reduce crack
widths and delay the onset of new cracks in the strengthened structure. Furthermore, the
strengthening effect obtained when prestressed FRP laminates are employed will not only be limited
to additional imposed loads on the strengthened structure, but will also participate in carrying a
portion of the dead load. Analysis of interfacial stresses in beams with bonded plates has been
performed by several researchers (Guenaneche et al. 2014, Abualnour ef al. 2019, Akbas 2019a ,
Hassaine Daouadji et al. 2016a, Liu et al. 2019, Pello et al. 2020, Bakoura et al. 2021, Tounsi et al.
2008, Khadimallah et al. 2020, Hassaine Daouadji et al. 2016b, Kablia et al. 2020, Mehran et al.
2020, Xue-jun He 2019, Akbas 2020, Allam et al. 2020, Roumaissa et al. 2020, Alimirzaei et al.
2019, Bensattalah et al. 2018, Benferhat et al. 2018, Benferhat et al. 2019, Bekki et al. 2019, Chergui
et al. 2019, Hamrat et al. 2020, Hassaine Daouadji et al. 2020, Al-Furjan et al. 2020a, abia et al.
2019, Bensatallah et al. 2020b, Tlidji ef al. 2021, Bekki et al. 2021, Benferhat et al. 2021, Yu-Hang
et al. 2020, Rababhi ef al. 2021, Abdelhak et al.2021).

The problem of interfacial stresses when prestressed laminates are used in strengthening and
repair has treated only by Benachour et al. (2008), Rabahi et al. (2016). In the first investigation,
only interfacial shear stress was studied and the analyzed beam was not loaded, and in the second
investigation a rigorous solution for interfacial stresses in simply supported beams strengthened with
bonded prestressed FRP plate is developed. In this paper, a theoretical solution and a general model
are developed to predict both shear and normal interfacial stress with bonded prestressed FRP
laminates and an improved new shear lag and prestressed laminates model are developed for RC
damaged cantilever beam strengthened by a prestressed bonded composite plate. The main objective
of the present study is to analyze the interfacial stresses in damaged RC cantilever beams
strengthened with prestressed FRP plate. The simple approximate closed-form solutions discussed
in this paper provide a useful but simple tool for understanding the interfacial behaviour of an
externally bonded FRP plate on the damaged concrete cantilever beam with the consideration of the
effect of the geometric and mechanical characteristics of the composite plate used as reinforcement.

2. Theoretical approach
2.1 Assumptions of the present solution

Fig. 1 shows the geometry of the damaged RC cantilever beam reinforced with FRP plate
composite, and the configuration of the interface of the adhesive layer and the applied load are
shown in Fig. 2. The terms V, M, and N present, respectively, the shear force, the bending moment,
and the longitudinal tension, while the cantilever beam and the FRP plate are symbolized,
respectively, by 1 and 2, #(x) and on(x) are the shear stress and normal stress, and “f’ is the
component thickness. This analytical and numerical model is madding by the following
assumptions:
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Fig. 2 Forces in differential element of the plated beam

The analytical approach (Hassaine Daouadji et al. 2016) is based on the following assumptions:
- Elastic stress strain relationship for FRP and adhesive;

- There is a perfect bond between the FRP plate and the beam;

- The adhesive is assumed to only play a role in transferring the stresses from the FRP beam to
the composite plate reinforcement;

- The stresses in the adhesive layer do not change through the direction of the thickness.
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2.2 Material properties of damaged concrete beams

The model’s Mazars is based on elasticity coupled with isotropic damage and ignores any
manifestation of plasticity, as well as the closing of cracks (Mazars et al. 1996). This concept directly
describes the loss of rigidity and the softening behavior. The constraint is determined by the
following expression

oc; =Q—p)E;g; = Eijgij 0<d<1 (H
E,=E,1—¢) long )
E,,=E,, (1—¢) trans 3)

where E;;, E,, and Ei, Ex are the elastic constants of damaged and undamaged state,
respectively. “¢” is damaged variable. Hence, the material properties of the damaged beam can be
represented by replacing the above elastic constants with the effective ones defined in Egs. (2) and

(3).
2.3 Distribution forms of the air bubbles in the concrete beam

Because of manufacturing defects in concrete such as the air bubbles “o’ that are the subject of
the subject, the Young’s modulus (£)) of the imperfect reinforced concrete beam can be written as a
functions of thickness coordinate. Several forms of porosity (air bubbles in concrete) have been
studied in the present work, which is written in the following forms

E,=E,(1-a) 4)
o, = A— ) s = g )
where El and E is the elastic constants of imperfect and perfect state concrete and o, is the index
of air bubbles in concrete.

2.4 Adhesive shear stress

The deformation in concrete in the vicinity of the adhesive layer can be expressed by

du,(x) _ ¥, NG |t dr,

= it (6)
dx  El E,A 4G, dx

M, (x) +

&1 (X) =

Based on the theory of laminated sheets, the deformation of the prestressed laminate composite
sheet in the vicinity of the adhesive layer is given by

W) pp Je o, (4 a2t 20O

(7
dx 2b, b,

P (X) =

Where ui(x) and u»(x) are the horizontal displacements of the concrete beam and the composite
plate respectively. M;(x) and M>(x) are respectively the bending moments applied to the concrete
beam and the composite plate; Py is the compression force in the beam due to prestressing, E; is
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the Young’s modulus of concrete with the taking into account the state of damage and the effect of
air bubbles; /; the moment of inertia, N; and N, are the axial forces applied to the concrete and the
composite plate respectively, b, and #, are the width and thickness of the reinforcement plate,
[4°]=[A4"] is the inverse of the membrane matrix [4], [D']=[D"'] is the inverse of the bending matrix.
In what follows, the stiffness of the reinforcement plate is significantly lower than that of the
concrete beam to be reinforced. The bending moment in the composite plate can be neglected to
simplify the shear stress derivation operations.
The shear stress at the adhesive layer can be expressed as follows

7, =7(x) = K,Au(x) = K, [u, (x) - u, ()] ®)

Where K is the shear stiffness of the adhesive layer per unit length. From Eq. (8) we can deduce
the expression of K which is given by

_r) () 1_G,
*UAU(X)  Au()t,t, ot

)

Au(x) is the displacement relative to the adhesive interface, G, et ¢, are the modulus and thickness
of the adhesive layer, respectively.

By differentiating the Egs. (8), (6) and (7) with respect to x, and neglecting the bending moment
of the composite plate we will have

dz(x) Py + N, (X) 'S

C Y ' Ny 1
—2 =K [[-D,; 22 M, (x) + “[=2M, (X) + =—+ (10)
i [[-Dy, b, 2 () + Ay b, ] [Elll 1 (%) 3 4(31]]
By differentiating Eq. (10) we will have
dzr(x)_K idNZ(X)_D' L, dML, ()Y, dMl(X)+ 1 dN,(x) an
2 T '%s 11 = =
dx b, dx 2b, dx E,l, dx E,A  dX
Substituting del(X) , dez (x) and N(x) with their following expressions in Eq. (11)
X X
N(x) =N, () = N, (x) =b, [ 7(x) (12)
dM, (x) R t,
=——V; (X) —b,z(X)(y, +t, + = 13
dx R+1[ T (X) —b,z(x)(y, +t, 2) (13)
dM., (x) 1 t
d2x =R +1|:VT (X) =bz(X)(y, +1, +32)} (14)

Allows us to obtain the differential equation of the shear interface stress
t2 t2 t2
2 i+ )Y+, +20) (i +2)
d (9 P 2 2 b,Dy; [7(x)+ K| = 2

: 15
a2 = . =———D,; M;(x)=0 (s)
X EA E,1,D;, +b, E,l,D;, +b,
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The solution to the differential equation (Eq. (15)) above is given by

7(X) = y, cosh(7x) + y, sinh( 72x) + m,V; (X) (16)
With

. b, (2y1+t )2y, +2t, +t,) .

+ = b,D
_ PrEa " 4E,1,D,, +b, T (17)

77 B ta tl
+
G, 4G,
1 ,t t, 2 t :

m;, = > (= + (= (2y, *t;) D,,) (18)

4G, " E,I1,D,, +b,

a

For our case of a uniformly distributed load, the formula of the shear stress is given by the
following equation

7(x) =y, * + mq(a + x) 0<x<L, (19)
wit: 5, =Ll by Bup  3MO)) M (20)
n G, 4G," b, E.l, n

2.5 Adhesive normal stress

The following governing differential equation for the interfacial normal stress (Hassaine
Daouadji et al. 2016)

d®o, (%) t;  yib, dz(x)  9E (21)
—n E, D = — a D, =0
ot 1, PatE) 1)" O, P B Tax TR,
The general solution to this fourth-order differential equation is
_ . . dz(x
7, (X) = €[, C0(20) + 7, in 20|+ € [y cos(ua)+ 7 sin( 0] -, L& (22

dX DllElIl +b2

For large values of x it is assumed that the normal stress approaches zero and, as a result, 5= =
0. The general solution therefore becomes

dz(x) _ 9 (23)
dx D,,E,l, +b,

o, (X) = e[y, cos(ux) + y, sin( zx)]— &,

i ) 2y,b, — D,,E,1,t, dz(X) q 24
) — o+ coSs 4 sin _ 12'_-11112 S ()
o, (X) [73 (1) + 7.4 (,uX)] 2D,,E,l, +b, dx D,,E.l, +b,
. _JE D b,
Where: ﬂ_‘i/4ta [D11+ Elllj (25)

As is described by Hassaine Daouadji (2016), the constants 5 and j in Eq. (23) are determined
using the appropriate boundary conditions and they are written as follows
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(26)

27

(28)

(29)

The above expressions for the constants y; and y has been left in terms of the bending moment
M(0) and shear force V7(0) at the end of the soffit plate. With the constants B3 and B4 determined,

the interfacial normal stress can then be found using Eq. (23).

3. Results: Discussion and analysis

3.1 Geometric and material properties

The material used for the present studies is an RC cantilever beam bonded with a glass, carbon
and borone fiber reinforced plastic (GFRP, CFRP and BFRP) plate. The cantilever beam is subjected
to a uniformly distributed load. A summary of the geometric and material properties is given in Table
1 and Fig. 3. The span of the RC damaged cantilever beam is 1500 mm, the distance from the support

to the end of the plate is 500 mm and the uniformly distributed load (UDL) is 30 kN/ml.

RN R R o
Il D ;ODmm
1000 mm x y t 500 mm )

] —
} . } | 200mm

1500 mm

Fig. 3 Geometric characteristics RC damaged cantilever beam strengthening with prestressed composite

Table 1 Geometric and mechanical properties of the materials used

Component Width (mm) Depth (mm) Young’s modulus (MPa) Poisson’s ratio
RC beam b,=200 =300 E;=30000 0.18
Adhesive layer b;=100 ta=2 E.=6700 0.4
Borone fiber b;=100 =4 E,=410 000 0.3
HR Carbon fiber b;=100 t=4 E»=140 000 0.28
E Glass fiber b;=100 t,=4 E,=73 000 0.22

Matrix -- -- Enm=3520 0.34
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Fig. 4 Variations of interfacial stresses in RC damaged cantilever beam strengthening with prestressed
laminate plate: Comparison between the analytical model

3.2 Compatrison of analytical solution

To verify the analytical model, the present predictions are compared firstly with to that of the
model He (2019) in the case of the absence of the prestressing force (Py=0 kN) and in a second time
the current method, by applying a load of the force of prestressing equal to Po=1 kN and Py=3 kN,
it is just to see the influence of the prestressing on the interfacial stresses. The width of the laminate
was kept constant (200 mm) as well as the laminate length which was chosen to 1000 m leaving a
free distance of (a=500) leaving a free distance of (a=500) between the end of the laminate and the
free length of the beam.

Adhesive stresses without prestressing force (Po=0): A comparison of the edge interfacial shear
and normal stress from the different closed-form solutions reviewed earlier is undertaken in this
section (Fig. 4). An example of a problem is considered, it is a RC damaged cantilever beam
strengthening with prestressed laminate plate, the beam is subjected to a uniformly distributed load
(UDL) ¢=30 kN/ml. The results of the peak interfacial shear and normal stress (at the end of the
soffit plate) are given in Fig. 4. From the presented results, it can be seen that the present solution
agree closely with the other methods. Overall, the predictions of the different solutions agree closely
with each other. The interfacial normal stress is seen to change sign at a short distance away from
the plate end.

3.3 Parametric study

To validate the present analytical solution, the interfacial stresses are calculated and compared
with the numerical results, taking into account the effect of some parameters on the distributions of
the normal and shear stresses in an damaged RC cantilever beams strengthened by externally bonded
with prestressed laminate plate.

3.3.1 Effect of the prestressing force on adhesive stresses

Effect of the prestressing force (Py) on adhesive stress: In this section, numerical results of the
present solution are presented to study the effect of the prestressing force Py on the distribution of
interfacial stress in RC damaged cantilever beam strengthening with prestressed FRP plate. Three
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Fig. 5 Adhesive interfacial stresses in RC damaged cantilever beam strengthening with prestressed laminate
plate
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Fig. 6 Effect of prestressing force on interfacial stresses for damaged RC cantilever beam
strengthening with prestressed laminate plate

value of Py are considered in this study (Po=0 kN; 1 kN, 2 kN, 3 kN, 4 kN and Py=5 kN). Figs. 5
and 6 plot the interfacial shear and normal stress for the RC damaged cantilever beam strengthened
with bonded prestressed FRP plate for the uniformly distributed load (¢g=30 kN/ml), From these
results, one can observe:

- Maximum stress occur at the ends of adhesively bonded plates, and the normal, or peeling,

stress disappears at around 20 mm from the end of the plates.

- It is seen that increasing the value of prestressing force Py leads to high stress concentrations.

3.3.2 Effect of plate stiffness
Fig. 7 gives interfacial normal and shear stresses for the damaged RC cantilever beam
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Fig. 7 Effect of plate stiffness on interfacial stresses for damaged RC cantilever beam strengthening with
prestressed composite plate
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Fig. 8 Effect of damage degree on the maximal interfacial stresses for damaged RC cantilever beam
strengthening with prestressed laminate plate

strengthening with prestressed composite plate, in this case: CFRP plate, GFRP plate and BFRP
plate, respectively, which demonstrates the effect of plate material properties on interfacial stresses.
The length of the plate is Lp=1000 mm, and the thickness of the plate and the adhesive layer are
both 4mm. The results show that, as the plate material becomes softer (from BFRP to CFRP and
then GFRP), the interfacial stresses become smaller, as expected. This is because, under the same
load, the tensile force developed in the plate is smaller, which leads to reduced interfacial stresses.
The position of the peak interfacial shear stress moves closer to the free edge as the plate becomes
less stiff.

3.3.3 Effect of the damage degree on the maximal interfacial stresses
Fig. 8 illustrates the effect of the different initial damage degrees on the maximum shear and the
normal interfacial stresses in damaged RC cantilever beam strengthened with bonded prestressed
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Fig. 9 Effect of plate length of the strengthened beam region Lp on the maximal interfacial stresses
for damaged RC cantilever beam strengthening with prestressed laminate plate

laminate plate. It also shows the comparison between the analytical and numerical results for
interfacial stresses. According to Fig. 8, it can be observed that both shear and normal stresses
decrease slightly with the increase of the initial damage degree (from d=0 to 0.3). So, it should be
mentioned that these interfacial stresses are very small at x=25 mm and 75 mm from the laminate
end. In the same context, the results provided in Fig. 8 indicate that the analytical values of the shear
stresses are approximately 36% higher than those obtained from the numerical analysis, while the
interfacial normal stresses predicted by the numerical results are approximately 19% higher than
those calculated by the analytical solution. Fig. 8 show the effect of damage extent on maximum
shear and normal interfacial stresses, respectively, for the type of material concerned by this study.
The results show that when the damage variable ¢ increases from 0 to 0.3, the maximum interfacial
stress increases slowly.

3.3.4 Effect on plate length of the strengthened beam region L,

Fig. 9 gives the results of the influence of the length of unstrengthened region “a” on the
interfacial stresses, where “a” indicates the length between the end of the composite laminate and
the beam support. It is clear from Fig. 9 that, the plate terminates further away from the supports, as
the interfacial stresses decrease significantly. Thereby, the interfacial stresses of the beam with 50
mm length, was larger than those of the beam with 200 mm length, as the laminate bonded length
of the former was longer than that of the latter. It is noteworthy that the longer bonded length of the
composite plate leads to the more ductile failure. For the cantilever beam with the shorter laminate
length (=200 mm), the interfacial shear stress distributions were mainly localized within the two
end zones of the bond line. Thus, the debonding failure occurred more easily because of the lack of
anchorage length (i.e., short bond length of laminate plate). Another interesting observation to be
mentioned is when a long composite plate (¢=50 mm) is used, the interfacial shear stresses are more
highly and uniformly distributed along the bond line; thus the magnitude of the interfacial normal
stresses are lowered. Therefore, it is recommended to extend as much as possible the strengthening
strip to the bond lines.
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Fig. 10 Effect of the adhesive layer thickness on the maximal interfacial stresses for damaged RC
cantilever beam strengthening with prestressed laminate plate
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Fig. 11 Effect of various fiber orientations on interfacial stresses for damaged RC cantilever
beam strengthening with laminate plate

3.3.5 Effect of the adhesive layer thickness

Fig. 10 show the effects of the adhesive layer thickness and stiffness on the interfacial stresses.
It is seen that increasing the adhesive layer thickness leads to significant reduction in the peak
interfacial stresses, and the adhesive stiffness to significant increase in the peak interfacial stresses.
The maximum adhesive stresses are reached at the plate end region and may be caused premature
failure.

3.3.6 Effect of fiber orientation

Fiber orientation is an important variable in the structural design of damaged RC cantilever beam
strengthening with laminate plate. In fact, the structural capacity of FRP can be tailored and
maximized by aligning fibers along the optimal orientation. For the section studied, various fiber
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Fig. 12 Effect of various fiber orientations on interfacial stresses for damaged RC cantilever beam
strengthening with prestressed laminate plate

orientations were used, notably 0°, 15°, 30°, 45°, 60°, 75° and 90° from the axial (loading) direction.
The interfacial stresses for damaged RC beam plotted as function of the fiber orientation are shown
in Figs. 11 and 12. It can be seen that when fibers are aligned in beam’s longitudinal direction x (0°),
it leads to the lowest values of the interfacial stresses, while the fibers are oriented at 90°, the
interfacial shear and normal stresses reach the highest values. This is because when fibers are
oriented in the beam direction (0°), it provides the highest E-modulus of the plate, which leads to
the reduction of the interfacial stresses intensity, as shown in Figs. 11 and 12. Moreover, the shear
stress is higher than the transverse normal stress, for fiber with 0° orientation. This difference was
found to be relatively small for fibers oriented at 90° from the loading direction.

4. Conclusions

In the present study, a new theoretical interfacial stresses analysis has been presented and
conducted has been concerned with the prediction of interfacial shear and normal stresses indamaged
RC cantilever beams retrofitted with externally advanced prestressed composite materials.
Compared with the existing solutions, the present model is general in nature, and it is applicable to
more general loads cases. The results show that there exists a high concentration of shear and peeling
stress at the ends of the prestressed laminates. Different fiber arrangements inside the FRP laminate
are considered in evaluating the stress mechanism of the strengthened structures. Such interfacial
stresses provide the basis for understanding debonding failures in such beams and for development
of suitable design rules. Numerical comparison between the existing solutions and the present new
solution has been carried out. The damage model is adopted to describe the damage of the RC
cantilever beams. The results show that the damage has a significant effect on the interfacial stresses
in FRP-damaged RC cantilever beam, especially, when the length of damaged region is equal or
superior to the plate length. Consequently, it is recommended to use a strengthening plate having a
length that is greater than that of the damaged zone. The results reveal also that the thickness of the
FRP strip significantly increases the edge peeling and shear stresses. The parametric study has also
shown that in practical applications, where prestressed laminates are to be used for strengthening
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structural members, mechanical anchorage devices should be employed in order to avoid premature
failure of the strengthening scheme and ensure sufficient anchorage capacity at the ends of the
laminates.
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