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Abstract. Strengthening of reinforced concrete beams with externally bonded fiber reinforced polymer plates/sheets
technique has become widespread in the last two decades. Although a great deal of research has been conducted on
simply supported RC beams, a few studies have been carried out on continuous beams strengthened with FRP
composites. This paper presents a simple uniaxial nonlinear analytical model that is able to accurately estimate the load
carrying capacity and the behaviour of damaged RC continuous beams flexural strengthened with externally bonded
prestressed composite plates on both of the upper and lower fibers, taking into account the thermal load. The model is
based on equilibrium and deformations compatibility requirements in and all parts of the strengthened beam, i.c., the
damaged concrete beam, the FRP plate and the adhesive layer. The flexural analysis results and analytical predictions
for the prestressed composite strengthened damaged RC continuous beams were compared and showed very good
agreement in terms of the debonding load, yield load, and ultimate load. The use of composite materials increased the
ultimate load capacity compared with the non strengthened beams. The major objective of the current model is to help
engineers’ model FRP strengthened RC continuous beams in a simple manner. Finally, this research is helpful for the
understanding on mechanical behaviour of the interface and design of the FRP-damaged RC hybrid structures.

Keywords: composite plate; interfacial stresses; damaged RC continuous beam; strengthening, shear lag
effect

1. Introduction

Strengthening of an existing structure may become necessary because of a required increase in
loading capacity and a change in use, as a result of poor design or construction, or as a consequence
of deterioration. In such instances, various techniques may be employed to improve the service
ability or ultimate performance of the structure (Amara et al. 2019, Ashour et al. 2004, Panjehpour
et al. 2016, Smith and Teng 2002, Tounsi 2006, Behnam et al. 2020, Al-Furjan et al. 2021a,
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Mansouri et al. 2019, Benferhat et al. 2021b, Rabahi et al. 2021b, Abdelhak et al. 2021,Al-Furjan
et al. 2021b, Al-Furjan et al. 2020, Bendada et al. 2020, Rabahi et al. 2018, Rabia et al. 2020,
Hassaine Daouadji et al. 2008, Khatir et al. 2019, Kadir et al. 2020, Bendada et al. 2020, Bensattalah
et al. 2018, Benferhat ef al. 2018, Wang et al. 2020). In recent years, the external bonding of carbon
or glass FRP plates/sheets to the beam tension face has become a common practice and is widely
used to strengthen or repair structures. Strengthening RC beams in flexure with FRP plates/sheets is
a powerful strengthening technique due to its simplicity of in situ application, small increase of the
beam size and weight, and good resistance to corrosion.

Extensive numerical and experimental research efforts have been carried out to study and model
the behavior of simply supported beams with external FRP plates; as a result, there are many design
guidelines for such beams (Tounsi 2006, Hassaine Daouadji et al. 2016, Smith and Teng 2002).
However, many in situ RC beams are used in continuous construction; there has been very limited
research into the behavior of such beams with external strengthening. Experimental studies were
conducted to compare the behavior of RC continuous beams strengthened with FRP plates with non-
strengthened beams (Chaded et al. 2018, Guenaneche et al. 2014, Akbas 2020, Mansouri ef al. 2019,
Rabahi et al. 2020, Rabia ef al. 2016, Roumaissa et al. 2020, Hassaine Daouadji ef al. 2019, Liu et
al. 2019, Mohammed Sakr et al. 2016, Pello et al. 2020, Rabahi et al. 2019, Alimirzaei et al. 2019,
Benhenni et al. 2019, Bensattalah et al. 2020, Benferhat et al. 2019, Rababhi et al. 2021a, Hassaine
Daouadji ef al. 2021, Bekki et al. 2021, Benferhat et al. 2021a, Guellil et al. 2021, Rabia et al. 2019,
Bensatallah et al. 2020, Tlidji et al. 2021, Kablia ef al. 2020, Hassaine Daouadji 2017, Chikr et al.
2020, Hassaine Daouadji 2013, Hamrat et al. 2020, Bekki et al. 2019, Chergui et al. 2019, Benferhat
et al. 2020, Benhenni et al. 2018, Xue-jun et al. 2019, Cheng et al. 2019, Hassaine Daouadji et al.
2020). They concluded that the use of FRP plates/sheets to strengthen continuous beams was
effective for reducing deflections and for increasing their load carrying capacity. The problem of
interfacial stresses when prestressed laminates are used in strengthening and repair has treated only
by Rabahi (2016) and Benachour et al. (2008). In investigation, the interfacial shear and normal
stress was studied, a rigorous solution for interfacial stresses in simply supported beams
strengthened with bonded prestressed FRP plate is developed, however, did not consider the effects
of bending and thermal deformation in the plate and shear deformations model in the beam. In this
paper, a new theoretical solution and a general model are developed to predict both shear and normal
interfacial stress with bonded prestressed FRP laminates and an improved new shear lag and
prestressed laminates model are developed for a damaged reinforced concrete continuous beam
bonded with a prestressed composite, this beam is subject to a thermo mechanical loading coupled
¢ (uniformly distributed load); Py (prestressing force of composite plate) and AT (Thermal load).

The research work presented in this paper develops a new nonlinear model that is able to simulate
the mechanical behavior of FRP-strengthened RC continuous beams utilizing realistic nonlinear
constitutive relations for each strengthened beam component. The interfacial shear and normal
stresses in the adhesive layer are presented using an analytical model based on nonlinear fracture
mechanics. This model introduces accurate predictions for the ultimate load of FRP-strengthened
RC continuous beams and; a sound mechanical description and interpretation for failure modes.
With this in mind, the objectives of this paper are first to present an improvement to existing
solutions in the literature to obtain a new closed-form solution which accounts for the parabolic
adherend shear deformation effect in both the beam and bonded plate and second to compare
quantitatively its solution against the new one developed in this paper by numerical illustrations.
Numerical examples and a parametric study are presented to illustrate the governing parameters that
control the stress concentrations at the edge of the FRP strip. Finally, the adopted improved model
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Fig. 1 Damaged reinforced concrete continuous beam bonded with a prestressed composite plate

describes better the actual response of the damaged reinforced concrete continuous beam bonded
with a prestressed composite and permits the evaluation of the adhesive stresses, the knowledge of
which is very important in the design of such structures. It is believed that the present results will be
of interest to civil and structural engineers and researchers.

2. Research significance

The most common failure modes for FRP-strengthened RC beams are debonding of the FRP
plate or ripping of the concrete cover. These types of failures prevent the strengthened beam for
reaching its ultimate flexural capacity, and therefore they must be included in design considerations.
In order to avoid premature ruptures, a closed form solution of stress concentrations must be
presented, taking into account in this analysis several parameters influencing the behavior of the
hybrid concrete-composite structure, such as:

- Geometry of the beam, this time it is a continuous reinforced concrete beam,

- Effect of damage to the concrete of the beam,

- Effect of air bubbles (defect in manufacturing concrete; in other words, the porosity of

concrete),

- Effect of prestressing composite materials,

- Coupled loading: Thermo mechanical load “a Uniformly distributed load (¢g), a Prestressing

load (Po) coupled with a Thermal load (eAT)”.

3. Method of solution

3.1 Assumptions of the present solution

Fig. 1 shows the geometry of the damaged RC continuous beam reinforced with prestressed
composite plate, and the configuration of the interface of the adhesive layer and the applied load are

shown in Fig. 2. The terms V, M, and N present, respectively, the shear force, the bending moment,
and the longitudinal tension, while the continuous beam and the FRP plate are symbolized,
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Fig. 2 Continuous damaged reinforced concrete beam bonded with a prestressed composite
plate: cross section in span and cross in support

respectively, by 1 and 2, #(x) and o,(x) are the shear stress and normal stress, and “#” is the
component thickness. This analytical and numerical model is madding by the following
assumptions:

The analytical approach (Hassaine Daouadji ef al. 2016) is based on the following assumptions:

- Elastic stress strain relationship for composite material plate and adhesive;

- There is a perfect bond between the composite material plate and the continuous beam,;

- The adhesive is assumed to only play a role in transferring the stresses from the damaged RC

continuous beam to the prestressed composite plate reinforcement;

- The stresses in the adhesive layer do not change through the direction of the thickness.

3.2 Material properties of damaged concrete beams

The model’s Mazars is based on elasticity coupled with isotropic damage and ignores any
manifestation of plasticity, as well as the closing of cracks (Mazars et al. 1996). This concept directly
describes the loss of rigidity and the softening behavior. The stresses is determined by the following
expression

o, =(1—-@)E;s;, =E;s;, 0<d<l (1)
E,; = E;;(1—¢) long ()
E,, = E,,(1—¢) trans 3)

where E;1, E,, and E1, Ex are the elastic constants of damaged and undamaged state, respectively.
“@” is damaged variable. Hence, the material properties of the damaged beam can be represented
by replacing the above elastic constants with the effective ones defined in Egs. (2) and (3).

3.3 Distribution forms of the air bubbles in the concrete beam
Because of manufacturing defects in concrete such as the air bubbles “«” that are the subject of

the subject, the Young’s modulus (£)) of the imperfect reinforced concrete beam can be written as a
functions of thickness coordinate. Several forms of porosity (air bubbles in concrete) have been
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Fig. 3 Forces in infinitesimal element of a continuous damaged reinforced concrete beam bonded with a
prestressed composite plate in span “lower part”

studied in the present work, which is written in the following forms
E,=E,(1- ) )

Tij = (1_/U)Eijgij = Eijgij 5)

where E; and Ej is the elastic constants of imperfect and perfect state concrete and  is the index of
air bubbles in concrete.

3.4 Mathematical formulation of the present method “Strengthened in span: lower part”

A differential section dx, can be cutout from the composite- strengthened damaged RC
continuous beam, as shown in Fig. 3 “Strengthened in Span: lower part”. The strains in the damaged
RC continuous beam near the adhesive interface and the external FRP reinforcement can be
expressed in this method.

3.4.1 Interfacial shear stresses “Strengthened in span: lower part”
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The deformation in concrete in the vicinity of the adhesive layer can be expressed by

N (O, t de()
E,A 4G, dx

M, () + o, AT (6)

Based on the theory of laminated sheets, the deformation of the composite sheet in the vicinity
of the adhesive layer is given by

dUZ(X)z_ Yo M (X)+P01+N2(X)+ ot, dT(X)+
2

o, AT (7
dx E,I, E,A, 12G, dx

& (X) =

Where u(x) and u»(x) are the horizontal displacements of the concrete beam and the composite
plate respectively. Mi(x) and M(x) are respectively the bending moments applied to the concrete
beam and the composite plate; Po; is the compression force in the beam due to prestressing, E; is
the Young’s modulus of concrete with the taking into account the state of damage and the effect of
air bubbles; /; the moment of inertia, N; and N, are the axial forces applied to the concrete and the
composite plate respectively, b, and #, are the width and thickness of the reinforcement plate, AT is
the temperature change.

In what follows, the stiffness of the reinforcement plate is significantly lower than that of the
concrete beam to be reinforced. The bending moment in the composite plate can be neglected to
simplify the shear stress derivation operations.

The shear stress at the adhesive layer can be expressed as follows

7, =7(x) = K,Au(x) = K, [u, (x) - u, ()] ®)

Where K; is the shear stiffness of the adhesive layer per unit length. From Eq. (8) we can deduce
the expression of K, which is given by

) w1 G,

s - T ©
Au(x) Au(x)/t,t, t,

Au(x) is the displacement relative to the adhesive interface, G, et ¢, are the modulus and
thickness of the adhesive layer, respectively.

By differentiating the Egs. (8), (6) and (7) with respect to x, and neglecting the bending moment
of the composite plate we will have

dr(¥) _Ga| _p Y2 - Py N, (%) e N 10
R {( Dllb M, (X)+ A, » +a,AT) (E Ml(x)+EA1+a1AT)} (10

a 2 2 171 1

By differentiating Eq. (10) we will have
d2z(x) ZK{(AldNZ(x)_A t, dM,(x)

" + 0o, AT) —( Ya dMl(X)+ ! le(X)+a1AT)
b, dx 2b, dx E,l, dx E,A dx (11)
5t, N 1 ,d%*z(x)

12G, 461) dx’

dx? 2b,

_Ks(

aMy(x) dMy(x)

Substituting ' ax and N(x) with their following expressions in Eq. (11)
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Ny () ==N (%) ==N, () ==b, [ 7(x) (12)
P Be v 000y, o+ D) (13)
deZX(X) = Rl_j- 1 |:VT12 (X) —b,z(X)(y, +t, + %):| (14)

Allows us to obtain the differential equation of the shear interface stress

2
d T(ZX)_K1b2 (Y1+X2)(y1+y2+ta)+ 1 7(X) + M - (x)=0 (15)
dx E,l, + E,I, E,A EA NENL +E,l, |
Where
1
K =
L to, b St (16)
G, 4G, 12G,

For simplicity, the general solutions presented below are limited to loading which is either
concentrated or uniformly distributed over part or the whole span of the beam, or both. For such
loading, d°V1(x)/dx*=0, and the general solution to Eq. (15) is given by

(Y1 +Y,) 17
7(X) = 771C05h(§x)+7725'nh(§x)+§ |:—E1|1 Ezlj\/nz(x) (17)
Where
52\/K1b {(y1+yz)(yl+yz+t) 1,1 } )
El,+E,l, EA  EA,

And 71 and 7, are constant coefficients determined from the boundary conditions. In the present
study, a simply supported beam has been investigated which is subjected to a uniformly distributed
load.

For our case of a uniformly distributed load, the formula of the shear stress is given by the
following equation

1 ta l All ylM t1-2 (0) -
7(X) = [— (=+ )( ——=—+(a, + al)AT):|e -
e (Y1 +Y2)
+(a, 9+ X é q)g {E1I1+E2|j 0<x<L,,

3.4.2 Interfacial normal stresses “Strengthened in span: lower part”
The following governing differential equation for the interfacial normal stress (Hassaine
Daouadji et al. 2016)
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4
d Gn4(x)+ 2 (=—+ Yo, (X) + 2( i _ Yo ydr(0) =0 (20
dx t, Elll E2I2 ta EJd, E,l,” dx t Elll
The general solution to this fourth-order differential equation is
X dz(x
o, (X) =& [17, COS(X) + 175 SiN( PX) ]+ & [175 COS(1X) + 776 SIN( PX)]— 1, ;(X)—nzq 2D

For large values of x it is assumed that the normal stress approaches zero and, as a result,
15=n16=0. The general solution therefore becomes

] y1E2|2 y2E1|1 dT(X) _ E.l, (22)
E1|1+E2|2 dx b, (E,l, + E,I,)

o (X) = e[, cOs(pX) + 17, sin( pX)

Where
1 (23)
2= \/4t (E1I1+E2I2)
n, = Y1§2|2 —Y,E 1l (24)
E.l, +E,I,
and
n, =20 (25)

b, (E.l, + E, 1)

As is described by Tounsi (2006), the constants 773 and 74 in Eq. (22) are determined using the
appropriate boundary conditions and they are written as follows

_E, [\/T1—2 ©O)+pM;,, (O)] _ Ea (ylb Y2be )z(0) +

e 2p2|§1|1 t,2p0° "E;l,  E,l, (26)
+ y1E2|2 Y, 1'1 (d 7(0) pd3T(30))
2,0° (E1I1+E2I2) dx* dx
—E_M 0 E, I E,1, d3z(0
7, = a Tg:z( ) Y. E, T2 -y, =51, z(0) (27)

207, E)l,  2p°(El, + E,l,) dx®

The above expressions for the constants ¢ and ¢4 has been left in terms of the bending moment
Mn2(0) and shear force Vri(0) at the end of the soffit plate. With the constants 73 and 74
determined, the interfacial normal stress can then be found using Eq. (22).

3.5 Mathematical formulation of the present method “Strengthened in support: Upper
pa,‘t”

A differential section dx, can be cutout from the composite- strengthened damaged RC
continuous beam, as shown in Fig. 4 “Strengthened in Support: upper part”. The strains in the
damaged RC continuous beam near the adhesive interface and the external FRP reinforcement can
be expressed in this theory.
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Fig. 4 Forces in infinitesimal element of a continuous reinforced concrete beam bonded with a
prestressed composite plate in support “upper part”

3.5.1 Adhesive shear stress distribution along the FRP-concrete interface “Strengthened
in support: Upper part”
The deformation in concrete in the vicinity of the adhesive layer can be expressed by

du (X) Ys M, (X) + N (X) t, dr, + o, AT (28)
E3|3 SAS 463 dx

£3(X) =——"—

Based on the theory of laminated sheets, the deformation of the prestressed laminate composite
sheet in the vicinity of the adhesive layer is given by
du (x)

. . P N
Dllt_4M(X)+A11L4(X)+

AT (29)
2b, b, “a

£,(X) =

Where u3(x) and u4(x) are the horizontal displacements of the concrete beam and the composite
plate respectively. M3(x) and Ma(x) are respectively the bending moments applied to the concrete
beam and the composite plate; Py, is the compression force in the beam due to prestressing, £ is
the Young’s modulus of concrete with the taking into account the state of damage and the effect of
air bubbles; /5 the moment of inertia, N3 and N, are the axial forces applied to the concrete and the
composite plate respectively, bs and #4 are the width and thickness of the reinforcement plate, AT the
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temperature difference, [4’]=[4!] is the inverse of the membrane matrix [4], [D’]=[D'] is the
inverse of the bending matrix.

In what follows, the stiffness of the reinforcement plate is significantly lower than that of the
concrete beam to be reinforced. The bending moment in the composite plate can be neglected to
simplify the shear stress derivation operations.

The shear stress at the adhesive layer can be expressed as follows

7, =7(x) = K,Au(X) = K, [u, () = uy (¥)] (30)

Where K; is the shear stiffness of the adhesive layer per unit length. From equation (30) we can
deduce the expression of K which is given by
_r(x) 1 _G,

s = = = 3D
Au(x) Au(x)/t,t, t,

Au(x) is the displacement relative to the adhesive interface, G, et f, are the modulus and
thickness of the adhesive layer, respectively.

By differentiating the Eqgs. (30), (28) and (29) with respect to x, and neglecting the bending
moment of the composite plate we will have

: . P N
900, Lm0+ m, N a2y Ty b gty 32
dx b, b, E,l, E, 2
By differentiating Eq. (32) we will have
d?z(x) __4GG, (idN4(X)_D' t74dM4(x)+a AT)_(AdMs(X)+ 1 dN3(X)+aAT)
dx*  4Gf +GL| b, dx  “2b, dx ¢ El, dx  EA dx  ° (33)
k(B )dzr(x)

112G, 4G, dX

dM3z(x) dMy(x)

Substituting —x and N(x) with their following expressions in Eq. (33)
N() =N, () = Ny () =b, [ 7(3) (34)
dM, (x) R; , t,
= Viy, (X)=b,7(X)(y, +t, +—= (352)
dx R,, +1 13-4 (X) b, 7(X)(y; +, 2)
dM , (x) 1 t
d‘;( = R374 1 |:VT34 (x)— b4T(X)(y3 +t, + 54):| (35b)

Allows us to obtain the differential equation of the shear interface stress
d’z(x)  4G,G, b, | (ys+t)(2y, +2t, +1,)
dx?  4G,t, +G,t, E.A, 4(E,1,D,, +b,)

b 286G (Bt g -0
4G,t, +G,t; 2(E;1,D,, +b,)

|:A1I1 + b, D1Il:|T(X)
(36)
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The solution to the differential equation (Eq. (36)) above is given by

7(X) = 17, cosh(X) + 774 sinh( X) + m,V;, , (X) (37)
. 4G,G 2y, +t,) .
= h(& h( & Chie 22 41DV (3%
7(X) = 17, cosh(x) + 775 sinh( X)+52(4G3ta +Gat3)(2(E3|3D1'l+b4) 11)Vr3.4(X)
With
_ 4G,G, AL+ ~b4 2y, +t,)(2y, +2t, +t )b DL, (39)
4G,t, +G,t, E.A, 4(E,1,D,, +b,)
a 3 (2y3 +1 ) '
D 40
M= 252( G, 4G )(E3I3Dll b, i1) 4o

And 777 and 73 are constant coefficients determined from the boundary conditions. In the present
study, a simply supported beam has been investigated which is subjected to a uniformly distributed
load.

For our case of a uniformly distributed load, the formula of the shear stress is given by the
following equation

7(X) =n,e"* +myq(a+x) 0<x<L,, (41)
With
1t t An yBMt3—4 (0) m,q
g = 5(G 4G, )( E.l, +(a, —a3)AT) 5 (42)

3.5.2 Adhesive normal stress distribution along the FRP-concrete interface
“Strengthened in support: Upper part”
The following governing differential equation for the interfacial normal stress (Hassaine

Daouadji et al. 2016)
4
90 Bap Doy gk (D)t - YoaydT0) | GBa o 43
dx t, E.l, 2 B, dx  E,lt,

The general solution of the differential equation of order 4 is
o, (X) = e ™[5, cOS(AX) + 17,5 SIN( AX) |+ €™ [17,, COS(AX) + 77,, SIN( AX) ] —
(b —DuBslitydr(0 g 44
2(D,,E;l, +Db,) dx D,,E.l, +b,

For large values of “x” we assume that the normal stress tends to zero, and it results 7711=712=0.
The general solution becomes

2ysb, —~D1'1E3|3t4 dz(x) _ ~Q2 (45)
2(D,,E;l, +b,) dx D,,E,l, +b,

o, (X) = e *[r, cos(Ax) + 17, sin( Ax)]—
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Where:
E .
A= Eo (D] 42 (46)
4t E.l,
The integration constants 70 and 7710 are given by
E b,E y D, t
=——2a |V 0) + AM 0)|——_—2 (=222 (0]
79 2Pt E, I, [ T3-4(0) + T34 ( )] 2%, (E3|3 2b, )z(0) + (47)
N (2y:b4 - D, E;l.t, e 4730) 2 d3r(30))
4 (D, Eql; +by) dx dx
N E 3
o= My - 2D DHELL 00
22t Eql, 427 (D,,E;l; +b,) dx

4. Numerical results and discussions
4.1 Geometric and material properties

The material used for the present studies is an RC damaged continuous beam bonded with a glass,
carbon and borone fiber reinforced plastic (GFRP, CFRP and BFRP) plate.

The RC damaged continuous beam is subjected to a uniformly distributed load. A summary of
the geometric and material properties is given in Table 1 and Fig. 5. The span of the RC damaged
continuous beam is (L,1=2600 mm, L,,=2000 mm), the distance from the support to the end of the
plate is 200 mm and the uniformly distributed load (UDL) is 50 kN/ml.

4.2 Comparison with analytical solutions

The analytical model of the structural components has been employed to validate the results of
the above procedure. The geometry of the reinforced beam is shown in Fig. 5. In this case, numerical
results are presented to study the effect of the linear taper model on the distribution of interfacial
stresses in RC damaged continuous beam strengthening with prestressed laminate plate. Figs. 6 and
7 shows the plots of the interfacial stresses for the coupled thermo mechanical loading (¢, Po and
AT). The present prediction of the interfacial edge stresses is compared with that developed by

Table 1 Geometric and mechanical properties of the materials used

Component Width (mm)  Depth (mm)  Young’s modulus (MPa) Poisson’s ratio
RC beam b;=200 ;=300 E1=30000 0.18
Adhesive layer b;=100 ta=2 E.=6700 0.4
Borone fiber b;=100 t,=4 E»=410 000 0.3
HR Carbon fiber b:1=100 tr=4 E,=140 000 0.28
E Glass fiber b,;=100 tr=4 E»=73 000 0.22

Matrix -- -- Enm=3520 0.34
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Fig. 6 Variations of interfacial stresses in RC damaged continuous beam strengthening with prestressed
laminate plate: Comparison between the analytical model “Strengthened in span: Lower part”

Rabahi (2016) for an applied thermal load (A7= 30°C) an uniformly distributed load (¢g=50 kN/ml)
and a prestressing force (Po1=20 kN and Po;=10 kN), Figs. 6 and 7 show an almost exact agreement
between results. Consequently, The interface stress distributions obtained by the present study and
other existing models are shown in good agreement. As demonstrated, good agreements of the
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Fig. 9 Effect of the rigidity of composite plate on interfacial stresses for a continuous RC damaged beam
strengthened with presstresed composite plate: Strengthened in support

interfacial stresses among all the comparisons are reached at the plate end. The concentrations decay
fast along the adhesive layer and reduce to the composite beam solution at a sufficient distance away
from the plate end.

4.3 Interfacial stresses for different parameters

After verifying the accuracy of the present analytical model, a parameter study is carried out to
better understand the effects of various parameters on the interfacial stresses under the coupling of
different applied load (gq; Poand AT).

4.3.1 Effect of plate stiffness on interfacial stress

Figs. 8 and 9 gives interfacial normal and shear stresses for the RC beam bonded with a CFRP
plate, GFRP plate and BFRP plate, respectively, which demonstrates the effect of plate material
properties on interfacial stresses. The length of the plate is Lp1=2600 mm and Lp1=2000 mm, and
the thickness of the plate and the adhesive layer are both 4 mm. The RC damaged continuous beam
strengthening with prestressed laminate and submitted under different types of loading by combining
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Fig. 11 Effect of temperature variation on interfacial stresses for a continuous RC damaged beam strengthened
with presstresed composite plate: Strengthened in support

between the parameters of loads (¢q; Poand AT) and the effect of the porosity and the damage of the
concrete. The results show that, as the plate material becomes softer (from BFRP to CFRP and then
GFRP), the interfacial stresses become smaller, as expected. This is because, under the same load,
the tensile force developed in the plate is smaller, which leads to reduced interfacial stresses. The

position of the peak interfacial shear stress moves closer to the free edge as the plate becomes less
stiff.

4.3.2 Effect of temperature variation

The effect of the thermal load on the distribution of interfacial stresses at the end of the laminate
is illustrated in Fig. 10 and 11, and we notice that the higher values of shear and normal stresses
correspond with the higher values of relative the temperature. Table 2 presents the maximum values
of interfacial stresses for the different values of temperature (0°C, 10°C, 20°C, 30°C, 40°C and
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50°C).

4.3.3 Effect of the concrete damage variable

Table 3 show the effect of damage extent on maximum shear and normal interfacial stresses,
respectively, for the CFRP materials. Taking into account the parameters influencing the behavior
of the reinforced beam; such as: the porosity of the concrete with a thermo mechanical loading
coupled ¢g (uniformly distributed load); Py (prestressing force of composite plate) and AT (Thermal
load). The results show that when the damage variable ¢ increases from 0 to 0.3, the maximum
interfacial stress increases slowly.

4.3.4 Effect of variation of the prestressing force of composite plate

Effect of the prestressing force (Po; and Po) on adhesive stress: In this section, numerical results
of the present solution are presented to study the effect of the prestressing force Poi and Py, on the
distribution of interfacial stress in a RC damaged continuous beam strengthened with bonded
prestressed FRP plate. Twice Seven values of PO are considered in this study, namely: a series in
span Py1=0 kN; Py1=10 kN; Pyp1=20 kN; Po1=30 kN; Pp1=40 kN; Pyp1=50 kN and a series in support
P02:O kN, P()2:1 kN, P02:2 kN, P02:3 kN, P02:4 kN, P02:5 kN, Whlle taking il’ltO account the
porosity of the concrete and the damage effect of the concrete beam. Table 4 and Fig. 12 plot the

Table 2 Effect of temperature variation on interfacial stresses for a continuous RC damaged beam strengthened
with presstresed composite plate

Effect of temperature variation on interfacial stresses for a continuous RC damaged beam strengthened with
presstresed composite plate

Case of the strengthened in span with Index of porosity ©=0,02 and Damage variable ¢=0,1

Load AT (C°) 0°C 10°C 20°C 30°C 40°C 50°C
=00 kN/ml 7(x) (MPa) 0,00000  0,73268  1,46537 2,19805 2,93074 3,66342
Py1=0 kN on(x) (MPa) 0,00000  0,51221  1,02441 1,53662 2,04882  2,56102
=50 kN/ml 7(x) (MPa) 1,79764  2,53032  3,26301 3,99569 4,72838  5,46106
Py1=0 kN ox(x) (MPa) 1,32960  1,84180  2,35401 2,86622 3,37842  3,89062
=00 kN/ml 7(x) (MPa) -2,85733  -2,12465 -1,39196 -0,65928 0,07341  0,80609
Pyi=20 kN on(x) (MPa) -1,99751 -1,48530 -0,97310 -0,46089 0,05131 0,56351
=50 kN/ml 7(x) (MPa) -1,05968 -0,32700 0,40569 1,13837 1,87106 2,60374
Po1=20 kN ox(x) (MPa) -0,66791 -0,15571  0,35650 0,86871 1,38091  1,89311
Case of the strengthened in support with Index of porosity 4=0,02 and Damage variable ¢=0,1
=00 kN/ml 7(x) (MPa) 0,00000  0,73268  1,46537 2,19805 2,93073  3,66342
Py1=0 kN ox(x) (MPa) 0,00000  0,51221  1,02441 1,53662 2,04882  2,56102
=50 kN/ml 7(x) (MPa) 0,48302  1,21570  1,94839 2,68107 3,41375 4,14644
Py1=0 kN ox(x) (MPa) 0,35719  0,86939  1,38160 1,89381 240601 291821
=00 kN/ml 7(x) (MPa) -1,42866  -0,69598  0,03671  0,76939 1,50207 2,23476
Poi=10 kN ox(x) (MPa) -0,99876 -0,48655 0,02565 0,53786 1,05006 1,56226
=50 kN/ml 7(x) (MPa) -0,94565 -0,21297 0,51972  1,25240 1,98508  2,71777

Py1=10 kN on(x) (MPa) -0,64157 -0,12936  0,38284  0,89505 1,40725 1,91945
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Table 3 Effect of the concrete damage variable on interfacial stresses for a continuous RC damaged beam
strengthened with presstresed composite plate

Effect of the concrete damage variable on interfacial stresses for a continuous RC damaged beam
strengthened with presstresed composite plate
Case of the strengthened in span with Index of porosity ©=0,02

Load Damage variable =0 ¢=0,1 ¢=0,2 ¢=0,3
q=50 kN/ml AT=0°C 7(x) (MPa) 1,69220 1,79764 1,92119 2,06849
Po1=0 kN ox(x) (MPa) 1,24705 1,32960 1,42686 1,54361
q=50 kN/ml AT=30°C 7(x) (MPa) 4,00993 3,99569 3,98989 3,99635
Py1=0 kN ox(x) (MPa) 2,86432 2,86621 2,87591 2,89685
=50 kN/ml AT=0°C 7(x) (MPa) -1,32072 -1,05967 -0,76800 -0,43759
Py1=20 kN ox(x) (MPa) -0,85534 -0,66791 -0,45681 -0,21550
q=50 kKN/ml AT=30°C 7(x) (MPa) 0,99702 1,13837 1,30071 1,49026
Pyp1=20 kN ox(x) (MPa) 0,76194 0,86871 0,99224 1,13773
Case of the strengthened in support with Index of porosity pu = 0,02
¢=50 kN/ml A7=0°C 7(x) (MPa) 0,45404 0,48302 0,51711 0,55799
Pyr=0 kN on(x) (MPa) 0,33454 0,35719 0,38397 0,41627
q=50 kKN/ml AT=30°C 7(x) (MPa) 2,77178 2,68106 2,58581 2,48584
Py=0 kN ox(x) (MPa) 1,95183 1,89381 1,83302 1,76950
=50 kN/ml AT=0°C 7(x) (MPa) -1,05242 -0,94564 -0,82748 -0,69506
Pyy=10 kN on(x) (MPa) -0,71664 -0,64156 -0,55787 -0,46329
q=50 kN/ml AT=30°C 7(x) (MPa) 1,26532 1,25240 1,24122 1,23280
Pyr=10 kN on(x) (MPa) 0,90064 0,89505 0,89118 0,88995
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Fig. 12 Effect of the prestressing force of composite plate on interfacial stresses for a continuous RC damaged
beam strengthened with presstresed composite plate

interfacial shear and normal stress for the RC damaged continuous beam strengthened with bonded
prestressed FRP plate for the uniformly distributed load “g” case coupled with thermal load “AT”,
From these results, one can observe:
- Maximum stress occur at the ends of adhesively bonded plates, and the normal, or peeling,
stress disappears at around 20 mm from the end of the plates.
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- It is seen that increasing the value of prestressing force Poi and Po, leads to high stress
concentrations.

4.3.5 Effect of porosity index of concrete “air bubble”

Following the analysis of the results obtained by varying the porosity of the concrete; while
taking into account other parameters which influence the behavior of the beam reinforced by
composite such as the variable of the damage and the coupled loading of the three loads namely:
“g=50 kN/ml “the load uniformly distributed, Py the force of the prestressing (Po1=20 kN and P,=10
kN) and the thermal load “A7=30°C”. The peak of the stresses is recorded at the level of the porous
concrete, that is to say that the more the concrete is porous the more becomes fragile and
consequently a significant concentration of the stresses at the level of the interface.

As a recommendation, it is desirable to compact the concrete well during production in order to
obtain a compact concrete which can withstand external stresses and to avoid all kinds of
deterioration.

4. Conclusions

In this study, an improved adhesively bonded beam theory is proposed to model beam-type
structures strengthened by an externally prestressed bonded plate. The ignored terms, such as the
contribution of interface stresses on the deformations of adherends and the thermal effect coupled
with the prestressed force in the existing solutions, have been included in the present model by
introducing loading force. The improved solutions have been validated by comparing with the
existing solutions. The effects of both the normal and shear deformations are presented and found
to be an important factor influencing the interfacial stresses distribution in general. The present
model provides more accurate prediction of the actual interfacial stresses distributions along the
adhesively bonded interface. Furthermore, the improved solution is more generic in nature, and it is

Table 4 Effect of the prestressing force of composite plate on interfacial stresses for a continuous RC damaged
beam strengthened with presstresed composite plate

Effect of the prestressing force of composite plate on interfacial stresses for a continuous RC damaged beam
strengthened with presstresed composite plate

Case of the strengthened in span with Index of porosity x=0,02 and Damage variable ¢=0,1
Load Po] P01:0 kN P01:10 kN Po1:20 kN P01:30 kN P01:40 kN P01:50 kN
g=50 kN/ml 7(x) (MPa)  1,79764 0,36898 -1,05968 -2,48834  -3,91700  -5,34566
AT=0°C  g,(x) (MPa) 1,32960 0,33084 -0,66791 -1,66667  -2,66543 -3,66419
g=50 kN/ml 7(x) (MPa)  3,99570 2,56704 1,13838 -0,29028 -1,71894  -3,14760
AT=30°C  g,(x) (MPa) 2,86623 1,86747 0,86872 -0,13004  -1,12880  -2,12756
Case of the strengthened in support with Index of porosity 4=0,02 and Damage variable ¢=0,1
P02 P()z:O kN P()z:l kN P02:2 kN P02:3 kN P02:4 kN P02:5 kN
¢=50 kN/ml 7(x) (MPa)  .483019 -.945641 -2.37430  -3.80296  -5.23162  -6.66028
AT=0°C  g,(x) (MPa) .357189 -.641568  -1.64032 -2.63908 -3.63784  -4.63659
¢=50 kN/ml 7(x) (MPa)  2.68106 1.25240 -.17626 -1.60492  -3.03358 -4.46224
AT=30°C  g,(x) (MPa) 1.89381 .895053 -.10370 -1.10246  -2.10122  -3.09997
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Table 5 Effect of porosity index of concrete on interfacial stresses for a continuous RC damaged beam
strengthened with presstresed composite plate

Effect of porosity index of concrete on interfacial stresses for a continuous RC damaged beam strengthened
with presstresed composite plate

Case of the strengthened in span with Damage variable ¢=0,1

Load Index of porosity ~ u=0 1=0,01 =002  ©=0,03 x=0,04  4=0,05
q=50 kN/ml AT=0°C 7(x) (MPa) 1,77706  1,78727 1,79764 1,80816 1,81884 1,82967
Poi=0 kN ox(x) (MPa) 1,31345 1,32145 1,32959 1,33785 1,34624 1,35475
g=50 kKN/ml AT=30°C  o(x) (MPa) 3,99776  3,99669 3,99569 3,99475 3,99390 3,99311
Py=0 kN o(x) MPa)  2,86535 2,86575 2,86620 2,86672 2,86732 2,86799
q=50 kN/ml AT=0°C 7(x) (MPa) -1,10972 -1,08482 -1,05967 -1,03426 -1,00860 -0,98266
Py1=20 kN ou.(x) (MPa)  -0,70395 -0,68602 -0,66791 -0,64959 -0,63107 -0,61234
g=50 kN/ml AT=30°C  o(x) (MPa) 1,11098 1,12459 1,13837 1,15232 1,16646 1,18078
Py=20 kKN o.(x) (MPa)  0,84796 0,85827 0,86871 0,87928 0,89001  0,90088

Case of the strengthened in support with Damage variable ¢=0,1
q=50 kN/ml AT=0°C 7(x) (MPa) 0,47735 0,48016 0,48302 0,48591 0,48886 0,49184

Pp=0 kN on(x) (MPa) 0,35275 0,35495 0,35719 0,35946 0,36176 0,36410
=50 kN/ml AT=30°C  o(x) (MPa) 2,69806 2,68957 2,68106 2,67250 2,66391 2,65527
Pp=0 kN ou(x) (MPa) 1,90466 1,89924 1,89381 1,88833 1,88284 1,87731
q=50 kN/ml AT=0°C 7(x) (MPa) -0,96604 -0,95589 -0,94564 -0,93530 -0,92486 -0,91433
Pp=10 kN ou(x) (MPa)  -0,65594 -0,64879 -0,64156 -0,63426 -0,62689 -0,61944
¢=50 kN/ml AT=30°C  o(x) (MPa) 1,25467 1,25352  1,25240 1,25129 1,25019 1,24910
Pp=10 kN ox(x) (MPa) 0,89597 0,89550 0,89505 0,89461 0,89419 0,89377

applicable to more general load cases and for the adherends made of all kinds of materials. The
results obtained from the different analysis is agreed, which demonstrates that the present model is
simple and accurate. Some studies of the taper are carried out in this work to better understand the
effects of various parameters on the edge interfacial stresses in a structure under different applied
load. In this work, our model takes into account the parameters neglected in the previous studies.
This work is of paramount importance for designers of materials and structures to optimize their
operation and life in the context of sustainable development.
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