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Abstract. The available analytical methods of analysis for laterally loaded piles in level ground cannot
be directly applied to such piles in sloping ground. With the commercially available software, the simula-
tion of the appropriate field condition is a challenging task, and the results are subjective. Therefore, it
becomes essential to understand the process of development of a user-framed numerical formulation, which
may be used easily as per the specific site conditions without depending on other indirect methods of
analysis as well as on the software. In the present study, a detailed three-dimensional finite element
formulation is presented for the analysis of laterally loaded piles in sloping ground developing the 18 node
triangular prism elements. An application of the numerical formulation has been illustrated for the pile
located at the crest of the slope and for the pile located at some edge distance from the crest. The specific
examples show that at any given depth, the displacement and bending moment increase with an increase in
slope of the ground, whereas they decrease with increasing edge distance.
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1. Introduction

Many high-rise buildings, transmission towers, and bridges are constructed near slopes and are
supported by pile foundations. These structures are exposed to considerable amount of lateral load
due to environmental actions, which is ultimately transferred to the pile foundations. The analysis of
laterally loaded pile embedded in the level ground has received considerable attention over the past
several decades (Reese and Matlock 1956, Matlock and Reese 1960, Davisson and Gill 1963,
Matlock 1970, Poulos 1971, Reese and Welch 1975, Randolph 1981, Norris 1986, Budhu and Davies
1988, Prakash and Kumar 1996, Ashour ef al. 1998, Fan and Long 2005, Basu et al. 2009, Zhang
2009, Dewaikar et al. 2011).

However, some developments towards the analysis of piles in sloping ground have been made
recently either by conducting experiments in laboratory (Mezazigh and Levacher 1998, Muthukkumaran
et al. 2004) or by performing numerical analysis, mainly based on available commercial software (Gabr
and Borden 1990, Chae et al. 2004). Several investigators have considered the equivalent problem
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of battered piles in horizontal ground. For example, Zhang et al. (1999) performed centrifuge tests
of battered piles in sand and proposed reduction or increase in the ultimate load p, of the p-y
curves, based on loading direction, batter angle, and soil density.

Brown and Shie (1991) described the results of several numerical experiments performed with a
three dimensional finite element model of a laterally loaded pile in clayey slope. The experiments were
used to derive the p-y curves from the model. Results indicate that ground inclination significantly
affects ultimate load p,, especially close to the ground surface, but has essentially no effect on
initial slope of the p-y curves. Mezazigh and Levacher (1998) carried out an experimental
investigation of the behaviour of laterally loaded piles to study the effect of a slope on the p-y
curves in dry sandy soil. The results show that the limiting distance beyond which the slope has no
more influence is approximately 8B for a slope of 1 vertical (V) to 2 horizontal (H) and 12 B for a
slope of 2V to 3H. These values are practically independent of the shear strength of the sand mass.
An upper bound plasticity solution for the undrained lateral bearing capacity of piles in sloping clay
has been presented by Stewart (1999), who gave charts with reduction factors which are applied to
the lateral capacity of piles in level ground. Charles and Zhang (2001) investigated the performance
of the sleeved and unsleeved piles constructed on a cut slope using 3D finite difference analysis. The
results show that the load transfer of sleeved piles is primarily through a downward shear transfer
mechanism in the vertical plane. Chae et al. (2004) described the results of several numerical studies
performed with a 3D FE model test and prototype test on laterally loaded short rigid piles and pier
foundation located near slope. Muthukkumaran et al. (2004) conducted an experimental investigation
on a single pile to understand effect of lateral movement of unstable slope on pile supported
structures. A comparison between the test results conducted in both sloping and horizontal ground
has been presented to highlight the effect of sloping ground due to the lateral soil movement. Martin
and Chen (2005) evaluated the response of piles caused by an embankment slope, induced by a
weak soil layer or a liquefied layer beneath the embankment using FLAC3D program. Begum and
Muthukkumaran (2008) presented a two-dimensional finite element analysis of a long flexible pile
subjected to a lateral load, located on a sloping ground in cohesionless soil. Piles were represented
by an equivalent plate element subjected to plane strain analysis and the soil strata are represented
by 15 node triangular elements of elastic-plastic Mohr Coulomb model. The maximum bending
moment in the pile was increased by 29% for L/D ratio of 25 at a slope of 1V:2H with respect to
level ground case. Georgiadis and Georgiadis (2010) performed three-dimensional finite element
analysis to study the behavior of piles in sloping ground under undrained lateral loading condition.
Based on the results, a new p-y criterion for static loading of piles in clay were proposed which
takes into account the inclination of the slope and adhesion of the pile slope interface.

Available information concerning the lateral behaviour of piles in sloping ground is rather limited
and mainly refers to piles in cohesionless soil. The available methods of analysis for laterally loaded
piles in level ground cannot be directly applied to the laterally loaded piles in sloping ground. The
field test is the best option for investigating the pile response for varying slope angles, but it is not
cost-effective. Even though scaling effects influence the results of the model test study, it can be an
alternative to the field test, but it is inconvenient with varying angles of slopes, as the research works
reported in the past. The computer simulation of numerical model can be an economical way to
analyze the pile - soil interaction of laterally loaded piles in sloping ground. The simulation of the
appropriate field condition is also a challenging task while using the commercially available software.
The results are also sensitive to the user defined specifications because of the lack of specific
guidelines in the manual of the software. Therefore, it becomes essential to understand the process
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of fundamental development of a user-framed numerical formulation, which has several advantages.
The developed formulation can be modified easily to suit specific field conditions as per the
requirements of the site. Additionally heterogeneity and anisotropy of the soil media can be easily
accounted for. In the present study, a detailed three-dimensional finite element formulation is presented
for the analysis of laterally loaded pile in sloping ground using the developed 18 node triangular prism
elements.

2. Problem definition

The subgrade reaction approach and elastic continuum approach are widely used for the analysis of
laterally loaded pile embedded in the level ground due to their simplicity. But these approaches cannot
be extended directly for the piles in sloping ground. Due to the limitation of these methods for the
analysis of piles in sloping ground, the three-dimensional finite element analysis is the only realistic
option to predict the load-deflection behaviour of laterally loaded piles. The finite element (FE)
modelling approach provides a more precise tool that is capable of modelling soil continuity, pile-soil
interface behaviour, and 3-dimensional (3D) boundary conditions (Desai and Appel 1976, Randolph
1981). Fig. 1 shows a schematic diagram of a laterally loaded pile of length L, embedded completely
in a sloping ground inclined to the horizontal for two locations of piles. The pile is subjected to a
lateral load F, at the pile top along the X-direction. The Z-axis is vertical parallel to the pile axis, and
the X-Y defines a horizontal plane. For the sake of convenience in three-dimensional finite element
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Fig. 1 Schematic diagram of a laterally loaded pile in sloping ground: (a) pile at crest and (b) pile at edge distance, S
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(3D FE) mesh generation, the cross-section of the pile has been considered a square of side D. An
attempt has been made to develop the finite element formulation to determine the displacement and
the bending moment along the pile length.

3. Finite element formulation
3.1 Discretisation of the pile and soil system

The pile and soil system is idealized as an assemblage of 18 node triangular prism continuum
elements (Fig. 2). These elements are suitable for modelling the ground slope as well as the response
of a system dominated by bending deformations. Each node of the element has three translational
degrees of freedom, u, v and w, in the )X, Y and Z coordinate directions, respectively. Fixing boundaries
are assumed at the distance of 10D from edge/tip of the pile in X, ¥ and Z directions except at the
sloping surface. Sloping ground is considered as a free surface from the pile to its intersection with a
horizontal plane 10D below the pile tip. Taking an advantage of the symmetry, only half of the actual
domain was built, thus dramatically improving efficiency of computation. The mesh size selected for a
finite element solution has been optimized for both accuracy and computational economy based on the
analyses of several meshes with different numbers of elements and mesh sizes. The relations used in
the formulation are outlined below.

3.2 Displacement model and shape functions

The shape functions which describe the relation between the displacements at any point within the
18 node triangular prism element (Fig. 2) are derived considering quadratic variation in triangular
XZ plane and along Y-direction. Any point P is defined in XZ plane with the set of natural
coordinates (Li, L,, L) as: Ly = A1/A; ; Ly = A>/A;; Ly = As/A,, where A;, A>, and A5 are the areas of
the three subtriangles, subtended by the point P and A, is total area of triangle. The quadratic

Fig. 2 18 node triangular prism element
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variation of displacements in a six node triangular plane (XZ plane) can be expressed by
u = a,Li+ L3+ aL;+ a,LL,+ asL,Ly + agL;L,
In the matrix notation, Eq. (1) can be transformed as

u=I[L} Ly L7 L\L, L,L; L,L,]{c}
{a}T = [ay o a3 o a5 o]

From the geometry of the element (Fig. 2)

Ml r1 0 0 0 0 07/®
s 01 0 0 0 0 |l&
us| |0 0 1 0 0 0|
ug| 1025025 0 025 0 0 || e,
” 0 025025 0 025 0 || a;
ug| L0250 025 0 0 025)],

Solving Eq. (3) for unknown {a}

G 1.0 00007|%
a, 01 0000|(%
al 100 1000|u
a |=1-10400||u,
2 0 -1-1040||u,
a| 10 -1004l],

Substituting Eq. (4) into relation for displacements defined in Eq. (2)

1.0 00007|%
01 0000|[t
00 1000]||us
“1-10400||u,
0 —1-1040||u,
L1 0 -1004l],

u=[L} Ly L L\L, L,L; LsL]

or

u=[L,(2L,—1) L,(2L,—1) Ls(2L5—1) 4L\L, 4L,L; 4L;L,1{u},
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where
{u}. = [uy uy uy uy us ug) (5b)
Eq. (5 (a)) can be expressed as

u=[M M, My My Ms M]{u},
M, = L,(2L,-1); My=L,(2L,—1); M5 = L;(2L;—-1) (6)
M, = 4L\L,; Ms=4L,L;; My = 4L5L,
M, to M, are the components of the shape function defined in a triangular XZ plane. Similarly the

quadratic variation of displacements in a three node line with length 2L, along }-axis can be
expressed by

v =B+ Byt Byt = [1yy B} (7
(BT = [B B Bs]

From geometry of the element (Fig. 2)

Vi 1-L, Ly2 B
vap=1|1 0 0[5 (8)
2
V3 UL, LB
Solving Eq. (8) for unknown {3}
Bi 0 1 0 Vi
Sy =|-05/L, 0 0.5/L,]3v, )
By 0.5/L ~1/L; 0.5/L)|v,
Substituting Eq. (9) into Eq. (7)
0 1 0 V)

v=1[1y»]-05/L, 0 05/L, v,
2 2 2
0.5/L ~1/L; 0.5/ v,

or
v = [-0.5(v/L,~y2/L)) (1-y2/L}) 0.5(v/L,+y*/L})]{v},

or
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v =[-05(n-n*) (1-7%) 0.5(n+n){vi.; n=y/L, (10)

Combining quadratic variation of displacements in XZ plane and Y-direction, the displacements
can be expressed by shape functions as follows.

18 18 18
u=Nu; v=>3Nv; w=>Nw, (11)

i=1 i=1 i=1
where
N, = Mf(n);, j=1,6; k=1,3and i=6(k-1)+j
film) = 0501 =m); Ao(n) = 1= f3(n) = 0.5n(1 + 1) (12)

In Eq. (12), the functions fi(77) to f5(n7) define the variables in Y-direction, where 7 is a local
coordinate for the element along Y direction.

3.3 Element stresses and strains

The relation between strains and nodal displacements is expressed as

{g}e = [Sx gy & 7xy 7/yz 7/zx]T

(&), = [a_u ov ow Ov, Ou Ow  Ov Ou GWT

— =4 ==

axa_yéa dy Oy 0Oz 0z Ox
{e}. = [Bl{d}. (13)

where {¢}. is the strain vector, {J}. is the vector of nodal displacements, and [B] is the strain
displacement transformation matrix. It is further simplified as

[B] = [B, B, -*- B; ~*Bys] (14)

[Bi] is the strain displacement transformation sub-matrix related to displacement of node .

N 0 0]
0 N 0
0 0 N;
[B,] = N ONE O (15)
0 N M

N; 0 N/

[N, N7, N7] represents derivative of shape function ; where superscript indicates derivative direction.
The stresses and strains are related through elasticity constants, A= Ew/(1 —2u)(1 + 1) and G =
0.5E/(1 + u), where A is Lame's constant, E is modulus of elasticity, # is Poisson’s ratio and G is
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shear modulus. The stress-strain relation is given by
{o}. = [D]{e]. (16)

where {o}. is the stress vector, and [D,.] is the constitutive relation matrix given as

A+2G A A0 0 07
A A+2G A 0 0 0
A A A+2G 0 0
[D.] =
0 0 0 GO0 0 (17
0 0 0 0G O
L0 0 0 0 0 G.

3.4 Element stiffness matrix and load vector

Element stiffness matrix [K]. and load vector {Q}. can be derived by using the principle of
stationary potential energy. Total potential energy I for an element is expressed by

1
I = EJ{S}T{G}dv—j{5}T{X}dv—j{5}T{p}dA (18)
Vv Vv A
where {X} is the vector of body forces per unit volume, {p}, is the vector of surface tractions over

area A, {6}7=[u v w] and {8} = [N] {S}..
Using the relations for {5}, {e}, and {o} potential energy II is given as

I = %j{§}§[B]T[DC]{5}edv—j{5}Z[N]T{X}d"—j{5}5[N]T{P}df4 (19)
4 4 4

According to the principle of stationary potential energy, the first variation of IT must be zero for
equilibrium condition. Taking the first variation

ot = (08} !( [IBYIDJdv{ 8}~ [INT{X}dv— [IN]'(p}da) = 0 20)
Since Eq. (20) should hold goZd for any variation Zf (06} '
[BIT[D,Jdv{ 5}~ [N {X}dv— [[N) {p}dd = 0 e
[K1.{6}, = {O}. @2)
where

[K]. = [[BI[D][BldV (23a)
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{0}, = [IN]"{X}dv+ [[N]"{p}dA (23b)
4 4
are the element stiffness matrix and nodal load vector, respectively.

Eq. (23 (a)) is further expressed as

‘BigldV (24)

l

(K], = [| © |[DIB, By - B,

or

K]y (Kl e KT - (K
(Ko [Klp - [Kyy oo [K]p s

: : : : : : (25)
(K] [Klp - [K]; o [K]i,ls

L[KTis1[K]is,2 [Klis, i [K]is, 18]

The details of integration procedure for individual sub-matrix [k]; are outlined in the Appendix.

The lateral force F,, acting on the pile top, is considered as a uniformly distributed force on the
top surface of the pile with intensity g =F,/D*. Equivalent nodal force vector, {Q}., is then
expressed as

{0}, = [q[N]"dA (26)
Y
where [N] represents matrix of shape functions.
3.5 Assembly and solutions of equations

The element stiffness matrix [K], and the nodal force vector {Q},, are evaluated analytically. The
3D finite element program based on the formulation developed here is coded in the FORTRANO90
programming language, in which, the element stiffness matrix [K], for each element is assembled
into global stiffness matrix in the skyline storage form. Similarly, the nodal load vectors are
assembled into the global load vector. Algorithm for setup of assembly in skyline storage form is
illustrated in Fig. 3. The system of simultaneous equations is solved for the unknown nodal
displacements using active column solver. The corresponding algorithm for the active column
profile symmetric equation solver is described in Fig. 4.
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Set N, =0
Set up equation number for each degree of freedom
IF(6,;#0)N,, =N, +1;ID(k, j)=N,, ; JDiag(N,,) = 0|

) “a’ k=1,NNP;j=13
IF(8,,=0) ID(k,j)=0

Loop on number of elements n =1, NEL

For every element, find out maximum difference between the equation numbers
for every degree of freedom of node with respect to all other degrees of freedom
of the element.

N, = ID(NE(n,i), k)

N, = ID(NE(n, j),

= ID(NE(n..), 1) k=1,3;i=1,18
m = Max(N,,N,) j=118;1=13
JDiag(m) = Max(JDiag(m), |N, 4N,| )
Loop on element end

)

Compute diagonal pointer.
Calculate and store the position of diagonal term of each equation.
JDiag(n) = JDiag(n)+ JDiag(n—1)+1 ] n=2,N,

Fig. 3 Algorithm for setup of assembly in skyline storage form

Active column profile symmetric equation solver
Factor matrix A to U'*D*U, and reduce vector B
ForJ=2, Ng,

n=N,; J,=N,—-N,,

L=j~(N,~N_)+2 ;I=j-1;k=N,_, +2
Reduce all equations except diagonal

m=N,; I,=Min(N,—N,, ~1,i—1 +1)

A, =4, - %IA,(,I)AM,P fori=1,1,
k=k+1 '

Reduce diagonal term

Iy=N_+1; I,=N,-1;k=j-N,

m:Nk+i .
fori=1,,1,
D=4,;4=4,/4, ; A,=A4,-DA,

Reduce right hand side

Ju

Ty
q=N,, ; B;=B,- X 4,8,

R

‘ Loop on J end

¢

Divide by diagonal pivots
B,=B,/A,}for j=L,N,,
Back-substitute

D=B, ; J,=N,

J

5 JR:Nj—l
I=j=Jdpy+Jdp+l 5 k=J,-j=2|for j=N,,1
B,-=B,.—Ak+,.><D}f0ri=IA_,j

Fig. 4 Algorithm for active column solver
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4. Numerical analysis

The developed formulation as described in the previous sections is applied for two cases of piles
in sloping ground. The width of pile is taken as 0.6 m. The L/D ratio is considered as 10. The
modulus of elasticity £ for pile is taken as 2 x 10’ kPa. The modulus of elasticity £, for soil is taken
as 10000 kPa for soft clay to 40000 kPa for medium clay (Das 1999). The Poisson’s ratio for pile
and soil are taken as 0.3 and 0.45, respectively. The edge distance S is varied as 0 and 5D to
examine the effect of edge distance. The ground slope is defined in terms of 1 vertical unit to »
horizontal unit (1:#). To investigate the effect of ground slope, three variations in ground slope are
considered with =2, 1.5, and 1.

Fig. 5 shows the typical variation in the displacement of the pile along its depth for L/D =10,
E,=10000 kPa, edge distance S =0 and ground slope n =2, 1.5, and 1. It should be noted that S=0
refers to the pile on the verge of slope (one side slope and other side level ground). The results
show that for level ground case, the displacement of the pile is zero at about 4.8 m (8D), and
beyond this depth displacements are opposite to the lateral load direction, and they are small. It is
noticed that at any depth, displacement of the pile is larger for greater slope. This increase in the
displacement may be attributed to lesser passive resistance available for the sloping ground. A
variation in the displacement of the pile along its depth is also presented for S=5D, L/D=10,
E;=10000 kPa and ground slope »=2, 1.5, and 1 in Fig. 6. The trend of variation of the displacement
is similar to the case of $=0 but increase in the displacements is marginal with an increase in
ground slope.

The typical variation in bending moment along the pile length is presented in Fig. 7 for L/D = 10,
E;=10000kPa, S=0 and n=2, 1.5, and 1. It is observed that bending moments in the pile are
large in the upper half of the pile. It is noticed that at any depth, bending moments in the pile is
larger for greater slope. The maximum bending moment occurs at the depth of 2.1 m (3.5D). It
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Fig. 5 Displacement pattern along the pile length (S=0)
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Fig. 6 Displacement pattern along the pile length (S=5D)
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Fig. 7 Variation in bending moment along the depth of pile (S=0)

appears that the presence of the lower passive resistance on the sloping side results in the more
bending in the pile. As a result, the bending moment is higher with an increase in the ground slope.
A similar trend of variation is also reported by Begum and Muthukkumaran (2008). A variation in
the bending moment of the pile along its depth is also presented for S=5D, L/D =10, E;= 10000
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Bending moment (kNm)
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Fig. 8 Variation in bending moment along the depth of pile (S=5D)

kPa and ground slope n =2, 1.5, and 1 in Fig. 8. The trend of variation of the bending moment is
similar to the case of §=0 but increase in the moments is negligible with an increase in ground
slope.

The pile top displacements and the maximum bending moments are computed for various
configurations considered in the present study, and are summarised in Tables 1 and 2. These values
are normalised in the form of displacement ratio and moment ratio by dividing them with
corresponding response at level ground (n = ). For pile at crest, the change in ground slope from
n=2 to n=1.5 causes an increase in the pile top displacement by around 5%, whereas a change in
ground slope from »=2 to n=1 causes an increase in the pile top displacement by around 14%.
The corresponding increase in the maximum moments is of the order of 3% and 7%, respectively.
From displacement ratios, it is observed that displacements are increased by nearly 35% with

Table 1. Summary of pile top displacements (mm) and displacement ratio

Pile top displacements (mm) Displacement ratio
E(kPa)
n=2 n=15 n=1 n=2 n=1.5 n=1
Pile at crest
10000 10.34 10.85 11.76 1.183 1.242 1.346
40000 3.19 3.36 3.65 1.182 1.245 1.353
Pile at S=5D from crest
10000 9.09 9.15 9.29 1.040 1.047 1.063

40000 2.77 2.78 2.82 1.027 1.031 1.045
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Table 2. Summary of maximum bending moment (kNm) and moment ratio in pile

Maximum bending moment (kNm) Moment ratio
E(kPa)
n=2 n=1.5 n=1 n=2 n=1.5 n=1
Pile at crest
10000 145.70 149.56 155.43 1.085 1.113 1.157
40000 97.98 100.88 105.30 1.128 1.161 1.212

Pile at S= 5D from crest
10000 132.51 132.56 132.70 0.986 0.987 0.988
40000 88.17 88.16 88.16 1.015 1.015 1.015

respect to level ground condition for » =1, which is reduced to 18% for »=2. Similar comparison
of moment ratio indicates increase of the order of 15-20% for » =1, which is reduced to 8-12% for
n=2. It can be concluded that passive resistance available for the sloping ground increases with
reduction in slope (from n=2 to n=1).

For pile at edge distance S = 5D, the maximum increase in the displacement is of the order of 2%
with change in ground slope from »=2 to n=1. The comparison with level ground response
indicate maximum increase in top displacement of 6.3% for »n=1, which is reduced to 4% for
n=2. As compared to the response for pile at crest, the response for pile at edge distance S=5D
have shown less increase in displacement and moments with respect to level ground as a result of
more passive resistance available with increase in edge distance.

5. Conclusions

In the present investigation, a computer program based on a three-dimensional finite element
analysis is developed to evaluate the response of laterally loaded piles embedded in sloping ground.
The pile and soil system is idealized as an assemblage of 18 node triangular prism continuum
elements. These elements are suitable for modelling the ground slope as well as the response of a
system dominated by bending deformations. The developed formulation can be easily adapted to
suit specific field conditions as per the requirements of the site. Developed formulation is applied
for two cases of piles in sloping ground. It is noticed that at any depth, displacement of the pile is
larger for greater slope. For pile at crest, the change in ground slope from 1V:2H to 1V:1H causes
increase in the pile top displacement by around 14%, whereas the maximum moments are increased
by 7%. The effect of sloping ground is observed to be reduced for pile at edge distance S= 5D,
where the maximum increase in the displacement is of the order of 2%.
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Appendix

Individual sub-matrix [k]; defined in Eq. (25) can be evaluated as follows.

[k1; = [[B/1[D.1[B;]1dV (al)
vV
where
[BI1[D1[B;] =
AGNiN; + GNYNy + GN; N7 ANFNy + GNyN*¥ AN;N: + GN7Nx
ANYNy + GNFNy GN;N; + AGNYNy + GN7N;? ANYN7 + GNiNy
AN:NF + GN3Nz AN:Ny + GNyN:  GNiN?+ GNyNy + AgNiN:

where A = (A+2G) (a2)

The shape functions and their derivatives are further simplified using Eq. (12) for the purpose of
integration as follows.

NiN; = Mg fu(mM; f,(n) = MMy £, (m)f,(1)
NNy = M (MM, £ () = MM, £, (mf ()
NiN; = My f,(nM; £,(m) = MpM; £,,(m)fa(1)

NyNy = M, fi,(m)My f,(n) = MMy f,(m)f,(n)
NYNy = M, fi,(m)M, fi(n) = MM, f,(m)fi (1)
NyN; = M, f,(m)M; f,(n) = M.M; f,(n)f.(n)

NiNy = M f,(m)My f,(m) = MMy £,,(m)f.(n)
NiNy i fn(mM, fi () = MM, 1,(m)fi(n)
NiN; = M; f,(m)M; f.(n) = MiM; f,(m)f.(n)
ki=1,6; mn=13 (a3)

From the Eq. (a3), it is necessary to integrate three terms (f,,(7)f, (), f,(f(m), £ (mf(n);
myn=1,3 over the length of the element in Y-direction, and the six terms MMy, Mz M;, M; M3,
MM, My M3, MMk, 1 = 1,6 are to be integrated over the triangular area of the element in XZ
plane. Final expressions are summerized below.

[M,M;dA (i=1,6andj=1,6)
A
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6 —1-1 0 —4 07
-16-1 0 0 -4
_4|-1-16 -40 0 (ad)
180[ 0 0 —4 3216 16
40 0 163216
LO -4 0 16 16 32
[M¥MydA (i=1,6 andj=1,6)
A
[ 3b2 —bb, —b,b; 4bb, 0 4b,b;]
—b,b, 3b3 —b,b; 4b,b, 4b:b5 0
1 |=bsh, b3, 3b3 O 4bsb, 4bsh,
124 4b,b, 4bb, O Cay Cy5  Cyg
0  4b,by 4b2b; ¢y 55 s
_4b1b3 0 4b1b3 664 C65 666 .

Ca4 = 4b1(2D1 + b)) + 4by(2by + by) ; a5 = 4D1(2D3 + ba) + 4by(bs + by) ; Cas = 4b1(b3 + by) + 4b2(2D5 + by)
Cs54 = 4b2(b1 + bz) + 4b3(2b1 + bz) , Cs55 = 4b2(2b2 + b3) + 4b3(2b3 + bz) 5 Cs6 = 4b2(2b1 + b3) + 4b3(b1 + b3)
Co4 = 4b3(2b2 + by) + 4b1(by + by) 5 cos = 4b3(by + b3) + 4by(2by + b3) ;5 ces = 4b3(2b3 + by) + 4b1(2by + b3)

(as5)
jM,-M,XdA (i=1,6andj=1,6)
A
2b, —b, —b; 2b,—b, —(b,y+ by) 2b;—b, 7
-b, 2b, —-b; 2b,-b, 2b;— b, —(b,+ by)
_ 1 -b, —b, 2by; —(b,+b,) 2b,— b, 2b,— b, (a6)
30(3b, 3b, —b; 8(b,+b,) 4(by+2b;) 4(b,+2b;)
—b, 3b, 3b; 4(b,+2b)) 8(b,+b;) 4(by+2b))
13b, —b, 3b; 4(b,+2b,) 4(b5;+2b,) 8(by+by) |
IA/[iA/LYdA (i=1,6andj=1,6)
A
[2a, —a, —a; 2a,—a, —(a,+a;) 2ay;—a, T
-a, 2a, —a; 2a,-a, 2a,—a, —(a,+as)
_ 1@ —a 2a, —(a,+a,) 2a,—a; 2a, —a; @)
30(3a, 3a, —a; 8(a,+a,) 4(a,+2a;) 4(a,+2a;)
—a, 3a, 3a; 4(a,+2a,) 8(a,+a;) 4(a;+2a;)
3a, —a, 3a; 4(a,+2a,) 4(ay;+2a,) 8(az+a) |
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[MrMydA (i=1,6andj=1,6)

A
[ 3a} —a,a, —a,a; 4a,a, 0 4a,ay]
—aya, 3a3 —a,a; 4a,a, 4aa; 0

1 |—asa, —asa, 3a3 0 4asa, 4aza,

12A 4alaz 4a1a2 O d44 d45 d46
0 4da,aydaa; ds, dss  ds
L4a,ay; 0 4ajay; dg  des  dgg

d44 = 401(2(11 + az) + 4612(202 + Cll) ; d45 = 4611(2613 + Clz) + 4612(03 + Clz) ; d46 = 4611(613 + Cll) + 4612(2613 + Cll)
d54 = 402((11 + az) + 4a3(2a1 + az) ; d55 = 4612(2612 + 613) + 4613(203 + Clz) ; d56 = 4612(2611 + 613) + 4613(611 + 613)
d64 = 403(2(12 + al) + 4611((12 + al) ; d65 = 4613(612 + 03) + 4611(202 + 613) ; dﬁ(, = 4613(2613 + Cll) + 46[1(2611 + 613)

(a8)

'[M,XM}’dA (i=1,6andj=1,6)
A

[3b,a, —b,a, —~byay 4ba, 0 4bay)
—b,a, 3bya, —bya; 4bya, 4bra; 0

1 |=bsa, —=bsa, 3bsa; 0 4bsa, 4bsa,
124 4a,b, 4a,b, 0 €4 €45 CEy4

0 4da,bs4ash, ey ess  es

L4a,b; 0 4ash, ey e eg

ess = 4b1(2ay + ay) + 4b)(2a, + ay) ; e4s = 4b1(2a3 + ap) + 4by(az + ) ; ess = 4bi(az + ay) + 4by(2a5 + ay)
esy = 4by(a) + ay) + 4b3(2a, + ay) ; ess = 4by(2ar + a3) + 4b3(2a5 + ay) ; ess = 4by(2a + a3) + 4bsy(ar + a3)
o4 = 4b3(2ar + ay) + 4bi(ax + ay) ; ess = 4b3(ar + a3) + 4b1(2ay + a3) ; ecs = 4b3(2a3 + ay) + 4b1(2a, + a3)

(a9)
[fn(mf(mLydn  (m,n=1,3)
-1
4 2 -1
L
=52 162 (al0)
-12 4
[£a(mf(m)Lydn (m,n=1,3)
-1
7 -8 1
= i -8 16 -8 (all)

y

1 -8 7
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1
[T (DLydn  (myn=1,3)

341
40 4 (al2)
143

[ e

In Egs. (a5) to (al2), 4 is the area of triangular plane and other constants are given as below.

A =X3 =X, =X —X3,d3 =X — X
bi=zm—z3;by=z3-2z1;b3=21— 2,
L,=y;-»n (al3)





