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Buckling of non-sway Euler composite frame
with semi-rigid connection
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Abstract. The stability functions are calculated to obtain critical elastic buckling loads of asymmetric and
axisymmetric one-span non-sway bending frames made up of laminated thin beams and columns with through-
thickness mechanical properties variation subjected to axial compression. The shear and axial deformations are
neglected. It is assumed that the members are perfect and axial compression is applied to neutral axis without
eccentricity. The relative rotations of beams with respect to columns are occurred due to semi-rigid connections at joints
of the bending frame. The perfect connection of two different rectangular thin plates with the same width and dissimilar
elasticity modulus and thickness produces intact laminated members with similar curvature at junction of the plates in
the buckled member. The mechanical and geometrical properties of laminated members in axial direction are invariant,
as result the stiffness coefficient, modified stiffness coefficient, reduced stiffhess coefficient and carry over factor are
independent from thickness, length and layers’ mechanical properties variations, but critical buckling loads of
heterogeneous frames are dependent on these parameters. The results show that the dimensionless critical load of
heterogeneous frame is same as the dimensionless critical load of homogeneous frame.

Keywords: buckling; non-sway bending frame; axisymmetric and asymmetric shape modes; semi-rigid
connection; composite member; stability function

1. Introduction

The initial bending may change the lateral buckling load. In the previous studies, it is shown that
the elastic buckling load of symmetric portal frame is affected by the initial bending, noticeably. In
the case of anti-symmetric frames the changes are not so seriously like the symmetric frames
(Chilver 1956). Lack of adequate information or conservative methods for the efficient design of
steel structures against out-of-plane failure is an important issue. The method of design by buckling
analysis can improve this situation. The design by buckling analysis can use member nominal design
strengths in terms of the section moment capacities or compression capacities and the maximum
moments at elastic buckling (Trahair 2009). In general, a two-step approach is applied to perform
buckling analysis of steel frame. Firstly, a linear-elastic analysis is done to calculate the internal
forces and moments; and secondly, an initial imperfection is considered to perform the buckling
analysis and design for each individual element of the frame. In the steel design codes the element
effective length factor K, depends on the buckling shape of that particular element within the
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structure, and in practical cases it is obtained by means of approximations or even by mere
estimation. Some researchers introduce a direct one-step method for the buckling analysis of steel
frame structures by neglecting length factor via perform a non-linear analysis starting from an initial
deformation state that includes the initial imperfections of the elements (Bayo and Loureiro 2001).
The behavior of columns in steel building frames is inelastic at the buckling stage. After considering
the overall frame inelastic stability, the true safety factor can be obtained. As a result, the individual
column effective length factors, and their true slenderness ratios can be computed, and used in the
design relationships. This procedure starts with a stability analysis and gradually modifies the
structural properties to take account of inelasticity and eventually converges to the final buckling
factor and mode shape (Farshi and Kooshesh 2009). The highest resistance against buckling in the
single buckling mode columns and frames of a given volume can be obtained by solving the
eigenvalue problem via finite element method in an iterative optimization process (Szyszkowski and
Watson 1998). The geometric and material nonlinear analyses are used to study instability of braced
frames by accounting for member initial bow, initial sway imperfection and residual stresses. The
relationship between the bracing rigidity and ultimate load capacity as well as minimum bracing
stiffness corresponding to the non-sway buckling mode is found. Also it is found that the horizontal
load produces extras bracings’ stresses, and thus makes the bracings yield prematurely and results
in mode shape changing and decrease of bracing stiffness (Tong and Xing 2007). The performance
of structures made of novel materials like the FGM is increased due to improving their properties.
As result, the analysis of these types of structures is in focus (Heydari 2009, 2015, 2015, 2018, 2019,
She et al. 2018, She et al. 2018, She et al. 2018, She ef al. 2018). Many researches are conducted to
investigate buckling and vibration behaviors of the structural members (Heydari 2011, 2013, 2017,
Heydari et al. 2017, Heydari 2018a, 2018b, Heydari and Shariati 2018).

In this paper, buckling behavior of the asymmetric one story and axisymmetric two story
composite bending frames with semi-rigid connections at joints made of thin members with uniform
thicknesses and rectangular sections subjected to uniaxial compression without eccentricity are
investigated. It is assumed that the roof of each story is confined by restraint; therefore the first mode
shape is drift excluded. In addition, members are made up of two different metallic layers with the
same width. The transversely heterogencous beams and columns are produced by these layers.
Because of the through-thickness variation of mechanical properties of materials the neutral axis is
not coincident to the mid-axis and this imposes the more difficulties in the analytical solutions.
Moreover, the bending rigidity should be calculated by considering the physical concept of neutral
axis. In the case of thin members, the Euler-Bernoulli beam theory is applied and consequently the
extras shear deformations and rotations are neglected due to small amount of shear stress in
comparison to the normal stresses. By using these assumptions the distortion is ignored. The
curvature of each point is the second derivative of deflection of that point. In the thin heterogeneous
members, the perpendicular line to the neutral axis remains straight without any relative rotation
with respect to the neutral axis. The above mentioned assumptions make it possible to explain
equilibrium equation with only one ordinary differential equation. The axial load is imposed without
eccentricity and it is perpendicular to the cross section. After deriving basic equations, the critical
buckling load is calculated. The comparison between critical loads of non-sway in-homogeneous
bending frame and homogeneous bending frame for similar boundary conditions and geometrical
properties can be conducted by considering ratio of equivalent bending rigidity to flexural rigidity
of homogeneous frame. The outcomes are presented by depicting figures and tables.
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Fig. 1 The composite member subjected to pure bending

2. Governing equations

InFig. 1, the origin of y, is located at bottom fiber of the laminated member. The distance between
neutral axis (N.A.) and mid-axis (M.A.) is equal to y. The parameter L denotes length of the
heterogeneous member. The is equal to p. The in-homogeneous member is made up of two metallic
layers with the same width b. The depth or total thickness of section is equal to H. The thickness
and modulus of elasticity of layers are equal to t1, t2 and E1, E2 respectively.

The equilibrium of infinitesimal axial forces is presented in Eq. (1).

E, jtl <_y -G+ H/2)> iy +E, fd (_y -G+ H/2)> dy = 0 O
0 p t p
The ordinate of N.A. (Y = y + H/2) is calculated from Eq. (1) as follows
E t? + Eotd + 2E,t,t,
2(Ept; + Eqty)
The bending moment is introduced in Eq. (3).

M, = [ oxydA = E; ———)ydy + E, ———|ydy (3)
0 p ty p

After substituting Eqg. (2) in Eq. (3), the radius of curvature, p, is calculated as follows

p = (E2t} + 4E,E,t5t, + 6E,Eot?t3 + 4E oty t3 + ESt3)/(12M,(Eyt, + Eqty)) 4)

Y= (2)

Bending rigidity is equal to product of curvature radius and bending moment. The bending
rigidity for heterogeneous rectangular section with the width b is calculated in Eq. (5). The
parameters E = E,/E; and t =t;(H —t,)/H? are used to simplify formulae. In the case of
E, = E, = E the rigidity of homogeneous member i.e., EbH3/12 will be obtained.

Eleq = bE, (t + 2EE(2 — Dd* + E2td)/(12(Bt, + t,)) ()

The support reactions of pinned-clamped laminated composite beam subjected to axial
compression is presented in Fig. 2.
The equilibrium ODE of the member is written in right-handed coordinate system as follows

2

d sO4
o2 y(x) +

P —(a+092-1 6
EleqY(X)—(( +C)I— )T (6)
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Fig. 2 The reactions of pinned-clamped buckled beam
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Fig. 3 Asymmetric and non-sway heterogeneous bending frame

The parameters s and c are stiffness coefficient and carry over factor, respectively. After applying
boundary conditions at the ends, y(0) = y(L) = 0, the solution of Eq. (6) will be obtained. The
ratio of buckling load of heterogeneous member to the Euler buckling load is assumed equal to n.
One can write y'(0) =68, and y'(L) = 0, as result the parameters s and ¢ can be obtained as
follows

Vnm (\/ﬁn - tan(\/ﬁn))
T Vnmtan(vnm) + 2 (1 — sec(\/ﬁn))

_ tan(vnm) — vnmsec(vnm)
©= vnm — tan(vnm)

A one story asymmetric and non-sway laminated bending frame is presented in Fig. 3. The axial
load of the right column is negligible with respect to the other members. The axial load of the left
column is two times of the beam axial load. Fig. 4 shows the bending moment distribution at joints.
Two independent equilibrium equations of bending moments at joints are written in Eq. (9). Since
beam has the relative rotations with respect to the columns at joints B and C, the parameters aj
and a. are applied in the equilibrium equations to model the semi-rigid connections. The relative
rotation decreases bending stiffness of the beam at joints; therefore the reduction stiffness
parameters ap and a. take real values between 0 and 1. For the case that joints have a rigid
connection without any relative rotation, the parameters are approached to 1. For hinge joint, the
parameters ap and a. are equal to zero.

()

(8)
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Fig. 4 Bending moment distribution in buckled frame
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Fig. 5 The reduced stiffness factor for pinned end
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SAB (%) + spcagp (%) SBCCBCO(C eb
AB BC (9)
Eleq Eleq
SBcCBCOB ( L )BC 4( L )CD + SBcch

The nontrivial solution implies that the determinant of the coefflc:lent matrix in Eq. (9) must be

vanished.
Equ) Eleq Eleq Eleq
: +sncas (<) )(4(2),,, +sveee (59, )
(AB(L AB BCOB \ 7 Be L Jep BCYC\ T Be

Eleq\ (10)
_(SBCCBC< 3 ) ) agac =0
BC
The relation between dimensionless critical load of beam and left column is as follows
Nap ( eq)Bc LAB 2
—_—=2— (11)
Npc ( eq) LBC

In the case of column with pinned end, the reduced stiffness factor after using moment
distribution is calculated in Fig. 5.
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Fig. 6 The modified stiffness factor for axisymmetric beam
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Fig. 7 The modified stiffness factor for skew symmetric beam
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Fig. 8 The modified stiffness factors for skew symmetric and axisymmetric conditions

Also, the modified stiffness factors of the beam for axisymmetric and skew symmetric conditions
are calculated in Fig. 6 and Fig. 7, respectively.

According to Fig. 8, the stiffness factor for the skew symmetric condition is more than stiffness
factor for the axisymmetric condition; therefore the skew symmetric mode shape is corresponding
to higher modes.

The stiffness matrix of axisymmetric two story frames illustrated in Fig. 9(a) and Fig. 9(b) with
similar members by considering half of the frames are presented in Eq. (12) and Eqg. (13).

[S(Zn) +2a+ 4

2
2 as(n) + 4] Eleq/L (12)
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Fig. 9 Two story heterogeneous bending frame with semi-rigid connections (Load pattern I) (a): clamped (b):
pinned
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Fig. 10 Two story inhomogeneous frame with semi-rigid connections (Load pattern 1) (a): clamped (b):
pinned

[§(2n) +2a+4 13

2
2 as(n) + 4] Eleq/L

The parameters § and § are modified stiffness and reduced stiffness coefficients. The
characteristic equations in Egs. (14) and (15) are calculated by using nontrivial solution (n,z =
2ncp = 2n).

(s2n)+ 20+ 4)(@aS(n)+4)—4=0 (14)
S2n)+2a+4)(a8(n)+4)—4=0 (15)

The characteristic equations of axisymmetric bending frames in Fig. 10(a) and 10(b) are
calculated in Eqg. (16) and Eq. (17), respectively.

Lo+ 8)(2a + S(n)) —s(n)c(n) X s(n)c(n) =0 (16)
Lo+ 7)(2a + S(n)) —s(n)c(n) X s(n)c(n) =0 an
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3. Results and discussions

For the numerical analysis the numerical values of dimensions and elasticity moduli in terms of
m and GPa are presented in Table 1.

Table 1 Numerical values of geometry and mechanical properties

AB BC CD
120 150 0.02 0.03 35 300 400 0.02 0.04 25 100 120 0.03 0.02 35

Table 2 shows the effect of semi-rigid connections on critical load of asymmetric non-sway
bending frame for the case that the same connections are used at both joints B and C (i.e., ag =

a’c).

Table 2 critical load of asymmetric frame for various amounts of a (ag = a, = )

a 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P(MN) 1150 1445 1611 1721 1800 1859 1.904 1940 1970 1.994 2.015

Table 3 shows the effect of semi-rigid connections on critical load of asymmetric non-sway
bending frame for ap = 0.5a.

Table 3 critical load of asymmetric frame for various amounts of a. (ag = 0.5a;)

a; 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P(MN) 1.150 1316 1432 1522 1595 1656 1.707 1750 1.787 1.820 1.848

Table 4 shows the effect of semi-rigid connections on critical load of asymmetric non-sway
bending frame for ap = 2a,.

Table 4 critical load of asymmetric frame for various amounts of ap (ap = 2a;)

ag 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P(MN) 1.150 1457 1629 1.7395 1.817 1.873 1917 1952 1980 2003 2023

Fig. 11 illustrates the critical load variations against degree of rigidity for (a, = 0.2ap),
schematically.

The dimensionless critical load of axisymmetric frames presented in Fig. 9(a) and Fig. 9(b) is
depicted in Fig. 12. The clamped and simply supported conditions are presented by (C-C) and (S-
S), respectively. The similar diagrams for load pattern II are illustrated in Fig. 13.
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Fig. 11 Critical load of asymmetric one story non-sway frame with semi-rigid connections
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Fig. 13 Dimensionless critical load of two story frames (Load Pattern I1)

The ratio of the critical load of laminated frame to critical load of homogeneous frame with
similar boundary conditions and geometrical properties is equal to ratio of the equivalent bending
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Fig. 15 The effect of beam to column ratio on critical load of asymmetric bending frame

rigidity to flexural rigidity of homogeneous frame. Fig. 14 illustrates the effect of the inhomogeneity
on critical load (E, = mE;). The parameter EI is equal to the ratio of Elgq to E;bH3/12.Fig. 15
presents the effect of the beam length to column length on the critical load of the asymmetric frame
in Fig. 3 for Lyp = 1. The dimensionless critical load of the frame is expressed in terms of the
dimensionless critical load of the beam, which is decreased by increasing beam length to column
length ratio.

4. Conclusions

In current study, the buckling behavior of one story asymmetric and two story axisymmetric
laminated bending frames with semi-rigid connections at joints by neglecting drift at ceiling levels
is investigated. The analytical formulas for neutral axis location, equivalent flexural rigidity,
stiffness coefficient, reduced and modified stiffness coefficients and carry over factor of laminated
members are computed. The members are assumed to be through-thickness heterogeneous. In
contrast to the above-mentioned coefficients, critical load is depended on through-thickness
inhomogeneity. The critical load is increased by increasing of the degree of rigidity.
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2

Neutral axis

Distance between M.A. and N.A.
Member length

Curvature radius

Width

Total thickness

First layer thickness

Second layer thickness

Elasticity modulus of first layer

Elasticity modulus of second layer
Ordinate of N.A.

Axial compression load

Shear load in buckled member

Bending moment in buckled member
Dimensionless elasticity modulus (E, /E;)
Dimensionless thickness (t; (H — t;)/H?)
Buckling load ratio of heterogeneous frame to homogeneous frame
Equivalent bending rigidity

Buckling deflection

Rotation at pinned end

Stiffness coefficient

Carry over factor

Reduction stiffness parameter

Modified stiffness coefficient

Reduced stiffness coefficient
Dimensionless buckling load
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