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Transient thermo-mechanical response of a functionally
graded beam under the effect of a moving heat source
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Abstract. The transient thermo-mechanical behavior of a simply-supported beam made of a functionally
graded material (FGM) under the effect of a moving heat source is investigated. The FGM consists of a
ceramic part (on the top), which is the hot side of the beam as the heat source motion takes place along this
side, and a metal part (in the bottom), which is considered the cold side. Grading is in the transverse
direction, with the properties being temperature-dependent. The main steps of the thermo-elastic modeling
included deriving the partial differential equations for the temperatures and deflections in time and space,
transforming them into ordinary differential equations using Laplace transformation, and finally using the
inverse Laplace transformation to find the solutions. The effects of different parameters on the thermo-
mechanical behavior of the beam are investigated, such as the convection coefficient and the heat source
intensity and speed. The results show that temperatures, and hence the deflections and stresses increase with
less heat convection from the beam surface, higher heat source intensity and low speeds.
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1. Introduction

Functionally Graded Materials (FGMs) are a class of composite materials with continuous
variation of material properties from one surface to another. The FGM usually consists of a
ceramic part and a metal part. The resulting composite material will have the advantages of both
materials, where the ceramic part has the thermal resistance ability and the metal part can support
the composite with its elasticity. The importance of FGMs comes mainly from their ability to
withstand severe temperature gradients. The continuous variation in the microstructure of FGMs
distinguishes them from the traditional fiber-reinforced laminated composite materials, where the
variation of mechanical properties is not continuous across the interface, which may result in de-
bonding of layers at elevated temperatures. The use of FGMs eliminates this problem, which
makes them good candidates to replace fiber-reinforced laminated composite materials in
applications that involve high temperature gradients.

A heat source moving along a beam is a case that models some practical situations in different
engineering applications, such as welding, grinding, metal cutting, firing a bullet in a gun barrel,
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flame or laser hardening of metals, and others. This case of loading results in transient variations
in temperatures, deformations and stresses, which may result in the deterioration of the beam if the
temperature gradients are severe.

The history of FGM goes back to 1972 (Lee 2013). Since then, many researchers have
investigated different aspects and applications of FGM structures under mechanical and thermal
load. The literature reveals a continued interest among the research community to develop efficient
mathematical models to predict the static and dynamic response of structures, made of FGM
(Freund 1993, Koizumi 1997, Sankar 2001, Sankar and Tzeng 2002, Zhu and Sankar 2004, Ding
et al. 2007, Kadoli et al. 2008, Simsek 2010, Wang and Pan 2011, Malekzadeh and Heydarpour
2012, Zenkour and Abouelregal 2014, Malekzadeh and Shojaee 2014, Zamanzadeh et al. 2014,
Akbag 2015, Ebrahimi et al. 2016, Daouadji and Adim 2016, Jooybar et al. 2016a, Jooybar et al.
2016b).

Some investigations have considered the case of a moving heat source on homogeneous and
composite materials such as (Al-Huniti et al. 2001) where they investigated the thermally induced
displacements and stresses of a homogeneous rod under the action of a moving heat source. Al-
Huniti (2004) investigated the dynamic response of a laminated beam under a moving heat source
based on the classical beam theory. The beam considered was made of metallic layers with
constant mechanical and thermal properties. Al-Huniti et al. (2004) investigated the transient
variations of thermal stresses of a plate as a result of a moving heat source during welding process.
Some studies appeared in the literature that deal with the case of FGM with a moving heat sources.
Malekzadeh and Heydarpour (2012) determined the response of functionally graded cylindrical
shells under moving thermo-mechanical loads. Malekzadeh and Shojaee (2013) investigated the
dynamic response of functionally graded plates under moving heat source. Malekzadeh and
Shojaee (2014) studied the thermal and dynamic response of FG beams under a moving heat
source using the FEM in conjunction with Newmark’s time integration scheme. Zamanzadeh et al.
(2014) investigated the thermally-induced vibration of FG cantilever micro-beam subjected to a
moving laser beam via simulating the equivalent third-order dynamic system. Malekzadeh and
Monajjemzadeh (2016) studied the dynamic response of functionally graded beams in a thermal
environment under a moving load.

The present work is concerned with the investigation of the transient thermo-mechanical
behavior, mainly in the form of the induced temperatures, stresses and deflection, of a simply
supported beam made of a functionally graded material under the action of a moving heat source.
Analytical techniques are used to develop and solve the dynamic thermo-mechanical model of the
beam and calculate the resulting transient temperatures, stresses and deflection as functions of time
and space. In the analytical approach, the Fourier heat conduction model is used to derive the heat
equation and determine the thermal history of the beam. This is then combined with the principles
of dynamics, solid mechanics and beam theories to derive the governing equations of motion of
the beam that is solved to determine the variations in the stresses and deflections. Transverse and
axial deflections are both calculated and presented. The effects of the material grading and
properties, beam geometry, heat source nature and speed are studied.

2. Modeling

2.1 Thermal model and temperature distribution
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Fig. 1 The simply supported FG beam under the effect of moving heat source

A rectangular simply-supported beam of uniform thickness H and depth D, subjected to a
moving heat source with constant intensity and speed is shown in Fig. 1. Initially, the beam is
maintained at a uniform temperature, which is equal to the ambient temperature T,,, then the heat
source is applied on the beam starting from one end (x=0) of the beam to the other end (x=L),
moving on the top surface.

The beam is made of a functionally graded material (FGM) consisting of a metal part (bottom)
and ceramic part (top). Grading is in the transverse direction (z-axis), as shown in Fig. 1.
Therefore, the thermal and mechanical properties of the FGM vary in the z-direction of the beam.
The smooth transition of the properties in the FGM from metallic to ceramic, as shown in Fig. 1,
provides thermal protection as well as structural integrity, reducing the possibilities of failure
within the beam. The material properties in the axial direction are the same. In the analysis to
follow, the beam is considered to be laminated, i.e., composed of thin layers in the transverse
direction, in order to properly model the variation of FGM properties in that direction.

The temperature distribution in the axial direction of the beam depends on different factors
such as the heat source intensity and velocity, convection coefficient, beam dimensions and
thermal properties. The governing heat equation is given by

aT dq hp
-t _ T (rT- 1
Where the heat flux (qg) is given by Fourier’s law of heat conduction
oT
- 2 2
q=—k— )
Elimination of g between Egs. (1) and (2) yields
oT hp 0%T
(T - - - 3
pcc')t+DH(T Tw) g+kc’)x2 3

In the above equations, p is the mass density, ¢ is the specific heat, h is the convection
coefficient, p is the perimeter of the beam, k is the thermal conductivity, hp/DH(T-T.,) represents
the convection losses from circumferential surface area of the beam, and g represents a moving
plane heat source of constant strength releasing its energy continuously while moving along the x-
axis with a constant speed v. Note that Eq. (3) represents the temperature variation along the axial
direction of the beam with time, i.e., T(x,t).
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The first step to find the temperature distribution of the FGM beam is to apply Eq. (1) in the top
thin layer of the beam so the temperature distribution of that layer is found. This layer of the beam
is considered very thin with homogenous properties in both the axial and the transverse directions.
The temperature distribution of this layer will then be used to find that of the next layer, using the
forthcoming Eq. (20).

The moving heat source is represented mathematically by (Ozisik 1993)

g(x,t) = gob(x — vt) (4)

Where g, is the heat source intensity and ¢ is the delta function.The beam is assumed to have
the following thermal initial and boundary conditions

aT aT aT
= J— = —_— = — = 5
T 0) =To,  -(x0)=0-"008)=--(Lt)=0 (®)

In order to simplify the forms of the equations and use simple numbers in the substitutions, the
following dimensionless parameters are introduced

TTo _t 7 X » __L y__V
X R N Al L i (©)
Where 8 is the dimensionless temperature, # is the dimensionless time, ¢ is the dimensionless
axial distance, V is the dimensionless heat source speed, and t, is the reference time, given by:
t,=(H/2)%/k, where k is the thermal diffusivity. Using the above parameters, Eq. (3) becomes

9%6 096 {
- _ B0 =— -2 7
a2 oy FO="70 (’7 V) ")
The dimensionless initial and boundary conditions, Eqg. (5), become
20 20 a0
Where
_ (hptg _{ 8oyt
B - (DHpC)’ Y= (VTooPC\/E) (9)

Using the Laplace transformation technique with the notation that Laplace transformation of
6(Z,m) is given by £{8({,n)} = 6({, s), Egs. (7) and (8) take the form

9%20(q,s)
02
The thermal boundary conditions take the form
26(0,s)  08(o,5)
ag ag
Where A2 = s + B. Eg. (10) subject to the boundary condition Eq. (11) has the following
general solution

— N28(g,s) = —ye V¢ (10)

(11)

6({,s) = Crerté + Cpe M8 + Cue (VR (12)
Where
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Fig. 2 The effect of the grading parameter n on the ceramic volume fraction along the beam
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In order to describe the composition of the beam shown in Fig. 1, the volume fraction of the
ceramic, f,, and that of metal, f, are needed. The ceramic volume fraction is given by (Praveen and
Reddy 1998)

z ' H_ _H
fo=(3+5) . -3s2s5, Osns<e (16)

fn=1-1, (17)

Where n is the volume fraction exponent, which is a grading parameter that dictates the
material variation profile through the thickness of the FGM. Fig. 2 shows the relation between the
value of n and the volumetric content of functionally graded material of ceramic and metal, where
the lower the value of n means that most of FGM is ceramic and the higher the value indicates the
more metal content it has. For n=0, the whole beam is ceramic, while as n—o0, the whole beam is
metal. At the bottom of the beam where (z/H)=-0.5, the material is metal (f.=0) for all values of n,
while at the top of the beam where (z/H)=0.5, the material is ceramic (f,=1) for all values of n.

In the previous part, the temperature distribution of top layer of the beam was found. This will
be used to find the temperature distribution in the next layers in the transverse direction. The need
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to find the temperature distribution through the transverse direction of the beam requires finding
the thermal gradient along that direction. The governing equation of temperature gradient in the
transverse direction is (Prakash et al. 2007)

d dT
| = 18
dz [k(z) dz 0 (18)
The thermal boundary conditions are
T(H/2) = T, andT(-H/2) = T,, (19)

Where T, is the temperature of the top side of the beam (ceramic), which is the (hot) side. The
temperature of the bottom side of the beam (metal) is T, which is the (cold) side. The temperature
variations that result from this solution can be assumed to take the following exponential form

T(z) = aeb? (20)

Where a and b are constants that can be found by using curve fit with exponentional
charactaristics.The total temperature variations in the beam are found by adding the two
temperatures

T(x,z,t) = ae’? + T,0 + Ty, (21)

The mechanical and thermal properties of FGM continuously vary in the transverse direction
(i.e., through the thickness). The effective properties of the functionally graded material are
obtained by using the power law (Reddy 2004)

P(z) = (P, —Py)fc+ Py (22)

Where P, and P, denote the property of the top layer of the beam (pure ceramic) and bottom
layer (pure metal), respectively.

In this work, the FG beam is considered to be temperature dependent where any change in
temperature from the reference temperature (300°K) may affect its mechanical and thermal
properties. The temperature dependency of the properties takes the following form (Malekzadeh
and Beni 2010)

P=P0(P_1T_1+1+P1T1+P2T2+P3T3) (23)
Where Py, P, Py, P, and P; represent the temperature-dependent coefficients, such as the
elastic modulus E, Poisson’s ratio v, mass density p and thermal expansion coefficient a.

2.2 Thermoelastic analysis of the FG beam

The beam deflections under consideration are the transverse displacement, w(x,t), and the axial
displacement, u(x,z,t), given by

dw
Uu=1uy,— Za (24)
Where u, is the mid-plane deflection. The strain-displacement relation is
du d*w
=— = &4 +2¢ (25)

Exy = —z—
X dx dx?
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The resulting axial stress takes the form
Oxx = E€, —EaT(x,z,t) = Eey, + zE@ — EaT (x,z,t) (26)

The axial force and bending moment resultants, N and M, are defined by

H/2
(N,M) = f 0y (1,2)dz (27)

—H/2

Substituting and integrating produces the following result

NY _ [A11 Bii]&xoy _(NT
(= l5 ool (50 -U0r) @
Where the beam stiffness coefficients A;;, By; and D,y are given by the well-known general
relation

H
(Aij, Bij, Dij) = fHQij(Z)(l:Z'ZZ)dZ (i,j=126) (29)
-3

In the present analysis, the remaining non-zero stiffness constants are given by
E(z,T) _VE(z,T)

Q11:1_V2; Q12_ 1—V2 (30)
Solving for Ay, By; and Dy
(Ec - Em)
=< T 31
All (1 _ VZ) ( )
(HE; — Aq4)
=t 32
Bll (1 _ VZ) ( )
2 —
_ (H EC Bll) (33)

D, =
HToa-vy)

In the present work, only thermal loads are considered, so N and M are zero. The thermal force
and the thermal moment are defined by

H/2

WD = [ D + etz (34)
—H/2
And the strains are
£x0) _ [A11 311]_1 {NT} 35
{90}_311 Dy MT (39)
Which can be written in terms of temperature as
&xo) _ (I, +16
{w}_{loH@} (36)

Where 1, I, Jo, J are used for abbreviation purposes only. For the beam under consideration, the
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following boundary conditions apply

w(0,t) =w(L,t)=0 (37)
The value of transverse deflection can be found by solving the following deferential equation
d?*w
ez = UotJO) (38)
A dimensionless transverse deflection is defined as
w(x,t)
w(¢,m = (39)

Jxt,

And Eq. (38) becomes

TOED  — (2) o +10C) (o)
With the boundary conditions
w(0,n) = W(,n =0 (41)
Laplace transform of Egs. (40) and (41)
TOED () [ +g0.9) 2)
W(0,s) = W({,s)=0 (43)

The solution is

W, s) = —(kt,)

The constants C;, C, and Csare already defined in Egs. (13)-(15). The remaining constants C,
and Cs are

JRE oMl oM e~
25 ( o

Ci——s + Co—5 + G5V — )+C4(+c5
/11 1 S

C C (N4
6y = 1) o+ 2+ 57 @
M AT S
1,02 eM130) e(-21%0) e~ CAd%
_ _ 46
Cy o +]| G PR + C; P + G5V 2 Cs|/¢o (46)

The axial deflection is expressed by Eq. (24). Since the value of w(x, t) was found above, the
value of the first derivative is easy to be found. The value of u, can be found by solving the
following equation

du,

e £xo (47)

With boundary condition
u,(0,t) =0 (48)
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From Eq. (36)

du,(x,t)
o 49
™ I, + 16(x,1) (49)
The dimensionless form of u is
Uy (x, 1)
Uo (i'ﬂ) = (50)

Jxto

The boundary condition becomes

Up(0,m) =0 (51)
Eq. (49) becomes
dU, (¢,
# =1, +16(,m) (52)
¢
By taking Laplace transform of Eq. (52)
auv,({,s) 1, -
>l 0 53
e S +10(,9) (53)
The solution of Eq. (53) is
U,(G,8) = ("—6) I [Cl ng _ 2 g-ng GV (S/V)Z] +Cq (54)
o s
Where Cg is
G G GV
Co=1 [/11 o s ] (59

The value of W (¢, s) was already found in Eq. (44), so the first derivative is equal

18 Mg -8
= —(Vxto) ot +]<C1 e——(:3\/'e SV )+C4

dW(Z s) (56)

A

3. Solution

In order to determine the temperatures and deflections of the FG beam, Eqgs. (12), (44) and (54)
are inverted into time domain using the Riemann-sum approximation method. In this method, any

function f (&,s) is inverted into the time domain as (Tzou 1997)

f(&m) =

( f(¢, w)+REZf(§ w+"‘l)( 1)} (57)

Where Re is the (real part of) and i is the complex number /—1. In Eq. (57) f({, #), represents
either §, W or U. For faster convergence, numerous numerical experiments have shown that the
value of W satisfying the relation (¥#~4.7) gives the most satisfactory results.
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Table 1 Temperature-dependent coefficients of ceramic (Si3N4) and metal (SUS304)
FGM

component Property Pi Po Py P, Ps3
E (N/m) 0 348.43x10° -3.07x10™ 2.16x107 -8.946x10™
_ Y% 0 0.24 0 0 0
%;gm; a (UK) 0 587x10°  -9.095x10™ 0 0
p (kg/m®) 0 2370 0 0 0
k(WmK) 0 9.19 0 0 0
E (N/m) 0 201.04x10°  3.079x10™ -6.534x10” 0
% 0 0.3262 -2.002x10™ 3.797x107 0
Metal (SUS304)  « (1/K) 0 12.33x10°® 8.086x10™ 0 0
p (kg/m®) 0 8166 0 0 0
k(WmK) 0 12.04 0 0 0
330+
320+
Q% 310+ 4
g_ 300
5
201
280+
e R T R R R S R R
x10°

z (m)

Fig. 1 Temperature distribution as a function of the transverse direction (z)

4. Results and discussion

In this study the values of the parameters used are as follows (unless otherwise stated, i.e.,
when the effect of a certain parameter is investigated): beam dimensions H=0.01 m, D=0.01 m,
L=0.5 m. The heat source intensity g,=1x10°W/m?®and the heat source speed v=5x10"° m/s. The
ambient temperature T, is 273°K and the heat convection coefficient h is 20 W/m?.K. The FGM
used in the analysis is Si3N4 ceramic SUS304 metal alloy. Both parts of the functionally graded
material are considered temperature dependent (Eq. (23)) with the properties given in Table 1.

4.1 Temperature distribution

Finding the temperature distribution throughout the FGM beam is the main step in this work as
it provides the thermal behavior of the beam as a result of the motion of the heat source. The
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Fig. 5 Variation of beam mid-point temperature with time for different values of the heat source
intensity

temperature variations as function of the transverse direction are shown in Fig. 3. As shown in the
figure, the temeprature has its maximum value at the top surface of the beam (ceramic), which is
the (hot) side where the heat source is acting directly. The heat source is only applied for a short
time, so the temperature at the bottom of the beam (metal) is still equal to the ambient temperature

(the cold side). By curve fitting of the data in the figure, the values of the constants in Eg. (20) are
found and the equation takes the following form

T(z) = 300.7¢1957 (58)

This equation is considered as a material charactaristic curve where it won’t be different if the
heat source velocity or intensity are changed.This temperature is added to the temperature

variation, as shown by Eq. (21), in order to determine the transient temperature distribution of the
beam.
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Fig. 7 Variation of stress at the beam mid-point with time for different values of the heat convection
coefficient

Fig. 4 shows the variation of the temperature of the midpoint of the beam with time for
different values of the heat convection coefficient. It can be seen that the temperature increases
with time and reaches its maximum value at time t=50 seconds (which is the time at which the heat
source passes the midpoint of the beam), and then decreases. The effect of heat convective losses
on the beam thermal behavior is clear: as h increases, the thermal losses increase and the beam
temperature decreases.

Fig. 5 shows the variation of the temperature with time while the heat source with different
intensities travels along the beam. It can be noticed that the beam temperature increases
significantly with higher heat source intensity due to the amount of energy added. Fig. 6 shows the
effect of heat source velocity on the midpoint temperature of the beam, where the maximum
temperature value for each case (peak of the curve) occurs when the heat source passes that point.
It is also noticed that the temperature increases with lower heat source speeds since each specified
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Fig. 9 Variation of stress at the beam mid-point with time for different values of the heat source
velocity

location receives more amount of energy as the source speed decreases. This results from the
intensity of the released energy that increases as the heat source speed decreases.

4.2 Beam deflections and stresses

Fig. 7 shows the variation of the axial stress at midpoint of the beam with time for different
values of heat convection coefficients. Due to the support conditions and the heating process, the
stresses are compressive. The behavior in this figure is based on the thermal history which was
depicted in Fig. 4. It can be seen that the compressive stress values increase with time and reach
the maximum values at t=50 (which is the time at which the heat source passes the midpoint of the
beam), and then decrease. It can also be seen that for higher values of the heat convection
coefficient, the thermal losses increase and the beam temperature decreases and results in lower
values of stress.
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Figs. 8 and 9 present the effects of the heat source intensity and speed, respectively, on the
axial stress of the midpoint of the beam. Based on the discussions of Figs. 5 and 6, the behavior off
the stress is easily explained where it is clear that compressive stresses increase with higher heat
source intensity and lower speeds.

Figs. 10, 11, and 12 present the effects of the heat convection coefficient, the heat source
intensity and the heat source speed, respectively, on the transverse deflection of the midpoint of
the beam. Based on the discussions of Figs. 4, 5 and 6, the behavior of the deflection is easily
explained where it is clear that the deflections increase with lower convection coefficients, higher
heat source intensities and lower speeds.

The FGM properties throughout this work were considered to be temperature dependent for the
accuracy of the results. In Fig. 13, a comparison is presented between a case with temperature-
dependent and a case with temperature-independent material properties on the transverse
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Fig. 12 Variation of the transverse deflection of the beam mid-point with time for different values of
the heat source velocity
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Fig. 13 The transverse deflection beam midpoint for temperature dependent and temperature
independent FGM properties

deflection of the beam midpoint. The figure shows an important fact that neglecting the
temperature-dependency of the properties results in less accurate results. The more important point
here is the underestimation of the value of the maximum deflection.

5. Conclusions

The thermo-mechanical behavior of a simply supported functionally graded material beam
under the effect of a moving heat source is investigated. The transient temperatures, deflections
and stresses are calculated and presented for some specific cases. The FGM consists of a metal
part (bottom) and ceramic part (top) where grading is in the transverse direction, with the
properties being temperature-dependent. All material properties are calculated by using the power
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law. The material properties in the axial direction are the same. The heat source motion takes place
along the beam on the top surface where the material is ceramic (the hot side), while the bottom
surface where the material is metallic is the cold side.

The temperature distribution is found by superposition of the temperature variation through the
transverse direction, within the FGM, and the variation in the axial direction, resulting from the
motion of the heat source. Based on the temperature history within the beam, the thermally-
induced deflections and stresses are found.

The thermos-elastic modeling approach consisted of formulating the partial differential
equations for the temperatures and deflections in time and space, then using Laplace
transformation to transform them into ordinary differential equations, and finally using the inverse
Laplace transformation to find the solutions.

The temperature, deflection and stress time histories of the beam are presented. The effects of
different parameters, such as the convection coefficient and the heat source intensity and speed are
investigated. The results show that temperatures, and hence the deflections and stresses increase
with less heat convection from the beam surface, higher heat source intensity and low speeds.
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