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Abstract. In the present article, the thermal buckling of zigzag single-walled carbon nanotubes (SWCNTSs)
is studied using a nonlocal refined shear deformation beam theory and Von-Karman geometric nonlinearity.
The model developed simulates both small scale effects and higher-order variation of transverse shear strain
through the depth of the nanobeam. Furthermore the present formulation also accommodates stress-free
boundary conditions on the top and bottom surfaces of the nanobeam. A shear correction factor, therefore, is
not required. The equivalent Young’s modulus and shear modulus for zigzag SWCNTs are derived using an
energy-equivalent model. The present study illustrates that the thermal buckling properties of SWCNTSs are
strongly dependent on the scale effect and additionally on the chirality of zigzag carbon nanotube. Some
illustrative examples are also presented to verify the present formulation and solutions. Good agreement is
observed.
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1. Introduction

Nanotechnology is an emerging technology involving the characterization, design, production
and application of materials, structures and systems via the control and manipulation of matter on
the nanometer length scale, that is, at the level of atoms and molecules. A nanometer is one
billionth of a meter (10° m). This is roughly four times the diameter of an individual atom. For
comparison, a red blood cell is approximately 7000 nm wide and a water molecule is almost 0.3
nm across. Materials and structures with at least one dimension in 1-100 nm are within the
purview of nanotechnology. In this realm, nanomaterials and nanostructures exhibit properties and
phenomena that cannot be observed at macro-scale, which opens new prospects of technology
innovation and engineering systems at the nanoscale.
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Carbon nanotubes (CNTs) are among the most important nanomaterials that have attracted
attention of the scientific community due to their outstanding mechanical properties and wide
potential applications in numerous areas of nanotechnology including material reinforcement, field
emission panel display, chemical sensing, drug delivery, lighter spacecraft structures and
bio-nano-electronics (Dirote 2004; O’Connell 2006; Ottenhouse 2009). CNTs comprise essentially
a rolled-up tubular shell of graphene sheet, wherein the body of the tubular shell is in turn made of
hexagonal rings in a sheet of carbon atoms. The ends are sealed with a dome-shaped half-fullerene
molecule. The natural curvature in the sidewalls arises as a result of rolling of the sheet into the
tubular structure. However the curvature in the end caps is a result of topological pentagonal ring
defects in the otherwise hexagonal structure of the underlying lattice. The role of the pentagonal
ring defect is to provide a positive convex curvature to the surface and this assists in closing of the
tube at the two ends. The bio-compatability and adaptability of CNTs also offer significant
advantages in 21* century nano-structural design. Intensive research on the mechanical properties
of CNTs was launched immediately since the discovery of CNTs (lijima 1991). Two
fundamentally different approaches are available for theoretical modeling of nanostructured
materials: the atomistic approaches and the continuum mechanics simulations. The former includes
the classical molecular dynamics (MD), tight-binding molecular dynamics (TBMD) and density
functional theory (DFT) (lijima et al. 1996; Yakobson et al. 1997; Hernandez et al. 1998;
Sanchez-Portal et al. 1999). These approaches are often computationally intensive and expensive,
especially for large-scale CNTs with a high number of walls. Hence, the continuum
mechanics-based analysis of CNTSs is increasingly being viewed as an alternative way of modeling
materials at the nanometer scale. The size effects are pronounced in nano-sized materials primarily
due to the high surface to volume ratio. To overcome this drawback the active development of
robust size-dependent models of continuum mechanics has been a research topic of major concern
(Wang et al. 2010abc). In this regard, the nonlocal elasticity theory proposed by Eringen et al.
(Eringen and Edelen 1972; Eringen 1983; Eringen 2002) has been widely implemented to achieve
size-dependent governing equations by incorporating an internal characteristic length in the model.
This nonlocal theory has been extensively applied to analyze the bending, buckling, vibration and
wave propagation of beam-like elements in micro- or nanoelectromechanical devices
(Peddieson2003; Lu et al. 2006; Wang and Varadan, 2006; Reddy, 2008; Kiani, 2013ab; Kiani
2014ab). Sudak (2003) studied infinitesimal column buckling of carbon nanotubes (CNTSs),
incorporating the van der Waals (vdW) forces and small scale effect, and showed that the critical
axial strain decreases compared with the results of classical beams. Wang (2005) discussed the
molecular dispersion relationships for CNTs by taking into account the small scale effect. Wang
and Hu (2005) studied flexural wave propagation in a SWCNT by using the continuum mechanics
and dynamic simulation. Lu et al (2007) investigated the wave propagation and vibration
properties of single- or multi-walled CNTs based on nonlocal beam model. Tounsi and his
co-workers (Heireche et al. 2008abc; Tounsi et al. 2008; Tounsi et al. 2009ab) investigated the
sound wave propagation in single- and double-walled CNTs taking into account the nonlocal
effect, temperature and initial axial stress. Zidour et al (2012) used a nonlocal thermoelastic
Timoshenko beam model to investigate the free vibration of zigzag single-walled carbon nanotube
(SWCNT) in thermal environment. Semmah et al. (2014) studied the thermal buckling of zigzag
SWCNT using nonlocal Timoshenko beam model. Zidour et al. (2014) analyzed the buckling
responses of chiral SWCNTSs using nonlocal Timoshenko beam theory. Benguediab et al. (2014)
investigated the effects of both the chirality and small scale parameter on mechanical properties of
zigzag double-walled carbon nanotubes.
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In this paper, the thermal buckling behavior of zigzag SWCNTSs is investigated based on a
nonlocal higher order beam theory. The proposed theory satisfies the zero traction boundary
conditions on the top and bottom surfaces of the beam and thereby circumvents the requirement
for a shear correction factor. The geometric nonlinearity is considered using von Karman’s
strain—displacement relations. The equivalent Young’s modulus and shear modulus for a zigzag
CNT are derived using an energy-equivalent model developed by Wu et al. (2006). The obtained
results in this paper can provide useful guidance for the study and design of the next generation of
nanodevices which utilize the thermal buckling properties of zigzag single-walled carbon
nanotubes, such as nano-engineered spacecraft chassis structures, bio-structures etc.

2.Mathematical formulation

This theory is based on assumption that the in-plane and transverse displacements consist of
bending and shear components in which the bending components do not contribute toward shear
forces and, likewise, the shear components do not contribute toward bending moments. The theory
presented is variationally consistent, does not require shear correction factor, and gives rise to
transverse shear stress variation such that the transverse shear stresses vary parabolically across the
thickness satisfying shear stress free surface conditions.

2.1 Basic assumptions

The SWCNT is modeled as a nanobeam and the assumptions of the present theory are as
follows:

() The displacements are small in comparison with the nanobeam thickness and, therefore,
strains involved are infinitesimal.

W(X, Z) = W, (X) + W, (X) M)

(i)  The transverse displacement w includes two components of bending w,, and shear
w, . These components are functions of x-coordinate only.

(ilf)  The transverse normal stress o, is negligible in comparison with in-plane stresses
o

X
(iv)  The displacement u in x-direction consists of extension, bending, and shears
components.

U = Uy +U, +U, 2

The bending component u, is assumed to be similar to the displacement given by the
classical beam theory. Therefore, the expression for u, can be given as

ow,
U, =—2 6_xb ()

The shear component u, gives rise, in conjunction with w,, to the parabolic variations of
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shear strain y,, and hence to shear stress z,, through the thickness of the nanobeam in such a
way that shear stress z,, is zero at the top and bottom faces of the nanobeam. Consequently, the
expression for ug can be given as:

oW, 47°

o , With f(z)=3? 4)

u, =—1(2)

2.2 Kinematics

Based on the assumptions made in the preceding section, the displacement field can be
obtained using Egs. (1) - (4) as

U(X,Z)=u0(x)—z%_ f(2) a;’xs (5a)
W(Xv Z) =W, (X) + W (X) (5b)

In the present study we wish to investigate the effect of geometric non-linearity on the response
guantities. Therefore, the Von-Karman-type of geometric non-linearity is taken into consideration
in the strain—displacement relations. The nonzero strains of the proposed beam theory are:

g =e+zk!+f(2)k: and y, =g(2) 7S, ©)
where
2 2 5
5= 1(%+8Wsj ,kfz—avgb, jz_‘a"gs ©)
8X 2 aX aX ax ax
=2 g@)-1- @) and (-2
19)4 dz

2.3 Constitutive relations

Response of materials at the nanoscale is different from those of their bulk counterparts.
Nonlocal elasticity was historically first considered by Eringen (1972, 1983, 2002). He assumed
that the stress at a reference point is a functional of the strain field at every point of the continuum.
Eringen (1972, 1983, 2002) proposed a differential form of the nonlocal constitutive relation as:

d’o aT
— eaZ_XzE - 8
Gx ( 0 ) dX2 (‘9)( 1—2Vj ( a)
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2
2d Tyz sz

=G, (80)

Ty _(eoa)
where e, isa constant appropriate to each material and a is an internal characteristic length (e.g.
length of C—C bond, lattice spacing, granular distance). In addition, it should be noted that the
value of e, needs to be determined from experiments or by matching dispersion curves of plane
waves with those of atomic lattice dynamics. E and G are the Young’s and shear modulus,
respectively; « is the thermal expansion coefficient, T the temperature change and v the
Poisson’s ratio.

It is worth pointing out that the effects of small scale coefficient e,a on the shear force are
neglected in previous works (Wang 2005; Wang et al. 2006; Wang et al. 2007). It is noted that the
relations (8a) and (8b) are used with the assumption of homogeneous isotropic beams (Heireche et
al. 2008ab; Lu et al. 2007; Tounsi et al. 2013abc). However, because CNT are normally
anisotropic, the properties are then direction-dependent. The justification of the identical values of
e, atthe in-plane and transverse directions in relations (8a) and (8b) is due to the symmetry of the

stress tensor (7,, = 7,,, X and z are in-plane and transverse direction, respectively).

Based on the link between molecular mechanics and solid mechanics, Wu et al. (2006)
developed an energy-equivalent model for studying the mechanical properties of SWCNTSs. Using
the same method, the equivalent Young’s modulus and shear modulus of zigzag nanotube are
expressed as

4/3KC s 24/3KC

- G, =— 9
©OCt+4Ka’t(13 +21%) 6Ct +3Ka’ 't ®)

where K and C are the force constants. t is the thickness of the nanotube and the parameters
Ay, A,, and A, aregiven by

_—3\/4—30032(7r/2n)cos(;z/2n) P 12-9cos?(z/2n) (10)
“ 8J3-23cos’(z/2n)

 16v3—44/3cos*(/2n)
and A, = ‘/4/3c032%—1

and n is the indices of translation, which dictate the structure around the circumference. The

chiral vector Cp of zigzag CNT can be expressed with respect to two base vectors a1 and as
as follows:

Ch=nai+naz (11)

The radius of the zigzag nanotube in terms of the chiral vector components can be obtained
from the relation (Tokio 1995):
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rR="23, (12)
27
where a is the length of the carbon—carbon bond which is 1.42 A°.

2.4 Equations of motion

The strain energy U of the nanobeam is given by:
1] aT
U= —-” O'X(é'x —
249 1-2v
where o, isthe normal stress, z,, the transverse shear stress, L the length of the SWCNT, and

Aits cross-sectional area.
The principle of virtual work for the present problem may be expressed as follows:

J + TV }dAdx, (13)

(N,Mb,MS):I(l,z,f)cdi and Q:jngZdA (15)
A A

where N, M ,and Q are the stress resultants. Substituting Eqgs. (6) and (7) into Eq. (14) and
integrating by parts and then equating the coefficients of Su,, Sw, and Sw, to zero,
separately, the governing stability equations are obtained for the proposed beam theory as follows:

CdN

ouy: —=0 16a
0 ix (16a)
d*M d?(w, +w,)
SW, : b+ N b~ S2=0 16b
P dx? b (160)
2 2
sw,: IMs  0Q AT rw) (160)
dx dx dx
Here N, is the thermal force which can be expressed as:
E,aT A
N =——2- = 17
fo1-2y a7

When the shear deformation effect is neglected (w, =0), the equilibrium equations in Eq. (16)

recover those derived from the Euler—Bernoulli beam theory. By substituting Eq. (7) into Eq. (8)
and the subsequent results into Eq. (15), the stress resultants are obtained as
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d N du dw, dw

N —(e,a)? =A|—2+= N 18a
(82)° —— A{dxﬂLz(dx dx)]+ " (18a)

d’M d?w, d?w,
M, —(&,)* dxzb =-D dxzb - D, dx; (18b)

,d? M d>w, d 2w,
_(eoa) Ds dx? _Hs dx2 (18C)

d? dw,
Q- (e S F-A Sk (18d)
where

(AnD.D, H)=[ 23,2 f, 12)E,dA, A = [ 9°G,dA (19)

A A

By substituting Eq. (18) into Eg. (16), the nonlocal equations of motion can be expressed in
terms of displacements (w,, w,) as:

d*w, d*w, d?(w, +Ww,) d*(w, +w,)
-D—2-D,—p2 +N,| —2—%— 2—b =0 20a
dx* 7 dx* t( dx? (82) dx? (208)

dw, dw, d?w, d?(w, +w,) d*(w, +w,)
Dy~ —H,——*+ =+ N b 52— (ea)’ ——2,—2|=0 (20b
° dx? *dx? A dx? ({ dx? (&) dx* (200)

The equations of buckling of local beam theory can be retrieved as a special case from Eg. (20)
by setting the nonlocal parameter e,a equal to zero. Egs. (20) are effectively the governing

equations for the present nano-structural problem. For the hinged boundary condition case, the
solution of these egs. for a carbon nanotube can be expressed as follows:

w, =W, sin(#x) and w, =W,sin(S x) (21)

where f=mxz/L and m denotes a positive integer which is related to the buckling modes.
Inserting equation (21) into equations (20), one can easily obtain:

Kii Kp |1 11| W,| |0
[ el R} @

K11=DIB4, K12=DS,B4, K22=Hs,34+&,32, /1=1+(e0a)2:32 (23)

where
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Then, the critical temperature with the nonlocal continuum theory can be derived as

non _ (1_2V)(K11K22 _(Klz)z)
Tcr - 2 (24)
E.f°a A;L(Kll +Ky - 2K12)

As a result, the non-dimensional critical temperature can be expressed as the following form

non
Tcr

e A )

3. Numerical examples and discussion

Based on the formulations obtained above with the present nonlocal refined shear deformation
beam theory, the effect of the lattice indices of translation n on the thermal buckling properties
of zigzag single-walled nanotubes are discussed here. The parameters used in calculations for the
zigzag SWCNTSs are given as follows: the effective thickness of CNTSs taken to be 0.258 nm (Wu et
al. 2006), the force constants (Cornell et al. 1995) K/2= 46900 kcal/mol/nm? and C/2= 63
kcal/mol/rad?, the mass density p = 2.3 g cm™ (Heireche et al. 2008a; Zidour et al. 2012) and the
temperature expansion coefficient a = 1.1x10° K™ which is for the case of the high temperature
(Yao and Han 2006; Zidour et al. 2012). This data represents realistic CNTSs.

Fig. 1 shows the non-dimensional critical buckling temperature of zigzag (15, 0) SWCNT
versus the ratio of the length to the diameter. The obtained results are compared with those
obtained using nonlocal Timoshenko beam model. The appropriate shear correction factor used in
the Timoshenko beam model is k=(2+2v)/(4+3v) i.e. that for a thin-walled tube (Cowper,
1996). It can be seen that the results of present theory are in excellent agreement with those
predicted by the Timoshenko beam model.

Fig. 2 depicts the critical buckling temperature of zigzag (15, 0) SWCNT with different
nonlocal values and L/d =10 for different modes based on present refined shear deformation
beam theory. The parameter value of e,a=0 implies that the nonlocal effect is neglected.
Evidently the influence of nonlocal parameter e,a on the critical buckling temperature is
significant, especially at higher order modes. Increasing the nonlocal effect markedly decreases
the critical buckling temperature.

The influences of the aspect ratio i.e. ratio of the length to the diameter (L/d ), on the
non-dimensional critical buckling temperature are shown in Fig. 3. The nonlocal parameter is eya
=1 nm. From Fig. 3, it is apparent that when the mode number is less than 3, the difference is not
obvious. This influence becomes considerable when the mode number is larger than 4. Moreover,
the non-dimensional critical buckling temperatures for all of three aspect ratios are elevated with
the mode number increasing. With a rise in aspect ratio i.e. the greater the ratio of the length to the
diameter is, the higher the non-dimensional critical buckling temperature becomes. This implies
that the ratio of the length to the diameter has significant influence on the non-dimensional critical
buckling temperature for larger mode numbers, and this is a key consideration in nano-structural
design exploiting CNTSs.

The relation between the nondimensional critical buckling temperature, the chirality of zigzag
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Fig. 1 Variations of critical buckling temperature of zigzag (15, 0) SWCNT with respect to the
ratio of the length to the diameter (L/d ) for nonlocal parameter e;a=2nm and the
number mode m=1
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Fig. 2 Critical buckling temperature of zigzag (15, 0) SWCNT with different nonlocal
parameters and L/d =10 for different modes based on refined shear deformation beam
theory

carbon nanotube nand the nonlocal parameter eja is shown in Figs. 4 and 5 for the mode

number m=1 and 5, respectively. It can be seen that the ranges of the non-dimensional critical
buckling temperature for these mode numbers are quite different. In Fig. 4, the range is the
smallest for m =1, but the range is the largest for m=5 in Fig. 5. This indicates that the larger
the mode number is, the higher the non-dimensional critical buckling temperature becomes.
Furthermore, it can be observed that the critical buckling temperature is enhanced with increasing
the index of translation (n) whereas, conversely it is decreased with the nonlocal parameter
increasing.
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Fig. 3Critical buckling temperature of zigzag (15, 0) SWCNT with different ratios of the
length to the diameter (L/d ) and e;a=1nm nm for different modes based on refined
shear deformation beam theory

Nondimensional critical bucling temperature

Mode number

Fig. 4 Relationship between the critical buckling temperature, chirality of zigzag carbon
nanotube nand the nonlocal parameter e,a for mode number m=1 and aspect ratio
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Fig. 5: Relationship between the critical buckling temperature, chirality of zigzag carbon
nanotube nand the nonlocal parameter e,a for mode number m=5 and aspect ratio
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4. Conclusions

A nonlocal shear deformation beam theory has been proposed for thermal buckling of zigzag
single-walled carbon nanotubes. The geometric nonlinearity is considered using von Karman’s
strain— displacement relations. The present model is capable of capturing the small scale effect,
chirality of zigzag SWCNT and transverse shear deformation effects of nanobeams, and does not
require shear correction factors. The formulation lends itself particularly well to other analytical
methods including for example, the Homotopy Perturbation Method (Anwar Bég and Islam 2011),
which will be considered in the near future. This work is expected to be useful in the design and
analyze the thermal buckling properties of nanoscale physical devices.
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