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Abstract. This work deals with the two-dimensional deformation in a homogeneous isotropic nonlocal magneto-
thermoelastic solid with two temperatures under the effects of inclined load at different inclinations. The
mathematical model has been formulated by subjecting the bounding surface to a concentrated load. The Laplace and
Fourier transform techniques have been used for obtaining the solution to the problem in transformed domain. The
expressions for nonlocal thermal stresses, displacements and temperature are obtained in the physical domain using a
numerical inversion technique. The effects of nonlocal parameter, rotation and inclined load in the physical domain
are depicted and illustrated graphically. The results obtained in this paper can be useful for the people who are
working in the field of nonlocal thermoelasticity, nonlocal material science, physicists and new material designers. It
is found that there is a significant difference due to presence and absence of nonlocal parameter.

Keywords: concentrated load; Eringen model of nonlocal theories; inclined load; magnetic field;
nonlocal theory of thermoelasticityl; nonlocality; rotation; thermoelasticity; two temperatures

1. Introduction

Thermoelasticity covers a broad area of developments. It deals with the theory of stresses and
strains considering the heat transfer equation. The thermoelastic theories defining the heat flow
and deformation have gained a lot of attention during last few years and the nonlocal theory of
thermoelasticity, two temperature theory are some of those theories to be named. The concept of
nonlocality has been well studied and documented till now. It considers the dependence of the
various physical quantities defined at a point as not just a function of the values of independent
constitutive variables at that point only but as a function of their values over the whole body.

Edelen et al. (1971) and Edelen and Law (1971) developed the concept of nonlocal continuum
mechanics. Eringen and Edelen (1972) developed the nonlocal elasticity theory which contains
information about long range forces of atoms and according to this theory the stress field at a
particular point is impacted by the strain at all the other point of the body. Marin (1996) obtained
solutions in micropolar bodies with voids. Marin (1997) find result for thermoelastic body with
voids and proved their uniqueness. Eringen (2002) derived nonlocal continuum field theories.
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Ebrahimi and Shafiei (2016) applied Eringen’s nonlocal elasticity theory for vibration analysis of
FG nanobeams. Abouelregal (2019) studied the rotating magneto-thermoelastic rod due to moving
heat sources via Eringen’s nonlocal model. Balubaid et al. (2019) investigated nanoscale plate
using nonlocal plate theory. Hussain et al. (2019) studied the nonlocality in thermoelastic materials.
Lata and Singh (2019, 2020d) discussed the nonlocal effects due to inclined load and due to ramp
type sources respectively for their research work and proved that nonlocal effects play a major role
depicting the results graphically. Soleimani et al. (2019) also used nonlocal elasticity theory to
prove his results. Asghar et al. (2020) assessed nonlocal natural frequencies of DWCNTs.

Thermoelasticity with two temperatures is a highly important non-classical theories of
thermodynamics of elastic solids. This theory differs due to the consideration of thermal effects
only. It was due to Chen and Gurtin (1968) that the theory gained importance. They suggested the
dependence of deformable bodies upon two distinct temperatures, namely the thermodynamic
temperature and the conductive temperature. Youssef (2005) gave the uniqueness theorem in case
of two temperature generalized thermoelasticity. Youssef and Al-Lehaibi (2007) investigated
various problems related to two temperature thermoelasticity and proved the reliability of the two
temperatures generalized thermoelasticity. Othman and Abbas (2012) studied generalized
thermoelasticity of thermal-shock problem using Green and Naghdi type II and type III theories.
Marin et al. (2015) extended the thermoelasticity concepts to porous micropolar bodies and proved
some relevant results. Abualnour et al. (2019) analyzed composite plates thermomechanically
using a four variable trigonometric plate theory. Saeed et al. (2020) developed a GL model on
thermoelastic interactions by using finite element method. Jahangir ef al. (2020) studied reflection
of photothermoelastic waves in a semiconducting medium and proved the existence of different
type of waves.

The effect of magenetic field and rotation also has been discussed by many researchers.
Othman et al. (2015) studied effect of rotation on plane waves in generalized thermo-microstretch
elastic bodies in the context of Green and Naghdi theory. Kumar er al. (2016) described
thermomechanical interactions with combined effects of rotation, vacuum and two temperatures.
They proved the significance of thermodynamic temperature and conductive temperature. Lata and
Singh (2020a, b) studied the deformation in a nonlocal magneto-thermoelastic solid with hall
current due to normal force and time harmonic interactions in nonlocal thermoelastic solid with
two temperatures respectively. Khan et al. (2019) studied third-grade magnetohydrodynamic fluid
with variable thermal conductivity and chemical reaction over an exponentially stretching surface.
Lata and Singh (2020c¢) investigated the thermomechanical interactions in a nonlocal thermoelastic
model due to memory dependent derivatives. Lata and Singh (2020e) analyzed the propagation of
plane waves in a nonlocal magneto-thermoelastic solid with Hall current.

Alzahrani and Abbas (2016) investigated the effects of magnetic field on a thermoelastic
material using GN-III theory. Sharma et al. (2016) discussed the rotation effects in a transversely
isotropic magnetothermoelastic medium with and without energy dissipiation due to two
temperatures. Abouelregal (2019) used Eringen’s nonlocal model to discuss the effects of moving
heat sources on a rotating magneto-thermoelastic rod. Mondal (2020) used a novel mathematical
model of generalized thermoelasticity to study the memory dependent response in a magneto-
thermoelastic rod with a moving heat source using Eringen’s theory of nonlocality. Zenkour (2020)
gave a refined multi-phase-lag model to study the Magneto-thermal shock for a fiber-reinforced
anisotropic body. Heidari ef al. (2021) investigated the mechanics of nanocomposites reinforced
by nanotubes. Matouk et al. (2020) used the integral Timoshenko beam theory to study the hygro-
thermal vibration of nanobeam. Rouabhia et al. (2020) used the nonlocal integral first-order theory
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for their investigation of the physical stability response of a SLGS.

From above discussion, it has been evaluated and observed that a lot of research has been
carried out in recent years on nonlocal effects using two temperature theories. But not much
attention has been given to the study of magneto-thermoelastic transversely isotropic nonlocal
material with combined effects of rotation and two temperatures. So, in this paper an effort has
been made to study the rotation and inclined load on a magneto-thermoelastic medium under the
effect of local and non-local parameters. The analytic expressions for the displacements, stresses
and temperature distribution have been obtained in two-dimensional transversely isotropic
magneto-thermoelastic solid.

2. Basic equations

Following Eringen (2002) and Abouelregal (2019), the equation of motion for a homogeneous
nonlocal magneto-thermoelastic solid rotating with a uniform angular velocity Q = Qn, where n is
a unit vector demonstrating the direction of the rotation axis and taking into account of Lorentz
force is

0%u
A+ 20V(V.w) —pu (VX Vxu) —pVe =(1 —EZVZ)pW. (1)
where, F = pg (J X Hy) denotes the Lorentz force, Hy is the external applied magnetic field
intensity vector, J is the current density vector, u is the displacement vector, y, and &, are the
magnetic and electric permeabilities respectively.

The above equations are supplemented by generalized Ohm’s law for media with finite

conductivity and including the hall current effect (from Kumar et al. (2017))

g9

J= (E+u0(uxH—e—:le]xH0)>. @)

" 1+m2

where, E is the intensity vector of the electric field, H is the magnetic strength, 1t is the velocity
vector, m (= w,t,) is the Hall parameter, w, is the electronic frequency, t, is the electron
collision time, ¢ is the charge of an electron, n, is the number of density of electrons.

Following Zenkour (2020), the heat conduction equation with multi-dual-phase-lag heat
transfer is given as

d
K*Ly6,j = Lg7-(pC0 + BOows), 3)
v 0" ] nar
where L, =1+ Zfil%ﬁa and Ly=0+ 1-054_ Zfiz%ﬁ

Here 7, 74 and 7, are thermal memories in which 7, is the phase lag of the temperature
gradient while 7, is the phase lag of the heat flux (0 < 7, < 7,). Generally, the value of R; =

R, = R may reach 5 or more according as refined multi-dual-phase-lag theory required while o
is a non-dimension parameter (= 0 or 1 according to the thermoelasticity theory).
The constitutive relations are given by

(1 - Ezvz)ti]' = Auk’k&j + ,u(ul-,j + u]-,i) - ﬁ96ll (4)
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where A,u are material constants, € is the nonlocal parameter, p is the mass density, 6 is
absolute temperature and 6, is reference temperature, K* is the coefficient of the thermal
conductivity, C* the specific heat at constant strain, § = (3A + 2p)a where a is coefficient of
linear thermal expansion, () is the angular velocity of the solid, e;; are components of strain
tensor, §;; is the Kronecker delta, ¢;; are the components of stress tensor.

3. Formulation of the problem

We consider a homogeneous non local isotropic magneto-thermoelastic medium, permeated by
an initial magnetic field Hy = (0, Hy, 0) acting along y-axis body in an initially undeformed state
at temperature 6. The rectangular Cartesian coordinate system (X, y, z) is introduced, having
origin on the surface (z = 0) with z-axis pointing normally into the half space. The surface of the
medium is subjected to an inclined load acting at z = 0. We take a rectangular Cartesian co-
ordinate system (xq,X,,Xx3) with x3 axis pointing normally into the half space. We assume
that @ = (0, Q, 0). Also, the current density components (using generalized Ohm’s law) are given
as

0%w
]1 = _EO.UOHO atz! (5)
J2=0, (6)
0%u
Jz = &oloHy 9t (7

We restrict our analysis to two-dimensional problem by using

u= (u,0,w). (8)
Using Eq. (8) in Egs. (1)-(3), yields
0%u 62w 62u a6
— 22 _pZ (1 _ c2p2
1+ 2,u) -+ @ 2+ ) e az h32 B x (1 — €2V®)pyJ3H, o
ow
=p(1-— 62V2) {— - Q%u+ ZQO_}
0%w azu %w a0
A+2w) 55+ A+ u@—ﬁ——(l—ezv o)1 Ho
=p(1-— ezvz){ - 0%w—-20— o }
020 629 d Jdu Jw
K*L, I =+ 32 =L a—[pC 9+ﬁ’90( 6z>] (11

we define the following dimensionless quantities
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w1 tij
! ! ! ! ’ !
x zhu',w')=—(xz,uw), t;=—  t =w;t,
( ) Cl( ) ij ,890 1
1 _ (1)% I 9 I ‘Q I I I 12
a __012 a, 06 —9—0, Q ——wl, Ty = 01Ty, To = W1Ty, Tq = W1Tg, (12)
Fy F,
F,'=— and F,/’=—"—
B0, B0,
where
* 2
2 _ u _ pC Cl
cf=— and wq = o

The relations between non-dimensional displacement components u, w and the dimensionless
potential functions g, 1 can be expressed as potential functions defined by

aq oY aq o
_Yq oy _9q9 9% 13
U=z Yo tar (13)

Upon introducing the quantities defined by Egs. (12)-(13) in Egs. (9)-(11), and suppressing the
primes, yields

2 272 M a 62 2
1+ a)V>—(1—€°V?) 1+m2§+ﬁ—a39 q— a6 =0, (14)
62
{172 — (1 - €272) (W_ a3ﬂz>}1/) =0 (15)
v2q —[£,a,v% — £,a: 26 =0 16
a;v-q vaq qa56t ( )

2 Kw

A+ T w Oolio?Ho?
= BTy L ay =-—, as = pC’ andM=%.
1

Where, aq :T, a; :7, as :Cl—z,
The initial and regularity conditions are given by

u(x,z,0) =0 =1u(x,z0),

w(x,z,0) =0=w(x,z0),

0(x,2,0)=0=0(x,z,0 for z>0—00<x < o0,

ulx,z,t) =w(x,z,t) =0(x,z,t) =0 for t>0 when 2z - oo,

Applying Laplace and Fourier Transform defined by

f(x,z5) = joof(x,z, t) e~stdt, (17)
0

f(Ez5) = foof(x,z,s)eigxdx. (18)

on Egs. (14)-(16), we obtain a system of equations
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(14 a)(—&+D%) — (1 +€%8 - EZDZ)(1 -1\;1.;2 + 5% — a302)] §—[a]0 =0, (19
[a,D% — €214 — [£,a,(D? — §7) — Lyass]6 = 0, (20)
[D? — &2 — (1 + €282 — €2D?)(s? — az0%]Y = 0. (21)

where £, =1+ Zfil%sr and L; =0+ 1o + Zfizrr—‘fsr.
From Egs. (18), (19) and (20), we obtain a set of homogeneous equations which will have a

nontrivial solution if determinant of coefficient [§,8,)]7 vanishes so as to give a characteristic
equation as

[D® + QD* + RD? + S1(§,0,¢) = 0. (22)

where Q= %{56511 + {13 + {812 + {glo}, R = _?1{{6(11{12 + (614 + (649011 + {oly3 +
(alofizh S =200z + Quad, P = —%Gs.

d 252 Ms 2 2
DZE' G=14+ay, {=1+¢€°E, (3=1+m2+s — az0”,
{o =1+ a8%0s =s* —a30? {s=1+4+0€? (=0 +3€ {g=Lyay, (o=8 +0,
$ro = a2%8%, {11 = Lyay8 + Lgass, (12 = 48 + 803, {13 = axs.

The roots of the Eq. (22) are +4; (i = 1,2,3) satisfying the radiation condition that §, 8,1 —
0 as z — oo, the solutions of equation can be written as

G =Ae™M% + Ae %% + Aze7e7, (23)

6 = diAe ™7 + d,A,e 2% + dyAze 5%, (24)

lﬁ = llAle_Alz + leze_Azz + l3A3e_A3Z, (25)
P2+ QA4 + R

R i=123, (26)
TN+ U*A° + v

I, = A i=1,2,3, (27)

T* LY+ U2+ Ve
where
P =0 Q" =-0(lo+012), R =000

T"=—{cCs, U"=0g0o+ {6C11, V' =—0o{11,
P =—{¢ls, Q™ =0gl12+ {611+ {13 R™ = —({11G12 + (14
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Fig. 1 Inclined load over a nonlocal isotropic magneto-thermoelastic solid

4. Applications

We consider a normal line load F; per unit length acting in the positive z-axis on the plane
boundary z = 0 along the y-axis and a tangential load F, per unit length, acting at the origin in
the positive x-axis. The boundary conditions are

tZZ(x' Z, t) = _Fllrbl (X)H(t), (28)

txz(x: Z, t) = _FZIIJZ (X)H(t), (29)
a —_—

Ew(xl,xg,t) = 0. (30)

where, F; and F, are the magnitude of the forces applied, ¥,(x) and ¥,(x) specify the
vertical and horizontal load distribution function along x axis and H(t) is the Heaviside unit step

function given by
0, t<o0
H() = {1, t>0

Applying the Laplace and Fourier transform defined by Eqs. (17) and (18) on the boundary
conditions (28)-(30) and then using the dimensionless quantities defined by Eq. (12) and using Eqgs.
(4), (8), (13) and substituting values of §,8,9 from Egs. (23)-(25), and solving, we obtain the
components of displacement, normal stress, tangential stress and conductive temperature as

— 3 — 3
o Flz/;lA(a {Z Mlie-%’z} . le/;zA(f) {Z le-e-ﬂiZ}, -
i=1 i=1

— 3 — 3
W= %2(5){2 diM1i€_AiZ} + %Z(S){Z diMzie_AiZ}' (32)
i=1 i=1
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—~ 3 — 3
A Fllpl(f) Az FZIPZ(S) -z
6 = A ; [;My;e } + A {; liMy;e }

3

—_— 3 —_—
S ATHC)) BRG] _}
tZZ = dlM i€ Aiz + — dlM i€ Aiz ,
; . > dim,

sA sA ;
=1
— 3
_ Fll) (f) lel’z(f) Yy
for = —— zAleu t— EAziMZie Az,
=1

Fh ) (s Fy (©)
f;(; = L SZ {Z SiMlL'e_/liZ +% ZSL'MZie_AiZ}'
i=1 i

where

3
A: Z M3iTi )

i=1
Miq = Aypl33 — A3p033, Myp = Ap1833 —A3qly3, Myz = AzpA51 — Az14y,,
Myq = Np3, My, = Ny3z, Myz = Ny,
M31 = A22A33 + A35023, M3y = ApqAsz3 + AzqAp3, Msz = AgpA51 + Azq4,,,
=&dj— %, A3j=1Ld,  Nj=X4di(A+20) + BLL(4 — Ap).
5. Special case

5.1 Concentrated force

The solution due to concentrated normal force on the half space is obtained by setting

Y1 (x) = 6(x), Yo (x) = 6(x),

where &(x) is dirac delta function.
Applying Laplace and Fourier transform, we obtain

i) =1  P=1

(33)

(34)

(35)

(36)

(37

Using Eq. (37) in Egs. (31)-(36), the components of displacement, stress and temperature are

obtained.

6. Particular cases

Suppose an inclined load, F, per unit length is acting on the y-axis and its inclination with z-

axisis 0, 1.e.
F; =Fycos® and F, =F,;sin®

(3%)
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Using Eq. (38) in Egs. (31)-(36), we obtain the expressions for displacement components,
stress components and temperature for concentrated force on the surface of a homogeneous
isotropic magneto-thermoelastic solid.

o If € =0, then from Egs. (31)-(36), the corresponding expressions for displacements,
stresses and conductive temperature for isotropic solid with local effects are obtained.

e If O =0, then from Egs. (31)-(36), the corresponding expressions for displacements,
stresses and conductive temperature for isotropic solid without rotation and with nonlocal
effects are obtained.

e If ) =€ =0, then from Egs. (31)-(36), the corresponding expressions for displacements,
stresses and conductive temperature for local isotropic solid without rotation are obtained.

7. Inversion of the transformation

To obtain the solution of the problem in physical domain, we must invert the transforms in Egs.
(31)-(36). Here the displacement components, normal and tangential stresses and conductive
temperature are functions of z and the parameters of Laplace and Fourier transforms s and ¢
respectively and hence are of the form f (&, z,s). To obtain the function f(x, z,t) in the physical
domain, we first invert the Fourier transform using the formula

~ 1 r® . . 1 r®
frzs) =5 f e~i5% (€, 7,5)dE = f leos(§) f, = isin(x) foldg. (39)

—00

where, f, and f, are respectively the even and odd parts of f(&,z,s). Thus the expression (39)
gives the Laplace transform f(x,z,s) of the function f(x,z, t). Following Honig and Hirdes, the
Laplace transform function f(x,z,s) can be inverted to f(x, z,t).

The Last step is to calculate the integral in Eq. (39). The method for evaluating this integral is
described in Press at al. It involves the use of Romberg’s integration with adaptive step size. This
also uses the results from successive refinements of the extended trapezoidal rule followed by
extrapolation of the results to the limit when the step size tends to zero.

8. Numerical results and discussion

Magnesium material is chosen for the purpose of numerical calculation which is isotropic and
according to Dhaliwal and Singh (1980), physical data for which is given as

A=9.4x101Nm2, p=3278 x 101°Nm™2, K*=17x%x10’Wm~ 1K1,

p=174x 103Kgm=3, 6, = 298K, C* =104 x 102/Kg~'deg1,
107°
Uo =4m X 1077Hm™L, g = e Fm™1, Hy=1/m ™ nb™1.

Using the above values, a comparison of values of displacement components u and w, stress
components t,,, tyy, t;, and temperature 6 for a homogeneous isotropic nonlocal magneto-
thermoelastic solid with distance x has been made and the effects of rotation and inclination has
been depicted for local parameter (¢ = 0) and non local parameter (¢ = 2), for A =0 and Q =



32 Parveen Lata and Sukhveer Singh

0.5 and angle of inclination ® = 30° and © = 45°.

1) The solid black colored line with center symbol square corresponds to local parameter (€ =

0) and Q= 0.
2) The dashed reddish colored line with center symbol circle represents local parameter (€ =
0) and Q = 0.5.

3) The dotted blue colored line with center symbol upward triangle corresponds to nonlocal
parameter (¢ = 2) and Q = 0.

4) The dashed-dotted purplish colored line with center symbol downward triangle represents
nonlocal parameter (e = 2) and Q = 0.5.

Fig. 2, shows the variations of the displacement component u for isotropic magneto-
thermoelastic medium with rotation and nonlocal effects at ® = 30°. It is clear that the values of
u follow oscillatory pattern. For € = 0 and () = 0, the variations are increasing rapidly for 0 <
x < 2 while later on it follows oscillatory path. Same way all other values for different € and ()
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Fig. 2 Variation of displacement component u with displacement x at @ = 30°
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Fig. 3 Variation of displacement component u with displacement x at © = 45°
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Fig. 7 Variation of stress component t,, with displacement x at ® = 45°

follows perfectly oscillatory path from beginning to end. Fig. 3 depicts the variation of values of
displacement component u at ® = 45°, The pattern is oscillatory with a clear difference between
values for local and non-local parameters. the values of u follow oscillatory pattern. For € = 2
and Q = 0.5, the variations are increasing rapidly for 0 < x <2 while later on it
followsoscillatory path. Figs. 4 and 5 describe the variations of the displacement component w for
isotropic magneto-thermoelastic medium with rotation and nonlocal effects at ® = 30° and © =
459 respectively. It is clear that the values of w follow oscillatory pattern. For € = 0 and Q =
0.5, the variations are increasing rapidly for 0 < x < 2 while later on it follows oscillatory path
with more clearly visible oscillations for ® = 45°, but the nonlocality effects are dominant for all
values. Figs. 6 and 7 shows the variation of stress component t,, for @ = 30° and © = 45°
respectively. Here too the behavior followed is oscillatory with more variations for € = 0 and
Q0 =0.5 for x >8 at ® =30° while the values decrease rapidly for 0 < x < 2 at 0 = 459,
Figs. 8 and 9 shows the variation of stress component t,, for ® = 30° and @ = 45°
respectively. Here too the behavior followed is oscillatory with nonlocality effects clearly visible
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for both angles of inclination. Figs. 10 and 11 shows the variation of stress component t,, for
©® =30° and © = 45° respectively. The behavior followed is oscillatory with a rapid decrease in
values for e =2 and Q=0 for 0 < x <2 at ® = 45° while there is a rapid increase for the
values for e =2 and Q=0 and e =2 and Q= 0.5 for 0 <x < 2 at ® = 30°. Figs. 12 and
13 shows the variation of temperature 6 for ® = 30° and © = 45° respectively. The pattern
followed is oscillatory for all the values with only exception being a slight and rapid decrease in
values for e =2 and Q = 0.5 for 0 < x < 2 at both the inclination angles. Also, the effects for
nonlocality and rotation are clearly visible from the graphs.

9. Conclusions

In the above discussion the combined effects of nonlocal parameter, rotation and inclined load
on the components of displacements, stresses and temperature have been examined in a nonlocal
magneto-thermoelastic solid with Hall current and rotation. It is observed that nonlocality is
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playing a significant effect on displacement components, stress components and temperature and
the effects of magnetic rotation and the angle of inclination of the applied load are clearly visible
along with local and nonlocal parameters. It is observed from the Figs. 2~13 that the trends in the
variations of the characteristics mentioned are similar with difference in their magnitude when the
concentrated forces are applied. Under the combined effects of nonlocality, rotation and inclined
load; all the components are following an oscillatory path with respect to variations in x. There are
differences in the magnitude for both local and nonlocal parameters and the magnitude increases
as rotational effect and nonlocal effect are introduced in most of the cases. The results obtained
give an inspiration to study nonlocality further in magneto-thermoelastic materials. The results of
this paper can be helpful for the researchers working in the field of material engineering,
geophysics, marine engineering, acoustics etc., for analysis of deformation field around mining
tremors.
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