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Abstract.  The implementation of a robust H∞Control, which is numerically efficient for uncertain nonlinear 
dynamics, on longitudinal and lateral autopilots is realised for a quarter scale Piper J3-Cub model accepted as an 
unmanned aerial vehicle (UAV) under the condition of sensor noise and disturbance effects. The stability and control 
coefficients of the UAV are evaluated through XFLR5 software, which utilises a vortex lattice method at a pre-
defined flight condition. After that, the longitudinal trim point is computed, and the linearization process is performed 
at this trim point. The “𝜇-Synthesis”-based robust H∞ control algorithm for roll, pitch and yaw displacement 
autopilots are developed for both longitudinal and lateral linearised nonlinear dynamics. Controller performances, 
closed-loop frequency responses, nominal and perturbed system responses are obtained under the conditions of 
disturbance and sensor noise. The simulation results indicate that the proposed control scheme achieves robust 
performance and guarantees stability under exogenous disturbance and measurement noise effects and model 
uncertainty.   
 

Keywords:  aerodynamic; aeroplane equation of motion; flight control; nonlinear control; robust H∞ 
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1. Introduction 
 

Nowadays UAVs are challenged to perform a wide mission spectrum efficient and accurate. 

Controlling UAVs is a competitive task since UAVs possess multi-input-multi-output (MIMO), 

underactuated, unstable and highly coupled system characteristics. Complete system dynamics 

information is necessitated to control this kind of nonlinear system. Since the system parameters 

are related with the operational conditions and subjected to the wear and tear effects, which leads 

to the parameter variance, UAVs carry parametric uncertainties, which drive the controller 

designed based on the nominal model to instability or performance degrade. There also exists a 

different kind of uncertain nonlinearity (such as nonlinear friction force, backlash, etc.), which is 

not able to be modelled accurately. Many control algorithms based on robust and adaptive control 

theory in the literature were proposed to handle uncertain nonlinear dynamics (Narendra et al. 

1980, Ioannau and Sun 1991, Ioannau and Sun 1996, Ioannau and Datta 2006, Hassan and Rao 
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2005, Chang 2003, Wang et al. 2001, Buttler 1992, Aström and Wittenmark 2009, Guo et al. 2011, 

Tao and Joshi 2001, Ioannou and Kokotovic 1984, Tao 2003). The difference between a robust and 

adaptive controller can be stated that; a robust controller, which may utilise extreme actions to 

accomplish the goal, is designed to operate under the worst-case condition assumption. 

Opposingly, an adaptive controller conducts an online estimation of the process uncertainty and 

then produces a control input to predict, overcome or suppress the undesirable deviations from the 

preplanned closed-loop plant behaviour. Besides, these controllers can be designed to “learn” or 

equivalently to capture previously done events. For example, a tracking error integrator in a 

feedback loop, which accumulates and integrates regulation errors based on previous and current 

data, is a learning controller (Lavretsky and Wise 2013). As a result, the utilisation of robust and 

adaptive controllers is crucial in maintaining closed-loop stability, applying robustness to 

uncertainties and ensuring target performance. The lateral and longitudinal dynamics of aircraft 

has been controlled via robust 𝐻∞ control method (Giacoman-Zarzar et al. 2008, Mystkowski 

2013, Mystkowski 2014, Dorobantu et al. 2012).     

In this paper, a robust 𝐻∞ algorithm was constructed for both longitudinal and lateral 

linearized nonlinear dynamics of the fixed wing UAV via novel “𝜇-Synthesis” methodology. 

Control and stability coefficients of the UAV were calculated using XFLR5 software implemented 

in MATLAB. Nonlinear equations of motion (EOM) were obtained using Newton's second law 

and kinematic relations. These nonlinear EOM were constructed in Simulink and then solved with 

the 4th order Runge-Kutta method. Longitudinal trim point of the UAV was evaluated through the 

Gauss-Seidel iteration method at a given flight condition. After that, the linearization process was 

conducted at the calculated trim point. Roll, pitch and yaw displacement autopilots were built 

based on the root locus method and utilized as reference models for performance evaluation. 

Afterwards, robust autopilots were designed and simulated in SIMULINK considering disturbance 

and measurement noise effects. According to the results of the controller performances, closed-

loop frequency responses, nominal and perturbed system responses, it can be deduced that the “𝜇-

Synthesis” methodology is a quite good solution for controlling UAV dynamics under the 

aforementioned conditions.     

 

 

2. Mathematical model of the UAV 
 

Before controlling UAV, a satisfactory mathematical model must be derived by stating UAV 

geometric parameters, flight conditions and EOM, respectively. Therefore, a linearised 

mathematical model of the quarter scale Piper J3-Cub were constructed from its stability 

coefficients. To alter the aircraft body into a determined state from its current state, the external 

moments and forces should be applied. An aircraft control surface produces the external force or 

moment exerting to the aircraft body. The force or moment occurrence mechanism related with the 

aerodynamics law can be described as the movement of the control surface on its hinge axis when 

a pilot or control system transmits a command signal to the control surface. Pulse width 

modulation (PWM) controlled R/C servo motors are the actuator of the control surfaces. In the 

conventional aircraft, three primary control surfaces are named as “aileron, rudder and elevator”. 

While aileron generates moment on the 𝑥-axis, elevator and rudder produce moments on 𝑦 and 𝑧-

axis, respectively. Aileron is responsible from roll motion, elevator and rudder control pitch and 

yaw motion, respectively (McLean 1990). The 6-DOF motion of an aerial vehicle is decomposed 

into a steady-state motion. The perturbation dynamics are captured near an operating point by  
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(a)  

 
(b) 

Fig. 1 (a) The picture of the Piper J3-Cub with reference frame and control surfaces (Abuhashim and 

Sukkarieh 2012) and (b) Aircraft operational flight envelope as a function of altitude and air-speed 

(Lavretsky 2013) 

 
Table 1 Geometric specifications of the UAV and flight initial conditions (Du 2011)  

Geometric Specifications of the UAV Initial Conditions of the Flight 

Wing Span 2680,5 𝑚𝑚 Ix 0,9036 𝑘𝑔𝑚2 Cruise Speed 15 
𝑚

𝑠
 

Wing Chord 400 𝑚𝑚 Iy 0,8196 𝑘𝑔𝑚2 Altitude 150 𝑚 

Fuselage Length 1727 𝑚𝑚 Iz 1,4721 𝑘𝑔𝑚2 Air Density 1,2075 
𝑘𝑔

𝑚3 

Weight 5,5 𝑘𝑔 Ixz 0,0648 𝑘𝑔𝑚2 
Initial Angle of 

Attack 
0° 

Wing Area 1,02 𝑚2 Ixy 0 𝑘𝑔𝑚2 
Initial Angle of 

Sideslip 
0° 

Wing Profile 𝑈𝑆𝐴35 − 𝐵 Iyz 0 𝑘𝑔𝑚2 Initial Roll Angle 0° 

Center of 

Gravity-x 
−500 𝑚𝑚 

Center of 

Gravity-z 
12 𝑚𝑚 

Initial Pitch 

Angle 
0° 

Center of 

Gravity-y 
0 𝑚𝑚  Initial Yaw Angle 0° 

 

 

conducting a trimming process, which means to finding a balance or equilibrium among 

aerodynamic, propulsive and gravitational forces and moments acting on the UAV. A reduced  
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Table 2 Stability and control derivatives of the UAV  

Stability Derivatives 

Derivatives of 

Lift Coefficient 

Derivatives of 

Drag Coefficient  

Derivatives of 

Side Force 

Coefficient 

Roll 

Derivatives 

Pitch 

Derivatives 

Yaw 

Derivatives 

𝐶𝐿𝛼
 5,0996 𝐶𝐷𝛼

 0,1745 𝐶𝑦𝛼
 0 𝐶𝑙𝛼  0 𝐶𝑚𝛼

 -2,5927 𝐶𝑛𝛼
 0 

𝐶𝐿𝛽
 0 𝐶𝐷𝛽

 0 𝐶𝑦𝛽
 -0,2067 𝐶𝑙𝛽

 -0,010605 𝐶𝑚𝛽
 0 𝐶𝑛𝛽

 0,1071 

𝐶𝐿𝑝
 0 𝐶𝐷𝑝

 0 𝐶𝑦𝑝
 -0,00815 𝐶𝑙𝑝

 -0,51261 𝐶𝑚𝑝
 0 𝐶𝑛𝑝

 -0,0276 

𝐶𝐿𝑞
 8,4994 𝐶𝐷𝑞

 0,1885 𝐶𝑦𝑞
 0 𝐶𝑙𝑞 0 𝐶𝑚𝑞

 -17,212 𝐶𝑛𝑞
 0 

𝐶𝐿𝑟
 0 𝐶𝐷𝑟

 0 𝐶𝑦𝑟
 0,2179 𝐶𝑙𝑟

 0,047953 𝐶𝑚𝑟
 0 𝐶𝑛𝑟

 -0,1219 

Control Derivatives Unsteady Derivatives 

Elevator Aileron Rudder  

𝐶𝐿𝛿𝑒
 0,4528 𝐶𝑦𝛿𝑎

 -0,007426 𝐶𝑦𝛿𝑟
 0,15505 𝐶𝑚𝛼

.  -5,982 𝐶𝑦
𝛽
.  -0,078   

𝐶𝐷𝛿𝑒
 0 𝐶𝑙𝛿𝑎

 0,3318 𝐶𝑙𝛿𝑟
 0,002908 𝐶𝑛𝛼

.  -2,976 𝐶𝑛
𝛽
.  -0,292   

𝐶𝑚𝛿𝑒
 -1,646 𝐶𝑛𝛿𝑎

 -0,015714 𝐶𝑛𝛿𝑟
 -0,08853       

 

 

tractable form of the nonlinear fully coupled 6-DOF aircraft dynamics obtained by utilizing such a 

decomposition is suitable for control design and analysis purposes. An aircraft is trimmed by 

adjusting its primary controls to values that would satisfy the desired steady-state flight conditions 

(Lavretsky 2014). From mathematical terms, it is derived that a system has an equilibrium pair 

(𝑥
⇀

eq, 𝑢
⇀

eq) in 𝑥
.
= 𝑓(𝑥, 𝑢),    𝑦 = ℎ(𝑥, 𝑢) such that the translational and angular accelerations take 

the value of zero (Khalil 2015, Valavanis 2015).    

0 = 𝑓(𝑥
⇀

eq, 𝑢
⇀

eq) 

Accelerated flight equilibrium or steady-state flight conditions should be determined before 

constructing the mathematical model. The picture of the Piper J3-Cub with the coordinates and 

control surfaces was demonstrated in Fig. 1(a). An aircraft operates at the multiple distinct 

equilibrium points throughout the UAV flight operational envelope as depicted in Fig. 1(b).  

The longitudinal and lateral-directional modes, which are necessitated to analyse system 

equations, are obtained after decomposing the aircraft dynamics by trimming at flight conditions. 

The force equations in 𝑥 and 𝑧  directions and pitching moment equations comprise the 

longitudinal mode. The lateral mode consists of the force equation in 𝑦 direction, rolling and 

yawing moment equations. The detailed procedure of deriving these two kinds of equation systems 

is represented in APPENDIX-I. The applied forces and moments acting on the UAV comprise 

gravitational, aerodynamic and the thrust part, respectively. 

The aerodynamic forces and moments are given in APPENDIX-II. Nonlinear EOMs were 

structured based on Newton’s second law and kinematic relationships after calculating the 

coefficients and moments of inertias. It can be observed that there exist three longitudinal 

dynamical, three lateral dynamical, three kinematic and three coordinate equations. These 

nonlinear equations are solved through fourth order Runge-Kutta method in SIMULINK. 

Geometric specification and flight conditions of a quarter scale Piper J3-Cub are tabulated in Table 

1. 
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Table 3 UAV trim point 

UAV trim point for U0 = 15
𝑚

𝑠
, ℎ = 150 𝑚,𝑚 = 5,5 𝑘𝑔 

Trimmed 𝛿𝑇 0,0143 

Trimmed 𝛿𝑒 0,0165° 

Trimmed 𝛼 −0,1314° 

Lift Force 53,9158 𝑁 

Drag Force 2,6877 𝑁 

Thrust Force 2,6902 𝑁 

Pitching Moment Coefficient 0,0015 

Pitching Moment 0,0878 𝑁 

 
 
2.1 Stability and control derivatives 
 

The stability coefficients of the quarter scale Piper J3-Cub are calculated through the help of 

XFLR5 program. The XFLR5 is software which could evaluate the stability coefficients by 

applying 3-D vortex lattices method. Wings, ailerons, horizontal stabiliser, elevator, vertical 

stabiliser and rudder geometries are sketched. After creating the geometry, trim conditions are 

specified. Analysis results are presented in Table   

 

2.2 Calculation of the trim conditions 
 

The pitching moment must be equal to zero (𝐂𝐦 = 𝟎) to provide the longitudinal trim 

condition of a UAV in cruising flight. For a steady state horizontal flight, the following 

assumptions must be taken into consideration.     

  

𝜃 = 𝛼 

𝑢
.
, 𝑤

.
, 𝑞

.
, 𝑝, 𝑟, 𝜙 = 0 

Eq. (1)-(3) can be obtained by substituting aerodynamic force and moment equations in the 

APPENDIX-II into the longitudinal motion equations, which are given in APPENDIX-I. 

0 = mgsin(𝛼) − (𝐶𝐷0
+ 𝐶𝐷𝛼

𝛼 + 𝐶𝐷𝛿𝑒
𝛿𝑒)QScos(𝛼) + (𝐶𝐿0

+ 𝐶𝐿𝛼
𝛼 + 𝐶𝐿𝛿𝑒

𝛿𝑒)QSsin(𝛼) + 𝑇max𝛿𝑇cos(𝜙𝑇) (1) 

0 = mgcos(𝛼) − (𝐶𝐷0
+ 𝐶𝐷𝛼

𝛼 + 𝐶𝐷𝛿𝑒
𝛿𝑒)QSsin(𝛼) − (𝐶𝐿0

+ 𝐶𝐿𝛼
𝛼 + 𝐶𝐿𝛿𝑒

𝛿𝑒)QScos(𝛼) + 𝑇max𝛿𝑇sin(𝜙𝑇) (2) 

0 = (𝐶𝑚0
+ 𝐶𝑚𝛼

𝛼 + 𝐶𝑚𝛿𝑒
𝛿𝑒)QSc − 𝑇max𝛿𝑇𝑧𝑇 (3) 

These equations correspond to 𝑥-force, 𝑧-force and pitching moment equation, respectively. 

𝛿𝑇, 𝛼, 𝛿𝑒 are acquired from Eq.(1)-Eq.(3) and solved by using the Gauss-Seidel method. The 

results are presented in the Table 3.    

The comparison of the aircraft mass vs lift force and drag force vs thrust force should be made 

for a longitudinal trim point. The mass of the aircraft must be equal to the lift force, and the drag 

force must be equal to the thrust force to achieve a trim point. Also, the pitching moment 

coefficient is almost zero. As a conclusion of the trimming analysis, the linearization can be 
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performed at this trim point. 

 

2.3 Linearization of the nonlinear EOMs at the trim conditions 
 

At the calculated trim point, sufficient forces and moments are stated to sustain longitudinal 

stability. The stability and control derivatives, which are presented in Table 2, are utilised for 15 
𝑚

𝑠
 

forward velocity, 150 𝑚 altitude, 5,5 kg UAV mass and nearly zero angle of attack and sideslip 

angle. The nonlinear equations developed are linearized and simplified by using small-disturbance 

theory.  

In applying small-disturbance theory, it can be assumed that the motion of the aeroplane 

consists of small deviations about a steady flight condition. This theory cannot be applied to 

problems in which large-amplitude motions are to be expected (e.g. spinning or stalled flight). 

Reference value plus a perturbation replaces all the variables in nonlinear equations. The 

propulsive force remains constant, and the reference flight condition is symmetric. The 

aerodynamic forces and moments are expressed as a function of all motion variables. The 

linearised EOM for longitudinal and lateral modes are presented in the following expressions. 

Longitudinal EOM 

(
𝑑

dt
− 𝑋𝑢)Δu − 𝑋𝑤Δw + gcos(𝜃0)Δθ = 𝑋𝛿𝑒

Δδ𝑒 + 𝑋𝛿𝑇
Δδ𝑇   (4) 

−𝑍𝑢Δu + [(1 − 𝑍𝑤
. )

𝑑

dt
− 𝑍𝑤]Δw − [(𝑈0 + 𝑍𝑞)

𝑑

dt
− gsin(𝜃0)]Δθ = 𝑍𝛿𝑒

Δδ𝑒 + 𝑍𝛿𝑇
Δδ𝑇 (5) 

−𝑀𝑢Δu − (M𝑤
. 𝑑

dt
+ 𝑀𝑤)Δw + (

𝑑2

dt2
− M𝑞

𝑑

dt
)Δθ = 𝑀𝛿𝑒

𝛥δ𝑒 + 𝑀𝛿𝑇
𝛥δ𝑇  (6) 

Lateral EOM 

(
𝑑

dt
− 𝑌𝑣)Δv − 𝑌𝑝Δp + (𝑢0 − 𝑌𝑟)Δr − gcos(𝜃0)Δϕ = 𝑌𝛿𝑟

Δδ𝑟  (7) 

−𝐿𝑣Δv + (
𝑑

dt
− 𝐿𝑝)Δp − (

𝐼xz

𝐼𝑥

𝑑

dt
+ 𝐿𝑟)Δr = 𝐿𝛿𝑎

Δδ𝑎 + 𝐿𝛿𝑟
Δδ𝑟  (8) 

−𝑁𝑣Δv − (
𝐼xz

𝐼𝑧

𝑑

dt
+ 𝑁𝑝)Δp + (

𝑑

dt
− 𝑁𝑟)Δr = 𝑁𝛿𝑎

Δδ𝑎 + 𝑁𝛿𝑟
Δδ𝑟  (9) 

In conclusion, longitudinal and lateral stability parameters (derivatives) are shown in 

APPENDIX-III. 

 

2.4 Linear longitudinal model 
 

The longitudinal dynamics of the UAV is composed of forward, vertical and pitching motions, 

which are decomposed into fast (short-period) and slow (phugoid) modes. The main distinction 

between these modes is the time-scale separation. In the short-period mode, there exists a quick 

coupling among the angle of attack and pitch rate. The phugoid mode demonstrates a relatively 

slower dynamic interchange between the altitude and airspeed. These modes are emerged after 

linearising the UAV model around an equilibrium point (trim point). It is assumed that the thrust 

line is aligned with the 𝑥-axis of the UAV (Nelson 1998).     
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 Rewriting the Eq.(4)-Eq.(6) in the state-space form (𝑥
.
= 𝐴long𝑥 + 𝐵long𝑢 ; 𝑦 = 𝐶long𝑥 +

𝐷long𝑢) yields 

[
 
 
 
𝛥𝑢

.

𝛥𝑤
.

𝛥𝑞
.

𝛥𝜃
.
]
 
 
 
= [

𝑋𝑢 𝑋𝑤 0 −𝑔
𝑍𝑢 𝑍𝑤 𝑈0 0

𝑀𝑢 + 𝑀𝑤
. 𝑍𝑢 𝑀𝑤 + 𝑀𝑤

. 𝑍𝑤 𝑀𝑞 + 𝑀𝑤
. 𝑈0 0

0 0 1 0

] [

Δu
Δw
Δq
Δθ

] +

[
 
 
 

𝑋𝛿𝑒
𝑋𝛿𝑇

𝑍𝛿𝑒
𝑍𝛿𝑇

𝑀𝛿𝑒
+ 𝑀𝑤

. 𝑍𝛿𝑒
𝑀𝛿𝑇

+ 𝑀𝑤
. 𝑍𝛿𝑇

0 0 ]
 
 
 
[
𝛿𝑒

𝛿𝑇
]     (10) 

The force derivatives of 𝑍𝑞  and 𝑍𝑤
.  are usually not contribute to the aircraft response. 

Therefore, these parameters are neglected to simplify the representation of the EOM in the state-

space form. Linear longitudinal state-space matrices are obtained by calculating the values in 

APPENDIX-III as follows 

𝐴long = [

−0.06729 1.052 0 −9.806
−1.346 −8.613 15 0
0.4848 −8.606 −20.95 0

0 0 1 0

]  𝐵long = [

0 3.6
−11.43 0
−107.5 0

0 0

] 

𝐶long = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]   𝐷long = [

0 0
0 0
0 0
0 0

] 

The matrix components in Eq.(10) represent constant stability and control derivatives of the 

UAV forces and moments concerning the longitudinal states and control inputs for a fixed flight 

condition. If the specific UAV parameter values of these derivatives are substituted into this model, 

most of the open-loop system eigenvalues are composed of a fast (short period) and slow (long 

period) pair of complex conjugate numbers. The time-scale separation in the longitudinal 

dynamics is derived through the help of this kind of decomposition.    

Long period (Phugoid) mode 

Deviations in pitch attitude, altitude and forward velocity take place at a nearly constant angle 

of attack and pitching moment equation is neglected in the long period (phugoid) mode (Δα ⟶
0, 𝛥𝑤 ⟶ 0) (Nelson 1998). The damping of this mode is affected by the ratio of the drag to the 

lift. The lift force is constant and equal to the weight of the UAV in a straight flight. Therefore, it 

can be derived that the damping ratio of the phugoid mode is proportional to the total drag force. If 

the speed of the UAV increases, the total drag force and phugoid mode damping ratio will increase 

too. At the same time, when the altitude at constant speed is getting higher, the phugoid mode 

damping ratio decreases due to the decrease in drag force, which arises from the lower air density 

at higher altitude. The long period oscillations are not represented in this mode because they are 

quite small compared to the magnitude of oscillations obtained from the linear longitudinal model. 

Thus, the phugoid mode approximation is not satisfactory for simulation and control purposes 

(Blakelock 1991).    

Short period mode  

After assuming Δu = 0, dropping the x-force equation and considering 𝛥𝛼 =
Δw

𝑈0
, the state-

space representation in Eq.(10) is transformed as the following expression  

[
𝛥𝛼

.

𝛥𝑞
.

𝛥𝜃
.
] =

[
 
 
 

𝑍𝛼

𝑈0
1 0

𝑀𝛼 + 𝑀𝛼
. 𝑍𝛼

𝑈0
𝑀𝑞 + 𝑀𝛼

. 0

0 1 0]
 
 
 
[
Δα
Δq
Δθ

] +

[
 
 
 

𝑍𝛿𝑒

𝑈0

𝑀𝛿𝑒
+

𝑀𝛼
.

𝑈0
𝑍𝛿𝑒

0 ]
 
 
 

𝛿𝑒            (11) 
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The linear longitudinal state-space matrices in short period mode are evaluated as follows 

𝐴longsp
= [

−8.613 1 0
−129.1 −20.95 0

0 1 0
] 𝐵longsp

= [
−0.762
−107.5

0
] 

𝐶longsp
= [

1 0 0
0 1 0
0 0 1

]   𝐷longsp
= [

0
0
0
] 

The dynamics of the UAV due to an elevator input are described using Eq.(11) on a short 

interval of time. The short-period system is suitable to develop robust and adaptive control 

methods for longitudinal autopilots. The natural frequency of the short period mode oscillation is 

proportional to the forward speed while damping ratio and altitude are constant. The damping ratio 

and natural frequency of the oscillation are proportional to √𝜌  (inversely proportional to 

altitude). The oscillation frequency and damping ratio are quite significant in short period motion 

analysis (Blakelock 1991). 

 

2.5 Linear lateral model 
 

The lateral dynamics of the UAV are derived by linearization of the 6-DOF system around a 

selected trim point assuming constant thrust, airspeed, and angle of attack. The lateral-directional 

EOM consist of the side force, rolling and yawing dynamics described in Eq.(7)-Eq.(9), which can 

be rearranged into the state-space form as the following expression  

[
 
 
 
𝛥𝑣

.

𝛥𝑝
.

𝛥𝑟
.

𝛥𝜙
.

]
 
 
 

=

[
 
 
 
𝑌𝑣 𝑌𝑝 −(𝑢0 − 𝑌𝑟) gcosθ0

𝐿𝑣 𝐿𝑝 𝐿𝑟 0

𝑁𝑣 𝑁𝑝 𝑁𝑟 0

0 1 0 0 ]
 
 
 
[

Δv
Δp
Δr
Δϕ

] +

[
 
 
 

0 𝑌𝛿𝑟

𝐿𝛿𝑎
𝐿𝛿𝑟

𝑁𝛿𝑎
𝑁𝛿𝑟

0 0 ]
 
 
 
[
𝛿𝑎

𝛿𝑟
]             (12) 

It is sometimes convenient to use the sideslip angle instead of the side velocity. These two 

quantities are related to each other in the following way    

Δβ ≃ tan−1 (
Δv

𝑈0
) 

Using the above relationship, Eq.(12) can be expressed regarding the sideslip angle as Eq. (13)   
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 𝛥𝛽
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]
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𝑈0

𝑌𝑝
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𝑌𝑟

𝑈0
)

gcosθ0

𝑈0

𝐿𝛽 𝐿𝑝 𝐿𝑟 0

𝑁𝛽 𝑁𝑝 𝑁𝑟 0

0 1 0 0 ]
 
 
 
 

[

Δβ
Δp
Δr
Δϕ

] +

[
 
 
 
 0

𝑌𝛿𝑟

𝑈0

𝐿𝛿𝑎
𝐿𝛿𝑟

𝑁𝛿𝑎
𝑁𝛿𝑟

0 0 ]
 
 
 
 

[
𝛿𝑎

𝛿𝑟
]                (13) 

Lateral state-space matrices are calculated as follows  

𝐴lat = [

−0.3478 −0.001225 −0.9673 0.6537
−4.366 −18.85 1.736 0
27.09 −0.623 −2.752 0

0 1 0 0

] 𝐵lat = [

0 0.2609
136.6 1.198

−3.971 −22.37
0 0

] 
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𝐶lat = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]   𝐷lat = [

0 0
0 0
0 0
0 0

] 

The resulting 4𝑡ℎ order lateral-directional linear model would be suitable for a control design 

where the goal is to regulate the UAV roll and yaw rates, as well as the angle of sideslip. 

Characteristic equation of the lateral-directional motion of the aircraft is composed of two distinct 

real roots and a pair of complex conjugate roots. These roots represent the lateral dynamics of the 

aircraft. Lateral modes are consisting of a slowly converged or diverged motion (spiral mode), a 

highly converged motion (roll mode), a lightly damped oscillatory motion with a low frequency 

(Dutch roll mode), respectively [McLean 1990].  

Spiral mode  

Spiral mode, which is a first order response and involves a relatively slow roll and yaw motion, 

may be stable or unstable concerning the aerodynamic specifications of the UAV. The main 

variables existing in the spiral motion are ϕ, 𝜓. 𝛽 remains close to zero. A high degree of lateral 

stability 𝐶𝑙𝛽 keeps the spiral motion in a stable region, whereas with a high degree of directional 

stability 𝐶𝑛𝛽
, the spiral motion tends to instability.       

Roll mode  

The roll mode, which is a first order response that involves almost pure rolling motion about 

the 𝑥-stability axis, has a real root on the left-hand side. The roll motion is usually stable at low 

and moderate angles of attack, but it can lose its stability at high angles of attack. The roll mode is 

stimulated by an atmospheric disturbance or an aileron input. When a step aileron input is applied 

to the UAV, an exponential rise in roll rate is emerged until a steady state value is achieved. The 

roll damping stability coefficient 𝐶𝑙𝑝 lead to control the value of the roll rate and roll mode time 

constant and is inversely proportional with these parameters. The magnitude of the roll damping 

𝐿𝑝 is a function of the size of the wing and tail surfaces.     

Dutch roll mode 

The Dutch roll mode is a second order response characterised by oscillations in the three 

lateral-directional motion variables β, ϕ, 𝜓, respectively. The Dutch roll mode generally starts 

with a sideslip perturbation followed by oscillations in roll and yaw angles. As the magnitude of 

𝐶𝑙β increases, roll coupling is,, observed during the Dutch roll oscillations.  

 

 

3. Robust 𝑯∞ controller design for the UAV 
 

3.1 Robust longitudinal attitude control system design 
 

The primary control objective is to design a closed-loop system with desirable pilot handling 

qualities that are robust to time delay and modelling uncertainty. Increased damping is the 

oscillatory modes required for satisfactory handling performance. Time domain performance 

specifications such as rise times must also meet pilot expectations. Gain and phase margins must 

satisfy a specific value to ensure robustness. 𝐻∞ optimization is posed as a model-matching 

problem utilizing an ideal tracking model to shape the pitch attitude response. Fig.2 shows 𝐻∞ 

synthesis interconnection for the longitudinal controller in SIMULINK. Actuator dynamics and 

first order Pade approximation of the time delay are included in the plant. 
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Fig. 2 𝐻∞ pitch controller synthesis interconnection for pitch attitude case 

 
Table 4 Weighting functions used to synthesise the longitudinal 𝐻∞ controller 

Weight Value 

𝑀𝑜𝑑𝑒𝑙𝜃  
502.72(−𝑠 + 64.52)

(𝑠2 + 5.6𝑠 + 16)(𝑠 + 31.42)(𝑠 + 64.52)
 

𝑃𝑒𝑟𝑓𝜃  
0.1𝑠 + 5.973

𝑠 + 0.176
 

𝐷𝑒𝑙𝑒𝑣  0.01 

𝑊𝑒𝑙𝑒𝑣  
0.8𝑠 + 42.91

𝑠 + 119.2
 

𝑁𝜃 0.01 

 

 
Fig. 3 The frequency response of the closed-loop system for pitch attitude control case 
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Fig. 4 Nominal and perturbed closed-loop system step responses for pitch attitude control case 

 

 
 

(a) Representing the uncertainty (b) Robust performance formulation 

Fig. 5 Robust performance scheme of an uncertain system 

 

 

Ideal models and weighting function are used by the 𝐻∞   framework to synthesize a 

controller. The desired input-output response is represented by an ideal tracking model. The 

bandwidth of the tracking model is set to achieve a desirable rise time in the closed-loop response. 

The ideal model is also augmented with actuator dynamics and a linear approximation of the time 

delay to improve controller performance. A frequency dependent performance weight is used to 

shape the closed-loop response to match the ideal system. Additional considerations include 

control effort penalty to avoid high gain in the controller and a measurement noise corruption to 

prevent plant inversion. Disturbance on the elevator is used to improve robustness. Table 4 

summarizes the weighting functions used for the longitudinal 𝐻∞ control synthesis optimization. 

The 𝜇 (𝑀𝑢) Toolbox in MATLAB was used to synthesise the 𝐻∞ longitudinal controller. 

Gamma value achieved is 0,4564. The controller transfer function was found as given below    

𝐾𝑠_𝑝𝑖𝑡𝑐ℎ =
4.198 (s+119.2) (s+64.52) (s+31.44) (s+20) (s+2.509) (s^2 + 6.814s + 33.54) (s^2 + 29.56s + 309.5)           

(s+64.52)(s+53.42)(s+31.41)(s+26)(s+7.761)(s+2.01) (s^2 + 7.453s + 30.71) (s^2 + 26.52s + 352.6)
  

The frequency response of the closed-loop control system is given in Fig. 3.  

The response is flat and the 𝐻∞ norm of the pitch attitude closed-loop system is  ‖𝑇𝑧𝑤‖∞ =
0.4564. The system response was tested for several allowed perturbations. Nominal and perturbed 

system responses was shown in Fig 4.  

These results demonstrate that the closed-loop damping is reduced. The general pitch angle 

tracking performance objective is satisfied under various perturbations. Robust performance 

formulation given in Fig. 5 was utilised to evaluate the amount of the system uncertainty.  
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(a) 

 
(b) 

Fig. 6 𝐻∞ lateral controller synthesis interconnection for (a) roll attitude case and (b) yaw attitude case 
 

 

∆ is a structured perturbation from an allowable uncertainty set, 𝑀 is the non-perturbed 

system model, 𝑃 is the generalized plant, 𝐾 is the robust controller, 𝑢 𝑎𝑛𝑑 𝑣 are system input 

and system output, respectively, 𝑑 and 𝑒 are the generalized disturbance and error, which define 

the performance objective, respectively. Note that the uncertainty block ∆ is assumed to be a 

diagonal-structured full complex matrix ∆∈ 𝐶𝑟×𝑝. It is possible to find robustness of a given 
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system by the help of the 𝜇 through the help of the following theorem:   

Theorem: The loop given in Fig. 5(b) is well-posed and internally stable for all ∆ with 
‖∆‖∞ ≤ 𝛽 if and only if sup𝜔∈ℛ (𝑀(𝑗𝑤)) ≤ 𝛽 (J.C. Doyle, 1982a; J.C. Doyle and G.Stein, 

1981, Doyle et al, 1982b) 

       

3.2 Robust lateral attitude control system design 
 

The lateral/directional dynamics of the UAV are governed by a very slow stable spiral mode, a 

fast lightly damped Dutch roll mode, and a slightly faster stable roll model. Actuator and time 

delay models as the same as they were for the longitudinal case. The design objectives for the 

lateral/directional controller are like those for the longitudinal controller. The closed-loop system 

must achieve satisfactory pilot handling performance and be robust for time delay and modelling 

uncertainty. For the lateral/directional closed loop system, damping is to be increased in the Dutch 

roll mode to reduce oscillations. An 𝐻∞  model-matching problem is posed for the 

lateral/directional controller, and the interconnections are shown in Fig. 6(a) and Fig.6(b) for roll 

and yaw attitude, respectively.   

Table 5 summarises the weighting functions used for the lateral/directional 𝐻∞ control 

synthesis optimization. 

The closed-loop lateral dynamics achieve higher damping in the Dutch roll mode but otherwise 

are like the open-loop response. The Mu-Toolbox in MATLAB [Dorobantu et al. 2012, Logan 

1994] was used to synthesise the 𝐻∞ lateral controller. Gamma value achieved is 1.1261 and 

2.3762 for the roll and yaw attitudes, respectively. The controller transfer function was found for 

the roll and yaw attitudes as follows 

𝐾𝑠_𝑟𝑜𝑙𝑙 =
34552.5671 (s+119.2) (s+20) (s+18.81) (s+3.31)  (s^2 + 0.9859s + 10.41) (s^2 + 3.186s + 27.74)(s^2 + 6.353s+2381)            

(s^2 +2.455∗104) (𝑠+2.523)(s^2 + 3.043s+26.97)(s^2 + 0.2646s+39)(s^2 + 49.94s+1042)(s^2 + 6.353s+2381)
  

𝐾𝑠_𝑦𝑎𝑤 =
2628018.5334 (s + 119.2) (s + 20) (s + 18.81) (s + 1.756)(s + 0.1344)   (s^2 +  2.974s + 7.262) (s^2 +  3.186s +  27.74)(s^2 +  6.353s + 2381)            

(s + 8.848 ∗ 105) (𝑠 + 53.52)(𝑠 + 25.37)(s + 0.9963)(s^2 +  2.721s + 7.448)(s^2 +  3.097s + 27.24)(s^2 +  21.13s + 159.9)(s^2 +  6.353s + 2381)
 

The frequency response of the closed-loop system is given in Fig. 7 (a) and Fig.7 (b) for roll 

and yaw attitude case, respectively.  

  

 
Table 5 Weighting functions used to synthesise the lateral/directional 𝐻∞ controller 

Weight Value 

𝑀𝑜𝑑𝑒𝑙𝜙/𝜓 
244.44(−𝑠 + 64.52)

(𝑠2 + 3.92𝑠 + 7.78)(𝑠 + 31.42)(𝑠 + 64.52)
 

𝑃𝑒𝑟𝑓𝜙/𝜓 
0.1𝑠 + 5.973

𝑠 + 0.176
 

𝐷𝑎𝑖𝑙/𝑟𝑢𝑑𝑑𝑒𝑟  0.01 

𝑊𝑎𝑖𝑙/𝑟𝑢𝑑𝑑𝑒𝑟  
0.8𝑠 + 42.91

𝑠 + 119.2
 

𝑁𝜙/𝜓 0.01 
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(a) Roll attitude case 

 
(b) Yaw attitude case 

Fig. 7 The frequency response of the closed-loop system 
 

 
(a) Roll attitude case 

 
(b) Yaw attitude case 

Fig. 8 Nominal and perturbed system responses 
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The responses are flat and the 𝐻∞ norm of the roll and yaw attitude closed-loop system are 
‖𝑇𝑧𝑤‖∞ = 1.1261, ‖𝑇𝑧𝑤‖∞ = 2.3762, respectively. 

The system response was tested for several allowed perturbations. Nominal and perturbed 

system responses were shown in Fig. 8 (a) and Fig.8 (b) for roll and yaw attitude case, 

respectively.  

In conclusion, the roll and yaw angle tracking and lateral performance are satisfied.  
 

 

4. Conclusions 
 

In this paper, the general procedure of modelling a UAV and robust autopilot design was 

presented. Evaluating the stability and control coefficients, which define the characteristics of the 

dynamical behaviours of the UAV, is essential for designing a high-performance autopilot.  

When system parameters are uncertain, or UAV is subjected to exogenous disturbance, the 

performance of the autopilots deteriorate. For this reason, the advantage of the non-adaptive or 

non-robust displacement autopilots, whose controllers have fixed gains on the feedback path, 

disappears. Therefore, the performance and robustness evaluation, which would greatly benefit as 

compared to equivalent properties of a baseline controller, was sought by designing a robust 𝐻∞ 

control framework utilized to synthesize a multivariable control architecture. Design objectives 

comprise robustness w.r.t sensor noise and exogenous disturbance. Moreover, the satisfactory pilot 

handling performance criterion for improving the reliability of flight control systems subjected to 

adverse conditions, such as faults or subsystem failures was developed. The robustness and 

stability of the pitch, roll and yaw autopilot was assured through proposed architecture. It can be 

inferred that a robust control strategy has the potential to improve a pilot’s ability to maneuver in 

the presence of disturbance, sensor noise and model uncertainty.  
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𝑦 Output signal 

𝑢 Control signal. 

𝐼𝑥 , 𝐼𝑦 , 𝐼𝑧 Moments of inertia about the roll, pitch and yaw axis, respectively 

𝐼𝑦𝑧 , 𝐼𝑥𝑧 , 𝐼𝑥𝑦 Products of inertia about the roll, pitch and yaw axis, respectively 

𝑚 Total mass of the UAV 

𝑝, 𝑞, 𝑟 Body angular rates at roll, pitch and yaw axis, respectively 

𝑢, 𝑣, 𝑤 Body linear velocity components at the roll, pitch and yaw axis, respectively 

𝐹Ax, 𝐹Ay, 𝐹Az  Aerodynamic force components at the roll, pitch and yaw axis, respectively 

𝐹Tx, 𝐹Ty, 𝐹Tz  Thrust force components at the roll, pitch and yaw axis, respectively 

𝐹Gx, 𝐹Gy, 𝐹Gz  Gravitational force components at the roll, pitch and yaw axis, respectively 

𝐿, 𝐷, 𝑇 Lift, drag, thrust forces, respectively 

𝑔 Acceleration due to gravity 

𝜙, 𝜃, 𝜓 Roll, pitch and yaw Euler angles, respectively 

𝛼 Angle of attack 

𝜙𝑇 Thrust angle 

𝐿𝐴, 𝑀𝐴, 𝑁𝐴 Aerodynamic moment components at the roll, pitch and yaw axis, respectively 

𝐿𝑇 , 𝑀𝑇 , 𝑁𝑇 Thrust moment components at the roll, pitch and yaw axis, respectively 

𝑄 Flight dynamic pressure 

𝑆 Wing platform area 

𝐶𝐷 Drag coefficient 

𝐶𝐷𝛼
 Derivative of the drag coefficient w.r.t angle of attack 

𝐶𝐷𝛿𝑒   Derivative of the drag coefficient w.r.t elevator deflection 

𝐶𝐷𝑞
 Derivative of the drag coefficient w.r.t pitch angular rate 

𝛿𝑎, 𝛿𝑒, 𝛿𝑟 Aileron, elevator and rudder deflection, respectively 
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𝐶𝐿  Lift coefficient 

𝐶𝐿𝛼
 Derivative of the lift coefficient w.r.t angle of attack 

𝐶𝐿𝛼
.  Derivative of the lift coefficient w.r.t rate of the angle of attack 

𝐶𝐿𝛿𝑒
 Derivative of the lift coefficient w.r.t elevator deflection 

𝐶𝐿𝑞
 Derivative of the lift coefficient w.r.t pitch angular rate 

𝑐 Characteristic length for longitudinal dynamic 

𝑏 Characteristic length for lateral dynamic 

𝑈0 Forward velocity of the UAV 

𝛽 Sideslip angle 

𝐶𝑦 Side force coefficient 

𝐶𝑦𝛽  Derivative of the side force coefficient w.r.t sideslip angle 

𝐶𝑦𝛽̇
 Derivative of the side force coefficient w.r.t rate of the sideslip angle 

𝐶𝑦𝛿𝑎
 Derivative of the side force coefficient w.r.t aileron deflection 

𝐶𝑦𝛿𝑟
 Derivative of the side force coefficient w.r.t rudder deflection 

𝐶𝑦𝑝
 Derivative of the side force coefficient w.r.t roll angular rate 

𝐶𝑦𝑟
 Derivative of the side force coefficient w.r.t yaw angular rate 

𝐶𝑙 Rolling moment coefficient 

𝐶𝑙𝛽
 Derivative of the rolling moment coefficient w.r.t sideslip angle 

𝐶𝑙𝛿𝑎
 Derivative of the rolling moment coefficient w.r.t aileron deflection 

𝐶𝑙𝛿𝑟
 Derivative of the rolling moment coefficient w.r.t rudder deflection 

𝐶𝑙𝑝
 Derivative of the rolling moment coefficient w.r.t roll angular rate 

𝐶𝑙𝑟 Derivative of the rolling moment coefficient w.r.t yaw angular rate 

𝐶𝑚 Pitching moment coefficient 
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𝐶𝑚𝛼
 Derivative of the pitching moment coefficient w.r.t angle of attack 

𝐶𝑚𝛿𝑒
 Derivative of the pitching moment coefficient w.r.t elevator deflection 

𝐶𝑚𝛼
.  Derivative of the pitching moment coefficient w.r.t rate of the angle of attack 

𝐶𝑚𝑞
 Derivative of the pitching moment coefficient w.r.t pitch angular rate 

𝐶𝑛  Yawing moment coefficient 

𝐶𝑛𝛽
 Derivative of the yawing moment coefficient w.r.t sideslip angle 

𝐶𝑛𝛽̇
 Derivative of the yawing moment coefficient w.r.t rate of sideslip angle 

𝐶𝑛𝛼
.  Derivative of the yawing moment coefficient w.r.t rate of the angle of attack 

𝐶𝑛𝛼
 Derivative of the yawing moment coefficient w.r.t angle of attack 

𝐶𝑛𝛿𝑟  Derivative of the yawing moment coefficient w.r.t rudder deflection 

𝐶𝑛𝛿𝑎
 Derivative of the yawing moment coefficient w.r.t aileron deflection 

𝐶𝑛𝑝
 Derivative of the yawing moment coefficient w.r.t roll angular rate 

𝐶𝑛𝑟
 Derivative of the yawing moment coefficient w.r.t yaw angular rate 

𝛿𝑇 Throttle setting 

𝑧𝑇 Distance from the thrust motor to the center of gravity in the z-direction 

 ℎ Flight altitude 

𝜌 Air density 
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