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Abstract.

In this paper we investigate the theory of micropolar thermoelastic bodies whose micro-particles possess

microtemperatures. We transform the mixed initial boundary value problem into a temporally evolutionary equation on a Hilbert
space and after that we prove the existence and uniqueness of the solution. We also approach the study of the continuous

dependence of solution upon initial data and loads.
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1. Introduction

The study of elastic materials with microstructure was
initiated by French Cosserat brothers 1909 and since then it
has been investigated intensively in the literature. Eringen
(1966) discussed the concept of micropolar continua which
was similar to the Cosserat continua. He introduced a
conservation law for the microinertia tensor as a particular
case of micromorphic continua. Some fundamental results
on micropolar bodies can be seen in Refs. Chirita and Ghiba
(2012), Dyszlewicz (2004), lesan (2004), Marin (1994),
Marin (1995). The classical elasticity ignores that the
response of the material to external stimuli heavily depends
on the motions of its inner structure. So, it is not possible to
consider this effect by ascribing only translational degrees
of freedom to material points of the body. We recall that in
the micropolar continuum theory, we have six degrees of
freedom, instead of the three described within the classical
elasticity. To describe the applied force on the surface
element, a couple stress tensor together with classical stress
tensor is introduced. Many papers devoted to the theory of
microstretch elastic bodies were presented (see e.g., Eringen
1999). This approach is a generalization of the micropolar
theory and it represents a particular case of the
micromorphic theory as well. According to this approach
each material point is equipped with three deformable
directors. A body denotes a microstretch continuum if the
directors fulfill only breathing-type microdeformations.
Other materials with microstructure are studied in Refs.
Marin (2010), Marin et al. (2014) and some considerations
on waves for micropolar bodies are available in Sharma and
Marin (2014), Straughan (2011), respectively.

The purpose of these approaches is to diminish the
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discrepancies between the classical elasticity and
experiments, bearing in mind that the classical elasticity is
unable to provide acceptable results when the effects of
material microstructure were known to contribute
significantly to the body’s overall deformations. Also, the
classical theory of elasticity cannot explain certain
discrepancies that appear in problems dealing with elastic
vibrations of high frequency and short wavelength.

Grot (see Grot 1969) is considered as the initiator of the
theory of bodies with micro-temperatures. He used the
approach of bodies with inner structure and developed a
theory of thermodynamics of elastic bodies with
microstructure whose microelements possess
microtemperatures. In this case, the entropy production
inequality is adapted to include the microtemperatures.
Thus, the first-order moment of the energy equations was
added to the well-known balance laws of a continuum with
microstructure. Besides, the theory of thermoelasticity with
microtemperatures was debated in various papers (see, for
instance, Chirita et al. (2012), lesan and Quintanilla (2000),
Scalia and Svanadze (2009)).

An intelligent supersize finite element method was
employed in the paper Kim et al. (2013) for the ultimate
longitudinal strength analysis.

In the paper Takabatake (2012), the existence and effect
of dead loads are proven by numerical calculations based on
the Galerkin method. Some very recent results regarding
micro-temperatures are presented in Othman et al. (20164,
b), Othman et al. (2016). In this paper we discuss the effect
of microtemperatures on the main characteristics of the
mixed initial boundary value problems for micropolar
thermoelastic bodies. It is important to note that the
presence of microtemperatures allows the transmission of
heat as thermal waves at finite speed. This mixed problem
is transformed into an abstract evolution equation on a
suitable Hilbert space. After that, by utilizing the results
from the theory of semi-groups of operators, we deduce the
existence and the uniqueness of solution. Also, the
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continuous dependence of solution upon the initial data and
loads is discussed.

2. Basic tools

Below we suppose that a bounded region B of R3? is
filled by a microstretch elastic body, referred to the
reference configuration and a fixed system of rectangular
Cartesian axes. Here B denotes the closure of B and 9B
represents the boundary of B, respectively. In this paper we
let 9B be a piecewise smooth surface and we denote by n;
the components of the outward unit normal to dB. The
motion of the body is analyzed with respect to a fixed
system of rectangular Cartesian axes Ox;, where i = 1,2,3.
Let u; be the coordinates of the displacement vector and
¢@; be the coordinates of the microrotation vector,
respectively. In addition, let ¢ be the microstretch function
and 6 be the temperature measured from the constant
absolute temperature T, of the body.

Below t;; are the components of the stress tensor and
m;; represent the components of the couple stress tensor
over B. Thus, the equations of motion for micropolar
thermoelastic bodies are given by lesan and Nappa (2005)

tji; + oF; = o,

My + Ejrtin + 06 = 1 P; 1)
The balance of the first stress moment has the form
Aij—o+olL =J¢. )

In these equations F; denote the components of the
body force, G; represent the components of the body
couple, L is the generalized external body load, ¢ denotes
the reference constant mass density, / and I;; = I;; are the
coeffcients of microinertia.

If T is the temperature within the body, we denote by
6 the temperature measured from the constant absolute
temperature T, in the body in its reference state, that is,
6 =T —T, We consider a generic microelement in the
reference configuration and denote by (X;) the coordinates
of its center of mass. If (X;) are the coordinates of an
arbitrary point in the body, then we can assume that the
absolute temperature in the body is a sum of the form

0 + Ti(X{ — X;), (3)

where the functions T; are microtemperatures. We will
denote by ¥; the microtemperatures measured from the
microtemperatures T in reference state, namely,9; = T; —
TP. The behavior of a micropolar thermoelastic body with
microtemperatures can be characterized using the above
mentioned variables u;, ¢;, ¢ and the variables y and t;,
defined by

x = [, 6dt, 7 = [ 9;dt, &)

in which, obviously, t, is a reference time. The
components of the strain tensors &;;,p; and y; are
defined as

gij = Uj; + & Proij = QY = Oy %)

Here &;;, denotes the alternating symbol.

Using a procedure analogous to that in lesan and
Quintanilla (2000), we obtain the constitutive equations for
an anisotropic and homogeneous micropolar thermoelastic
body with microtemperatures

tij = Aijmnsmn + Bijmn.“mn + aij¢ - aij)'( + DijmnTm,n'
m;; = Bijmngmn + Cijmn.umn + bijq> - .Bij)'( + EijmnTm,n'
A = Ayyj — diyT + Hijx ),
0 = ajj&; + by +{p — Ky + Fyty j,
on = ajj&; + Bijui; + kd +ax + Lyt ),
on; = dyy; + Byt + Cijx
Si = Hyyy — Gty + Kijx
Aij = Dijmn&mn + Eijmnltij + Fji® — LjiX + GijmnTmn
(6)
In the above equations, the used notations have the
following meanings: t;;,m;; and A; are the components
of the stress, A; are the components of the internal
hypertraction vector, o is the generalized internal body
load, n is the entropy per unit mass, n; is the first entropy
moment vector, S; is the entropy flux vector and 4;; is
the first entropy flux moment tensor.
Also, the quantities A;jmn, Bijmn, -+ Lji and Gijp,, are

characteristic constitutive coeffi-cients and they obey to the
following symme-try relations

Aijmn = AmnijrCijmn = Cmnij'Aij = Aji'

Bij = Bj;, Kij = Kj;,

a;; = @i, bij = by,
Dijmn = Djimn' Eijmn = Ejimn' Gijmn = Gmnij (7)
If we denote by ¢&; the internal rate of production of
entropy per unit mass and by H; the mean entropy flux
vector, then from the equation of energy we deduce the
relation

0 +S5;,—H; =0, 8)

wherein the meaning of S; was exposed above.

Also, if we denote by s the external rate of supply of
entropy per unit mass and by Q; the first moment of the
external rate of supply of entropy, we can write two more
equations of energy

on = S;; +os,
on; = A + 00 9)
We substitute the geometric Eq. (5) and the constitutive
Eqg. (6) into equations of motion (1), in balance of first
stress moment (2) and into equations of energy (9). Thus,
we get a system of partial differential equations in which
the unknown functions are u;, ¢;, ¢, ¥ and t;, namely
Aijmn(um,nj + Smnk¢k,j) + Bijmn¢n,mj + aij¢,j -
@ijX,j + DijmnTmnj + 0F; = oy,

Bijmn(um,nj + 5mnk<ﬂk,j) + Cijmn®Pnmj + bijdj — Bijx,; +
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EijmnTm,nj + gijk [Ajkmn(um,n + gmnk(pk) + Bjkmn(pn,m +
kP — X + DjgmnTmn| + 0Gi = 1;;,
Ay — dygty; + Hyxy — ag (W, + €@
—byj;i — (¢ — k¥ — Fyytyj + oL =],
Hyipi; — Dy + Kijxiy — i (5 + €5jepi)
—Bij®ji — Kk — aj = —os,
Dijmn(Umnj + Emnic®r,j) + EijmnPumj + Fu®j — DjiX
+GijmnTmnj — dijd ; — Byjt; = —0Q;
(10)
Here we used the notation D;; = C;; + L;;.
If we take into account the Dirichlet problem associated

to the system of Eq. (10), then the boundary conditions have
the form

U =U,0;=Pud =P x =1
T; = I_-i on 0B X (0, 00) (ll)

where 1ii;, ®;, ¢, ¥, T; are known functions.
For a boundary value problem of Neumann type, the
boundary conditions (11) are replaced as

tiny = &, myim; = my, 4ny; = 4,
S]n] = 5, Aﬂn] = ‘/Ti on dB X (0, 00) (12)

where, also, the functions ;,m;, 4, and A; are given.
In the following we restrict our considerations only on the
Dirichlet problem.

The mixed initial boundary value problem associated to
the system (10) is complete if we consider the initial
conditions, namely

u;(x,0) = uf (%), u;(x, 0) = uf (x),
9i(x,0) = @P(x), ;(x,0) = ¢} (x),
P(x,0) = ¢°(x), ¢(x,0) = p* (x),
x(x,0) = x°(x), ¥(x,0) = x*(x),
7;(x,0) = 7 (x), 7;(x, 0) = 7} (x) (13)

for any x € B. Here the functions u?,u}, @?, ot ¢°, @1, x°,
x1, 72 and t} are prescribed.

3. Qualitative results of the solutions

Below we investigate the existence and uniqueness of
solution of the mixed initial boundary value problem in our
context. Also, we obtain the continuous dependence of
solution with respect to the initial data and charges.

We assume that the functions, that appear in the
equations and the conditions formulated in Section 2, are
sufficiently regular on their domain of definition to allow
the mathematical operations.

For the next result of uniqueness, we need the following
auxiliary result.

Theorem 1. Among the variables that characterize the
deformation of a thermoelastic micropolar body with

microtemperatures the following equality holds true

tijeij + Myl + A+ od + onx +onti + Six,
+AijTi,j =

Aijmn€ij€mn + 2Bijmn€ijlmn + 20;;€;jP + 2D;jmn€ijTmn
+CijmnMtijlimn + 2bijllij® + 2E;jmnlijTmn + Aijdid
+2H;;¢x; + (D% + 2Fyt ;¢ + Kijxix s

+GijmnTmnTij + ax® + Byt (14)

Proof. Multiply each equation of the system of the
constitutive Eq. (6), namely t;;-&;;,m;-pj, A d;0-
¢,on- 1,8 x; and A -7 ;. Then, we add the equalities
which are obtained and considering the relations of
symmetry (7) we obtain the desired equality (14).

The quadratic form U is defined as follows

U= > [Aijmn€ij€mn + 2Bijmn€ijlmn + 20;€;;¢
+2Dijmn€ijTmn + Cijmnltijhmn + 2bijl;jd
+2E jmnlhijTmn + Aij @9 + 2H;jbix j +
(p*+ 2F;7 i + Kijxix; +  GijmnTmnTij]
(15)

We can state and prove the uniqueness of the solution of
the mixed initial boundary value problem considered in the
previous section.

Theorem 2. We assume that the following assumptions
are met

1. o, Iij!

positive;

2. the symmetry relations (7) hold true;

3. the quadratic form U defined in (15) is positive

semi-definite;

4. the constitutive coefficients B;; are compo-nents of a

positive definite tensor. Then, the mixed initial

boundary value problem consists of Eq. (10), the initial

conditions (13) and boundary conditions (11) admits at

most one solution.

J and the constitutive coefficient a are strictly

Proof. As in the proof of Theorem 1 we start by
multiplying each equation of the system of the constitutive
Eq (6) as follows: tl] 'éij,mij '[:lij,li '¢,i'0"¢'977 '
7, 8; %; and A;; - 7;;. Then, we add the equalities which
are obtained and considering the relations of symmetry (7)
and the quadratic form U from (15) we report the
following equality

tijéiy + Mty + Ly + 0 + onx + oty + Six
. a 1 . 1 ..
+AijTi,j = E(U + Ea)(z + EBijTiTj) (16)
Now, we take into account the geometric Eq. (5), the
equations of motion (1), the balance of first stress moment

(2) and the equations of energy (9). So, the following
equality is obtained

tig€yj + Myjhy; + L,
+o¢ +ony + ont + Six; + Ayt
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+o(Fiy; + Gipy + L + sy + Qit;) —
—1;$:p; — ] b 7
It is easy to see that Eqgs. (16) and (17) provide the
equality
10
20t

—QU;U;

= (ti]-ul- + mijq')i + ljd) + S])( + Aij‘i-i),j +
o(Fi; + Gy + L + s + Qi) (18)

The equality (18) is integrated over the domain B such
that, with the help of the divergence theorem, we obtain

10

__f QU + ouyit; + I;pyp; + J* + ay?
20t),

+B;;1;1;)dV = f (tjiths + Mupi + 4 + ;%
3B

+Ayt)ndA + f o(Fyit; + Gy + Lo + s}
B

+Q;t)dV (19)

where n; are the components of the outward unit normal of
the surface 0B.

We will mark with “*” the difference of two solutions of
the mixed problem consisting of (10), (13) and (11), that is,

ui =i — i, 0f = of -,
¢* = ¢2_¢11X* =X2 _Xl’.[lfk =,L_i2 _T}

Also, we will mark with “*” the other quantities which
correspond to the above differences. Because of linearity,
these differences satisfy the equations of motion (1), the
balance of first stress moment (2) and the energy Eqg. (9) but

with null body loads. Also, the initial conditions become
homogeneous, that is, for any x € B,

u;(x,0) = 0,u;(x,0) =0,
@i (x,0) = 0,¢;(x,0) = 0,¢"(x,0) = 0,
¢*(x,0) = 0,x*(x,0) = 0,7*(x,0) = 0,
7;(x,0) = 0,7/ (x,0) =0, (20)
and, certainly, the boundary conditions become null
ui=0,0;=0,¢"=0,x"=0,
T; =00n dB x (0, ), (21)
and
£ (x,0) = 0,47 (x,0) = 0,¢%(x,0) = 0,
Xi(x,0) =0,7;(x,0) = 0,x € B. (22)

Taking into account these considerations, the relation
(19) written for these differences, becomes

* .k e ok ok ek '*2
j QU™ + euif + I;97 ¢; +](¢7) +
B

a(¥*)? + Byit)dV = 0,t = 0 (23)

Based on the hypothesis 3 of the theorem and by using
(22) we deduce that the quadratic form U written for the
differences becomes null. From (23) we deduce

.k ek .k ek %\ 2
f lowu; + Ijjpip; + (") +
B

a(x*)* + B;t;t;]dV = 0 (24)

Considering the hypothesis 1 of the theorem regarding
the amounts g, 1;;,/ and a and the hypothesis 4 regarding
the tensor B;;, from (24) we must have

u;'k = 0’(p;:k = 0'¢* = O'X'* = Ol
i = 0,0on B x (0, )
such that, if we take into account (20), we deduce
ui =0,¢;=0,¢0"=0,x" =0,
7; = 0,0n B %X (0, ).
So, the proof of the theorem is complete.

We shall prove now a result of the existence of solution

for the mixed initial boundary value problem mentioned

above, but in the case where the boundary conditions are
homogeneous, that is

uiz(pi=¢=X=Ti:0:0nan(O:°o): (25)

Taking into account that the system of governing
equations and conditions for the investigated problem are
more sophisticated, it is necessary a new approach for the
existence of solution. Thus, we will transform the problem
into an abstract evolution equation on a Hilbert space
suitable chosen.

Using the wusual Hilbert spaces l/l/ol'2 and L%, we
consider the Hilbert space H defined by

H =Wy? x L2 x Wp2 x L2 x W2 x L2
X Wy"? x L2 X Wy? X L2
where we used the notation W;'* = W,"* x W,"* x W,"?,
or, shorter, W,”* = [W,"*]3. Also, L? = [L?]3. For more

details about Hilbert and Sobolev spaces see Adams (1975).
On the space H we define the following scalar product

(' (ui' Ui' Pi, qli' d)! (D’ XU T,V )) =
1
Ef (eU;U; + 1I;;V; %] + Juu™ + aup™ + Bijvivi)dV
B

1

+Ef [Aijmngijgr*nn + Bijmn(gij:ur*nn + Si*j:umn) +
B

aij(eijq,')* + e{‘jd)) + Di}-mn(sijr;‘n_n + s{‘j‘rm,n) +
Cijmnbijhmn + bij (i@ + pi;®)
+Ejomn (i jTonm + WijTmn) + Aijdi®;
Hij(d),i)(j' +¢ix;) +{pdp* + Fj

(T3, + 7 ;) +]dV (26)
We can prove that the norm induced by this scalar
product is equivalent to the original norm on the Hilbert

space H.
Now, with a suggestion given by (10), we introduce the



Effect of microtemperatures for micropolar thermoelastic bodies 385

operators

1, —
Ai u= EAijmnum,njv

1
ALz(p = E[Aijmngmnk(pk,j + Bijmn(pn,mj]'
1 1
Bi¢p = 2 %% Cin= o Qi
DilT = EDijmnTm,nj'

3 1
Aju = T (Bijmnum,nj + gijkAjkmnum,n)'
13
A‘sl-(p = Wsi [Aijmngjmn(pj + Bijmngjmn(pn,m + Cijmn(pn,mj]'
B = Wyi(by;d ; + apeeijed),
Ciu = —Wy(Biji; + &ijxjxht),

2. —
Ds T= Wsi (EijmnTm,nj + gijijkmnTm,n)'

1 1
E¢ = Y(Aij(p,ij - f¢)' Fv = _]_-dijvj,i'

Gy = jHin,ijv Hu = ~ 7 Gl
1
Ko = _j(aijsijk(pk + bij(pj,i);
1 1 1
Lp = YKH.MT = _jFijTi,j:NX = KX
P 1H 1D R! 1
= — . iis Vv =— "V", =—av i
¢ a I.](p,l] Q PRUNE v q Vi

1
R?W =~ (ay&c P + Bij ¥ 0)
1
S¢ = —— kP, A = [iDijmntimnj

A?(p = I—;i(Dijmngmnk(pk,j + Eijmn(pn,mj)t
Wi = I Fi¢ j, Xst = =I5 Dy j,
Yt = FsiGijmnTm,njr
Z,® = —Iud;® ; 27)
in which the matrices W; and [I;; are defined by means of
the equations
Wsilir = 8sr, I5iBiy = 8.

If we denote by 7 the matrix operator which has as
components the operators defined in (27), then the mixed
initial boundary value problem is transformed into a Cauchy
problem associated to an evolutionary equation, namely

du-T‘U F
— = TU© +F(O),

U©) = U, (28)

In order to use the theoretical results that follow, we
have to take as domain for the operator T, that is, D(T),
the next set

(W2 x W22) x Wy2 x (W2 n W22) x
W2 x (W2 n W22) X Wy? x (W2 n W22)
X W% x (W2 n W22) x W% x (W, n w22)

X W% x (Wp2 N W22) x Wy x (Wy2 n W22) x W,
Also, the unknown matrix function U, the initial data
U, and the matrix of charges F are defined by
U= (uyvy, 9 Vi, &, P, X, 14, Ty, Vi),
Uo = (], v, 9!, W0, 0% @°, x°, 1%, 20, v)),
F =(0,%,0,6;,0,L,0,s,0,Q)).

In the next theorem, we will show, a property of the
operator 7 which is needed to prove the existence of the
solution of the abstract problem (28).

Theorem 3. We assume that the following assumptions
are fulfilled:

1. o,1;,] and the constitutive coefficient a are strictly

positive;

2. The symmetry relations (7) hold true;

3. The quadratic form U defined in (15) is positive

definite;

4. The constitutive coefficients B;; are components of a

positive definite tensor. Then, the operator T is

dissipative.

Proof. In fact, we have to prove that
(TU,"U) <0,YU € D(T). (29)

Let us consider U, an arbitrary element in the domain
of the operator 7. Taking into account the definition of the
scalar product (26) and the expressions of the operators
defined in (27), we obtain

(TUUY =—| (U +m¥; + 4P + S+ A;jv;)
B

n;dA + j [Aijmn€ij€mn + Bijmn (€ijtmn + &ittmn)
B

+a;j(ej@" + &j®) + Dijmn (&ijTmn + € Tmn)
+Cijmnbijlimn + bij (1" + 1i;9)
+Ejmn (Hij T + HijTmn) + Aijd i
+Hij (s + dix;) + oo™ + Fij(tijp" + 10)
+KijXiXj + GijmnTmnTi 1AV (30)

The integrand in the last integral from (30) is a quadratic
form which corresponds to the elements
o= ,e,oxt) and 0" = U, ¥, P, uv;), that is,
this integral is of the form

f W(w, w*)dV
B

= J- W((ui: D, (,b’)(’ Ti)! (Ui; lIUi; d);ﬂl Vi)) av
B

Keep in mind this observation and apply the divergence
theorem in the first integral in (30) to get

(TU,U)

= - j (iUij + M + 4@ + S+ Ay )dv
B
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+f W (o 00 602070, (U Wor @y, v))dV = 0,
B

which concludes the proof of the theorem.

The property of the operator T which will be proved in
the following theorem is essential to characterize the
solution of the problem (28).

Theorem 4. Suppose that the conditions of Theorem 3
are satisfied. Then the operator T satisfies the range
condition.

Proof. Let U™ be an element of the Hilbert space H,
such that

u* = (u:’ Ul*l (p:; ll,i*l (p*’ d)*’)(*; ll*; T;‘, VL*)'
The affirmation of the statement of the theorem is
equivalent to showing that the equation 7U = U* has a

solution U € D(T). In view of operators (27), we use the
vector notations

A" = (A1), A% = (4]), A° = (4D),
A* = (A1), A° = (49),A° = (49),
B' = (B}), B* = (BY),C" = (C}),
¢* = (CA), D" = (D}), D* = (D),

W=W)X=X,), Y=00)Z=(Z) (31)

Taking into account the operators from (27) and the

notations (31), the system of Eq. (10) can be rewritten in the
form

U=u,
A'u+ A9+ B'¢ + C'u+ D't =U",
¥Y=9
Adu+ A*o + B¢ + C*u+ D*t = ¥,
® = ¢
Hu+E¢+ Gy + Lu+ Mt + Fv = @7,
w=x
RU+Pp+S®+ Ny + Qv =y,
v =15

ASu+ A9+ Wop+2Z0 +Xu+Yr=v* (32)

In the next step, from (32) we get a new system of
equations in which the main unknowns are (u, @, ¢, x,7)
and other variables pass on the right-hand side, in the role
of “free terms”. The resulting system is

Alu+ A+ B¢+ D't =U" - Cly*,
APu+ A*@ + B*p + D*t =W — C?y7,
Hu+Ep+Gy+Mt=®" —Ly"—Frt",
Pp+Ny=p"—Ru"—S¢p*— Q1"
ASu+ Ao+ Wop+Yr=v'—Z¢p*—Xy* (33)
Now we introduce the notations
= A'u + A%p + B¢ + D',
@ =A%u+ A*@ + B*¢p + D1,

¢ =Hu+E¢ + Gy + Mr,
X =Pop+ Ny,
f=A%u+ A% +Wo + Yr, (34)
such that the following scalar product

(¢, ¢,%.%), (wo, ¢, x1) is a bounded bilinear

form on W;,"%. Moreover, by direct calculations we obtain
(w0, 0,7, (0, 0,9, x,7))
=, [Aijmn€ijEmn + 2BijmnEijlmn + 2a;;;¢ +
2D;jmn€ijTmn + CijmnMijlmn + 2bijpi5¢ +
2E;jmnlhijTmn + Aijdb,; + 2H;jbix ; +

{Pp* + 2F;7; jp + KijxiXj + GijmnTmnTi;1dV  (35)
such that, based on the assumptions of the theorem, we infer
that this bilinear form is coercive on space W;"*.

Clearly, the functions from the right-hand side of the
system (33), namely U* — Cly*, W* —C?y*,@* — Ly* —
Ft*,u* —Ru*—S¢*—Qt*, and v*—Z¢p*—Xy*, are
functions which belong to the space W2, So, we met the
conditions to apply the Lax-Milgram theorem, which
ensures the existence of functions U = (u, @, ¢, ,7) as a
solution of the system (33), and this, in turn, ensure the
existence of solution for the system (32). Thus, the proof of
the theorem is completed.

Based on Theorem 3 and Theorem 4 we deduce that the
operator T satisfies the requirements of the Lumer-Phillips

corollary of the known Hille-Yosida theorem (see Pazy
1983). That is, we have the following result.

Theorem 5. We assume that the following assumptions
are fulfilled

1 Qllijl

positive;

2. The symmetry relations (7) hold true;

3. The quadratic form U defined in (15) is positive

definite;

4. The constitutive coefficients B;; are components of a

positive definite tensor.

Then the operator 7 generates a semigroup of
contracting operators on Hilbert space .

With the help of the same Lumer-Phillips corollary, we
deduce the following result of uniqueness.

J and the constitutive coefficient a are strictly

Theorem 6. Suppose that the conditions of Theorem 5
are satisfied. Moreover, we assume that

F;, G;, L, s, Q;C1([0, ), L2) n C°([0, ), W,"?)

and the initial data U, belongs to the domain of the
operator 7.

Then the abstract problem (28) admits the only one
solution U(t) € C1([0, ), H).

A final result to characterize the solution of the abstract
problem (28) (as such, of the solution to our mixed initial
boundary value problem), which also is obtained by means
of Lumer-Phillips corollary, is a result regarding the
continuous dependence of the solutions with respect to
initial data and loads.
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Theorem 7. Suppose that the conditions of Theorem 5
are satisfied. Then the solution U = (u, @, ¢, x,7) of
problem (28) depends continuously with regard to the initial
data U, and the loads F;, G;,L,s, Q;, that is,

t
U@ < U] + f ICFy Gor L, s, Q) ds
0

4. Conclusions

For a more valuable characterization of the modern
materials,in our study, we proposed to take into account the
intimate structure of materials together with the fact that
microparticles possess microtemperatures. In our problem
because the number of initial conditions and the boundary
conditions increased we investigate complex differential
equations. By using some powerful techniques of the semi-
group theory, we analyzed these differential equations,
namely, we described the qualitative results of the mixed
problem within the content of thermoelastic micropolar
bodies. We benefited from the flexibility of the theory of
semi-groups which allows that behind a single equation of
evolution we have a great number of partial differential
equations. With this tool, we proved the existence and
uniqueness results together with the continuous dependence
of solutions with regard to the initial data and loads.

Acknowledgments

The authors are very grateful to the reviewers for useful
observations that led to improvements to this paper.

References

Adams, R.A. (1975), Sobolev Spaces, Academic Press, New York.

Chirita, S, Ciarletta, M. and D’Apice, C. (2013), “On a theory of
thermoelasticity with microtem-peratures”, J. Math. Anal. Appl.,
397, 349-361.

Chirita, S. and Ghiba, 1.D. (2012), “Rayleigh waves in Cosserat
elastic materials”, Int. J. Eng. Sci., 51, 117-127.

Dyszlewicz, J. (2004), “Micropolar Theory of Elasticity”, Lect.
Notes Appl. Com-put. Mech.,, Vol. 15, Springer,
Berlin/Heidelberg/New York.

Eringen, A.C. (1966), “Linear theory of micropolar elasticity”, J.
Math. Mech., 15, 909-924.

Eringen, A.C. (1999), Microcontinuum Field Theories I:
Foundations and Solids, Springer-Verlag, New York/Berlin/
Heidelber.

Grot, R.A. (1969), “Thermodynamics of a continuum with
microstructure, Int. J. Eng. Sci., 7, 801-814.

lesan, D. (2004), Thermoelastic Models of Continua, Kluwer
Academic Publishers, Dordrecht.

lesan, D. and Nappa, L. (2005), “On the theory of heat for
micromorphic bodies”, Int. J. Eng. Sci., 43, 17-32.

lesan, D. and Quintanilla, R. (2000), “On a theory of
thermoelasticity with mi-crotemperatures”, J. Therm. Stress.,
23, 199-215.

Kim, D.K, Yu, S.Y. and Choi, H.S. (2013), “Condition
assessment of raking dam-aged bulk carriers under vertical
bending moments”, Struct. Eng. Mech., 46(5), 629-644.

Marin, M, (1996), “Some basic theorems in elastostatics of
micropolar materials with voids”, J. Comput. Appl. Math.,
70(1), 115-126.

Marin, M, Abbas, I. and Kumar, R. (2014), “Relaxed Saint-Venant
principle for thermoelastic micropolar di usion”, Struct. Eng.
Mech., 51(4), 651-662.

Marin, M. (1995), “On existence and uniqueness in
thermoelasticity of micropolar bodies”, Comptes Rendus, Acad.
Sci. Paris, Serie 11, 321(12), 475-480.

Marin, M. (2010), “A domain of in uence theorem for microstretch
elastic materials”, Nonlin. Anal. RW.A., 11(5), 3446-3452.

Marin, M. and Marinescu, C. (1998), “Thermo-elasticity of
initially stressed bodies. Asymptotic equipartition of energies”,
Int. J. Eng. Sci., 36 (1), 73-86.

Othman, M.I., Tantawi, R.S. and Abd-Elaziz, E.M. (2016), “Effect
of initial stress on a porous thermoelastic medium with micro-
temperatures”, J. Porous Media, 19(2), 155-172.

Othman, M.1., Tantawi, R.S. and Hilal, M.I. (2016), “Hall current
and gravity effect on magneto-micropolar thermoelastic
medium with microtempe-ratures”, J. Therm. Stress., 39(7),
751-771.

Othman, M.I., Tantawi, R.S. and Hilal, M.l. (2016), “Rotation and
modified Ohm’s law influence on magneto-thermoelastic
micropolar material with microtemperatures”, Appl. Math.
Comput., 276(5), 468-480

Pazy, A. (1983), Semigroups of Operators of Linear Operators
and Applications, Springer, New York, Berlin.

Scalia, A. and Svanadze, M. (2009), “Potential method in the
linear theory of thermoelasticity with microtemperatures™, J.
Therm. Stress., 32, 1024-1042.

Sharma, K. and Marin, M. (2014), “Reflection and transmission of
waves from imperfect boundary between two heat conducting
micropolar thermoelastic solids”, An. Sti. Univ. Ovidius
Constanta, 22(2), 151-175.

Straughan, B. (2011), Heat Waves, Applied Mathematical
Sciences, Springer, New York.

Takabatake, H. (2012), “Effects of dead loads on the static
analysis of plates”, Struct. Eng. Mech., 42(6), 761-781.

CcC





