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Numerical study on the influence of mesomechanical 
properties on macroscopic fracture of concrete
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Abstract. The numerical simulations on the influence of mesoscopic structures on the macroscopic
strength and fracture characteristics are carried out based on that the concrete is assumed to be a three-
phase composite composed of matrix (mortar), aggregate and bond between them by using a numerical
code named MFPA. The finite element program is employed as the basic stress analysis tool when the
elastic damage mechanics is used to describe the constitutive law of meso-level element and the
maximum tensile strain criterion and Mohr-Coulomb criterion are utilized as damage threshold. It can be
found from the numerical results that the bond between matrix and aggregate has a significant effect on
the macroscopic mechanical performance of concrete.
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1. Introduction

The numerical simulation of the damage and fracture process of concrete material has evolved
considerably in the past years. It has been generally accepted that the deformation and fracture of
concrete under external loading is associated with very complicated progressive failure processes,
which are characterized by initiation, propagation, and coalescence of microcracks. The difficulty in
simulating the fracture behavior of concrete is dominantly related to the heterogeneities present in
the medium. Traditionally, models for concrete have been based on one of the classical approaches
such as elasticity, plasticity and viscoelasticity, but these macroscopic models do not consider the
heterogeneity of concrete, and are not applicable to the mechanical behaviour of concrete over its
full range of behaviour. Therefore, they are not successfully used in studying the effect of the
internal heterogeneous structures on the fracture process of concrete.

As pointed out by Wittmann (1983), concrete is a typical multi-scale material with different
structural details appearing at different levels of observation, the research of concrete material
focused mainly on these three distinct levels, namely the micro-, meso- and macro-level. The
different mechanical response that can be found in a material at a level (such as macroscopic level)
can be explained in terms of the structural response at a low level (such as mesoscopic level) (Van
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Mier 1997). The mesoscopic level was generally considered to be 10−3 m when we study the
laboratory scale responses of concrete (Van Mier 1997). At the meso-level the concrete is
heterogeneous and the big pores, pre-existing cracks and inclusions are introduced as the main
characteristic features (Wittmann 1983).

In recent years, there has been a growing interest in the numerical modelling of the fracture
process of concrete, which is important for engineering higher-performance concrete and for
enhancing the capability of numerical methods for engineering applications. By contrast to the
experimental investigation, the numerical simulation is flexible in studying the effect of mesoscopic
mechanical properties on macroscopic mechanical response of concrete subjected to a variety of
loading conditions.

The random particle model presented by Ba ant et al. (1991), UDEC used by Vonk et al. (1991),
the mechanical model proposed by Mohamed and Hansen (1999a, b), the lattice model used in the
Stevin laboratory (Schangen and Van Mier 1992, Van Mier and Van Vliet 1999) and discontinuous
deformation analysis (DDA) of Pearce et al. (2000) are all typical mesoscopic models that can
simulate the fracture process of concrete by considering its meso-level heterogeneity. In these
mesoscopic models, the lattice model (Schangen and Van Mier 1992) and mechanical model
proposed by Mohamed and Hensen (1999a, b), are more successful in simulating the fracture
characteristics of concrete under a lot of laboratory tests (such as uniaxial compression test, uniaxial
tensile test and three-pint bending test) based on the assumption that tensile cracking at the meso
level is the only failure mode associated with the macroscopic fracture of concrete materials. By
including a shear-type damage threshold, the mesomechanical model proposed by authors was also
effective in capturing the fracture characteristics and strength envelope of concrete and rock under
uniaxial or biaxial loading conditions (Zhu et al. 2002, Tang 1997). In this investigation, the
concrete is assumed to be a three-phase composite composed of the cement matrix phase, the
aggregate phase and the matrix-aggregate bond phase, the effect of mechanical properties of each
mesoscopic phase on the macroscopic numerical response of concrete is numerically studied.

2. Mesosmechanical model

In order to consider the heterogeneity of concrete at mesoscopic level, the concrete is assumed to
be a three-phase composite composed of the cement matrix phase, the aggregate phase and the
matrix-aggregate bond phase. The concrete is numerically described with many mesoscopic
elements with same size, and the mechanical parameters of these mesoscopic elements in each
phase are assumed to conform to specific Weibull distribution. The mesoscopic elements are also
acted as elements for finite element analysis, which are assumed as homogeneous and isotropic. The
fracture process simulation is attained when using finite element method (FEM) as the basic stress
analysis tools, where the four-node isoparametric element is used as the basic element in the finite
element mesh, and the elastic damage constitutive relationship of meso-level elements is incorporated.

2.1 Assignment of material properties

In order to reflect the heterogeneity of quasi-brittle materials at meso-level, the mechanical
parameters of materials, including the Young’s modulus and strength are assumed to conform to the
Weibull distribution as defined in the following statistic density function:
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(1)

where u is the parameter of element (such as strength or elastic modulus); the scale parameter u0 is
related to the average of element parameter and the parameter m defines the shape of the
distribution function. The parameter m defines the degree of material homogeneity, and is called a
homogeneity index. According to the definition of Weibull distribution, the value of parameter m
must be larger than 1.0. Fig. 1 is the specimens that are all composed of 100 × 100 elements,
produced randomly by computer according to the Weibull distribution with different homogeneity
indices. Here the specimen produced numerically with given distribution of material properties is
called “numerical specimen”. In Fig. 1 the different degree of grey scale color corresponds to
different values of strength of elements. The stochastic distribution of strength of elements is also
given in Fig. 2. It can be found that the strengths of more elements are distributed in a narrow range
around u0 with the higher values of homogeneity index. Therefore, the high value of homogeneity
index leads to more homogeneous numerical specimens. In this investigation, it is assumed that
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Fig. 1 Distribution of strength of specimens with different homogeneity index (the gray degree in the figure
denotes the magnitude of strength of elements)

Fig. 2 Histogram of strength of elements in numerical specimen with different homogeneity index (The
numerical specimen is shown in Fig. 1, which is composed of 10000 elements and the Weibull
parameter u0 is 100 MPa.)
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Young’s modulus and strength conform to two individual distributions with the same heterogeneity
index. In previous paper (Zhu et al. 2002), how the homogeneity index affects the macroscopic
mechanical response of numerical specimens has been discussed and it is found that the
homogeneity index is an important parameter of Weibull distribution to control the macroscopic
response of numerical specimen.

The numerical specimen is composed of rectangular elements with the same size, and different
mechanical properties corresponding to their location in matrix, aggregate or bond phases. In our
numerical model, no special interface elements are included to simulate the bond phase in concrete.
The mechanical parameters of matrix are specified stochastically at first according to a Weibull
distribution (as shown in Fig. 3a). Then the aggregates with given mechanical parameters can be
placed on the numerical specimen to replace the matrix elements in the same location, and the
system can automatically form bonds between matrices and aggregates with assigned bonds
parameters (as shown in Fig. 3b). The elements in aggregate have the higher homogeneity index
than those in matrix and bond. In this model, only the constitutive relationship of these meso-level
elements is necessary to be given, and the mechanical properties of macroscopic concrete can be
acquired by the sum of all the interactions of these mesoscopic elements after numerical analysis.

2.2 Constitutive relations of element

In the paper, the concrete material is analyzed at meso level. The stress-strain curve of the element
is considered linear elastic till the given damage threshold is attained, and then is followed by
softening. For simplicity, an elastic damage model with constant residual strength is used (Zhu et al.
2002). The maximum tensile strain criterion and Mohr-Coulomb criterion are selected as two
damage thresholds. At any event, the tensile strain criterion is preferential. It has been proved
elsewhere (Zhu et al. 2002) that the macroscopic mechanical response of concrete at macroscopic
level can be simulated effectively by using this simple constitutive law.

In elastic damage mechanics, the elastic modulus of element may degrade gradually as damage
progresses. The elastic modulus of damaged material is defined as follows.

Fig. 3 Distribution of elastic modulus of matrix and concrete (the gray degree in the figure denotes the
magnitude of strength of elements)
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(2)

where D+ and D− represent the damage variable for tensile damage and shear damage, respectively.
E and E0 are elastic modulus of the damaged and the undamaged material, respectively. Here the
element as well as its damage is assumed isotropic elastic, so the E, E0 and D are all scalar.
Through out this paper, tensile stress and strain are referred to as positive. No initial damage is
incorporated in this model, at the beginning the stress-strain curve is linear elastic and no damage
occurs, i.e., D+ (or D−) = 0.  

When the mesoscopic element is under uniaxial tensile stress, the constitutive relationship that is
elasto-brittle damage with given specific residual strength is shown in Fig. 4. When the maximum
tensile strain criterion is met, the damage of element occurs. Herein this kind of damage is called
tensile damage.

According to the constitutive relationship of mesoscopic element under uniaxial tension as shown
in Fig. 4(a), the damage evolution of element can be expressed as

(3)

where ft0 is the uniaxial tensile strength and λ is the residual strength coefficient that is defined by ftr
= λft0 and ftr is called residual tensile strength. εt0 is the strain at the elastic limit, which is the so-
called threshold strain. εtu is the ultimate tensile strain of the element, which indicates that the
element would be completely damaged when the tensile strain of element attains this ultimate
tensile strain. The ultimate tensile strain is defined as εtu = ηεt0, where η is called ultimate strain
coefficient.
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Fig. 4 Elastic damage constitutive law of element under uniaxial stress conditions ( ft0 and ftr are uniaxial
tensile strength and residual uniaxial tensile strength of element, respectively. fc0 and fcr are uniaxial
compressive strength and residual corresponding strength of element, respectively)
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Additionally, it is assumed that the damage of mesoscopic element in multiaxial stress field is also
isotropic and elastic, and therefore the above-described constitutive law for uniaxial tensile stress
can be extended to use for three-dimensional stress states. Under multiaxial stress states the element
still damages in tensile mode when the combination of major tensile strain attains the above
threshold strain εt0. The constitutive law of element subjected to multiaxial stresses can be easily
obtained only by substituting the strain ε in Eq. (3), with equivalent strain .

The equivalent strain  is defined as follows.

(4)

where ε1, ε2 and ε3 are principal strain, and < > is a function defined as follows:

(5)

It must be emphasized that when D+ = 1, it can be calculated from Eq. (2) that the damaged
elastic modulus is zero, which would make the system of equations ill-posed, therefore, in this
model a relatively small number, i.e., 1.0e-05 is specified to the elastic modulus under this condition.

Mohr-Coulomb criterion as expressed follows is chosen to be the second damage threshold.

(6)

where σ1 and σ3 are major and minor principal stress respectively. fc0 is uniaxial compressive
strength and φ is the internal friction angle. Again, compressive stresses are negative and tensile
stresses are positive. This kind of damage is called shear damage because the stress conditions of
element meet the Mohr-Coulomb criterion. A similar constitutive law to the tensile is given in
Fig. 4(b) when the element is under uniaxial compression and damaged in shear mode when the
Mohr-Coulomb criterion is met. The damage variable D− can be described as follows.

(7)

where λ is also residual strength coefficient. It is assumed that  hold true when the
mesoscopic element is under uniaxial compression or uniaxial tension.

When the element is under multi-axial stress state and satisfies the Mohr-Coulomb criterion, the
shear damage occurs, and we must consider the effect of other principal stress in this model during
damage evolution process. When the Mohr-Coulomb criterion is met, the minor principal strain
(maximum compressive principal strain) εc0 at the peak value of minor principal stress is calculated.

(8)

where µ is the Poisson’s ratio.
In addition, it is assumed that the damage evolution is only related to the maximum compressive

principal strain ε3. Therefore, the maximum compressive principal strain ε3 of damaged element is
used to substitute the uniaxial compressive strain ε in Eq. (7). Thus, the former Eq. (7) can be
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extended to biaxial or triaxial stress states.

(9)

From the above derivation of damage variables D+ and D−, which are generally called the damage
evolution law in damage mechanics, as well as Eq. (2), the damaged elastic modulus of element at
different stress or strain level can be calculated. Since the elastic damage model is used for
elements, the unloaded element keeps its current elastic modulus and strength. That is to say, the
element will unload elastically and no residual deformation is incorporated in the numerical model.

In a previous paper (Zhu et al. 2002), how the parameters such as the homogeneity index m,
residual strength coefficient, and ultimate strain coefficient affect the macroscopic stress-strain
response of numerical specimen had been discussed in detail. It proved that the effect of constitutive
parameters is minor on the condition that the residual strength coefficient λ and ultimate strain
coefficient η is in the range  and , respectively. However, the homogeneity index
m is the most important parameter that affects the macroscopic response of macroscopic numerical
specimen. The validation studies to some typical laboratory tests of concrete had been undertaken
and proved that this model could effectively simulate the non-linearity of stress-strain response,
localization of deformation, strain softening, and crack propagation process in concrete and rock
under a variety of static loadings (Zhu et al. 2002).

The simulation of crack initiation and propagation in this investigation is just as the method used
in smeared crack model, the crack is smeared over the whole element, which has the advantage of
leaving untouched the mesh topology. No special singular element is adopted. When the stress state
of an element meets the damage threshold, the element will damage in tensile or shear mode. Only
when the maximum tensile strain of the damaged element attains a given ultimate tensile strain, the
damaged element will become totally cracked. One of the main features of this kind of model is
that there is no need for a pre-existing crack to simulate the crack initiation and propagation. The
numerical model can simulate the initiation, propagation, and coalescence of multiple cracks
effectively and easily.

The above model was fully implemented into a numerical code named MFPA (abbreviated from
Material Failure Process Analysis) using Microsoft Visual C++ and Compaq Visual Fortran under
Microsoft Windows 98/2K/XP. MFPA was validated extensively and had been successfully used to
simulate the brittle failure process of concrete and rock subjected to a variety of static loading
conditions (Zhu et al. 2002, Tang 1997).

3. Concrete specimen with one aggregate

For simplification, the concrete specimen with one aggregate as shown in Fig. 5, which was also
experimented by Tan et al. (1995) in the past, is numerically studied. The bond phase is included
around the circular aggregate in order to study the effect of its mechanical properties on
macroscopic mechanical response of concrete specimen. This concrete specimen is discretized into
130 × 110 rectangular elements with the same size of 1 mm × 1 mm. In this section, the
mechanical properties of matrix is fixed, and those of aggregate and bond phases are changed for
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every numerical specimens in order to predict their effect on mechanical response of concrete. The
mechanical properties (including Young’s modulus, strength, etc.) of three phases in concrete are
assumed to be heterogeneous and specified according to the Weibull distribution with the parameters
presented in Table 1.

It is important to mention that if a numerical specimen of matrix with a size of 100 mm × 100 mm
is established when the mean strength of elements is specified to be 165 MPa, the global
compressive strength as simulated with our model is only 30 MPa. Only when the homogeneity
index tends to infinite (the specimen tends to be homogeneous) the numerically simulated strength
would be close to the given mean strength of elements (Zhu et al. 2002). Because the failure
initiates at element with the lower strength when the specimen is subjected external loading, and
more detailed description about it has been given elsewhere (Zhu et al. 2002). This can explain why
the average strengths given in Table 1 are much larger than those of real materials. However, the
ratio between the global compressive strength of numerical specimen and mean strength of all
elements are fixed for a given homogeneity index.

For each numerical specimen, a horizontal load is applied at left loading point step by step in
displacement-controlled mode, and the corresponding point at the right side is prevented from
movement in horizontal direction. The displacement is applied step by step, and the initial value and
increment are both 0.001 mm.

Fig. 5 The tensile specimen of concrete with one aggregate (the bond between aggregate and matrix is
included.)

Table 1 Weibull distribution parameters of matrix and aggregates used in numerical study

Phase Mean of Young’s modulus
(GPa)

Mean of uniaxial 
compressive strength 

(MPa)

Homogeneity index
m

Matrix 27.3 165 3.0
Strong aggregate 80.0 500 6.0
Weak aggregate 15.0 80 6.0
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3.1 Hard aggregate concrete

For hard aggregate concrete, it is assumed that the bond phase and matrix phase have the same
homogeneity index, and the ratios of mechanical parameters (including Young’s modulus, uniaxial
compressive strength and uniaxial tensile strength) between bond and matrix phases, which is
denoted with r are specified to be 0.4, 0.6, 0.8 and 1.0, respectively. From the numerical simulation,
the load-displacement curves for four numerical specimens are obtained and shown in Fig. 6.
Correspondingly, the cracking patterns at three different loading levels (those are at half peak load,
peak load and final step) are shown in Fig. 7.

Fig. 6 Numerical results of the load-displacement curve at loading point for different specimens (r denotes the
ratio of mechanical parameters between bond phase and matrix phase)

Fig. 7 Cracking patterns of strong aggregate concrete with different mechanical parameters of bond phase
(The ratio of mechanical parameters between bond phase and matrix phase is denoted with r. For
different values of r, the cracking patterns at peak loading, after-peak loading and final step are
presented.)
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With regard to the lowest bond mechanical parameters (r = 0.4), the crack propagates downwards,
and simultaneously the new crack also initiates at the bond phase. At last these cracks coalesce to
each other. With the increase of r (r = 0.6), the crack propagates downwards to the aggregates and
grows continuously at the bond phase. When r = 0.8 and r = 1.0, the crack usually goes
downwards, bypasses the bond and aggregate phase, and grows in matrix phase. By contrast, for the
smaller r (r = 0.4 and 0.6) the peak loading of the specimen is relatively low (as shown in Fig. 6)
because the aggregate doesn’t lead to enhancing the strength of concrete specimen. It should be
noted that the pre-existing crack propagates in different path before it attains the bond even if it will
eventually go through the bond phase (for example, r = 0.4 and 0.6). This is because the stress
conditions around the crack tip are changed due to the different heterogeneous mechanical
properties are specified to the bond phase around the strong aggregate for each numerical specimen.

3.2 Weak aggregate concrete

As regards the weak aggregate concrete, the bond phase is assumed to have weak mechanical
properties compared to aggregate. The fracture process of the numerical specimen when the ratios
of mechanical parameters between bond and aggregate (r) are 0.4, 0.6, 0.8 and 1.0 is numerically
studied, and the cracking pattern at the final loading step is shown in Fig. 8. Compared to the
numerical results presented in Fig. 7, it can be seen that for smaller value of r (r = 0.4 and 0.6), the
crack propagates downwards and grows at the bond phase. For the larger value of r (r = 0.8 and
1.0), the crack penetrates the weak aggregate, and the crack propagation path tends to be linear.

Therefore, it can be concluded that the bond between aggregate and matrix in normal weight
concrete and lightweight concrete plays an important role in the crack propagation and strength of
concrete, and this result qualitatively compares well with the experimental results (Tan et al. 1995).

4. Concrete specimen with multiple aggregates

In above numerical simulation, only an aggregate is included in the numerical specimen of
concrete in order to quantify its effect on the macroscopic behavior of concrete subjected to tensile
stress conditions. This specimen is far beyond the real concrete specimen experimented in the
laboratory. However, it is the advantage of MFPA to include the heterogeneous structure of concrete

Fig. 8 Final cracking patterns of weak aggregate concrete with different mechanical parameters of bond phase
(The ratio of mechanical parameters between bond phase and aggregate phase is denoted with r.)
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at the mesoscopic level in our numerical specimen.
In this section, three numerical specimens of concrete that consists in many aggregates with

different size are numerically formed. In these numerical specimens, the Weibull distribution
parameters are specified according the values listed in Table 2. For Specimen I and Specimen II, the
ratio between mechanical properties of bond phase and matrix phase are 0.42 and 0.60, respectively.
The volume ratio of the aggregate of the numerical specimen is 40%.

In order to simulate the constraint effect of loading platen on concrete specimen, two loading
plate, which possesses the mechanical properties of steel (with a Young’s modulus of 200 GPa, a
uniaxial compressive strength of 400 MPa and a Poisson’s ratio of 2.0) are also included in the
numerical specimens (as shown in Fig. 11). To simulate the complete fracture process of a concrete
specimen under uniaxial compression, the analysis was conducted with displacement control. That
is, the load was applied through imposed displacements at one end, while the other end was
prevented form vertical movement.

Fig. 9 shows the stress-strain curves of three specimens of concrete subjected to uniaxial
compression. For Specimen I and II, their post-peak stress-strain curves are much more brittle,

Table 2 Weibull distribution parameters of three concrete specimens subjected to uniaxial compression

Phase
Mean of 

Young’s modulus
(GPa)

Mean of uniaxial
 compressive strength

(MPa)

Homogeneity index
m

Specimen
I

Matrix 27.3 165 3.0
Aggregate 80.0 500 6.0

Bond 11.44 70 3.0

Specimen
II

Matrix 27.3 165 3.0
Aggregate 80.0 500 6.0

Bond 16.38 99 3.0

Specimen
 III

Matrix 27.3 165 3.0
Aggregate 80.0 500 6.0

Bond 15 150 1.5

Fig. 9 Numerical results of axial stress-strain curves of Specimen I, Specimen II and Specimen III
(The different mechanical parameters of bond phase are specified to these three specimens.)
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which are quite different from those observed in laboratory test of normal strength concrete. In
order to make the stress-strain response of concrete specimen is much similar that observed in
laboratory test, the Weibull distribution parameters bond phase are suitably selected for Specimen III
and are also listed in Table 2 based on to many numerical simulations of this kinds.

Fig. 10 shows the axial stress-axial strain curve, together with the axial stress-lateral strain curve
of the Specimen III. The compressive strength and the elastic modulus of this numerical specimen
are 30.0 MPa and 25.2 GPa respectively. The stress-strain curve has a shape that is similar to that
observed in many laboratory experiments, with an ascending branch, a peak, which is commonly
referred to as the compressive strength, and a descending branch or softening branch. The lateral
strain is seen to show large increases in the post-peak region due to the onset of many cracks in the
concrete. This phenomenon has been commonly observed in uniaxial compression tests of concrete.
From the results of this numerical specimen, it can conclude that the very large lateral deformation
and volume dilatancy of concrete can be simulated effectively by the present model.

In Fig. 11, the cracking patterns and maximum shear stress distribution during the fracture process
of Specimen III are presented. In Fig. 11(a), the brightness of gray degree indicates the relative
magnitude of elastic modulus of mesoscopic elements. The brighter the color is, the higher the value
of Young’s modulus of mesoscopic element is. The damage of elements will cause degradation of
their elastic modulus and the elements totally damaged in tensile mode will be displayed as black
color, thereafter, the cracking patterns of the concrete specimen during the complete fracture process
can be seen from this figure. As shown in Fig. 11(b), the brightness in the maximum tensile stress
figures indicates the magnitude of maximum tensile stress. The mesoscopic elements with higher
maximum tensile stress damage preferentially in tensile mode.

Because the heterogeneity of concrete is incorporated in the numerical model, the stress state in
the numerical specimen varies from one element to another. It can be seen that the many
mesoscopic elements damage at the bond phase. These damaged elements subsequently induce
stress concentrations around them, causing tensile damage in the adjacent elements. Therefore, the
mechanical properties of bond phase have a significant effect on the initial cracking in the concrete,
and therefore, it will affect the strength of concrete. At higher stress levels, the damaged elements
will merge with each other by spreading through the matrix, with damage localised in small zones.
At this point, a large number of elements are damaged in the tensile mode at the same time, and a

Fig. 10 Axial stress-strain curve and axial stress-lateral strain curve of Specimen III under uniaxial
compression (numerical results)
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great amount of strain energy is released, leading to a sharp decrease of the load-carrying capacity
of the concrete. Finally, the damaged zones grow further in the matrix to surround the aggregate and
to form macroscopic cracks. This failure pattern is similar to the experimental results of normal
strength concrete obtained by Van Mier (1997) as well as Kupfer and Gerstle (1973). Many
phenomena such as strain localization, stress redistribution and crack propagation process observed
during the fracture process of concrete can be vividly captured with the numerical model used in
this paper. It also proves that it is reasonable to study the concrete as a three-phase composite at the
mesoscopic level in order to study its macroscopic mechanical response.

Fig. 11 Numerical results of fracture process of Specimen III subjected to uniaxial compression: (a) cracking
patterns; (b) distribution of maximum shear stress (In this figure, εv denotes the axial strain, and εv is
0.001325 at the peak stress.)
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5. Conclusions

In this investigation, a numerical code named MFPA is used to study the influence of mesoscopic
structures on the macroscopic strength and fracture characteristics based on that the concrete is
assumed to be a three-phase composite composed of matrix (mortar), aggregate and bond between
them. The following conclusions can be drawn:

(1) The mechanical parameters of bond phase have a significant effect on the crack propagation
path in concrete, and, therefore, it has a significant effect on the macroscopic mechanical
properties of concrete.

(2) For normal concrete under uniaxial compression, the mechanical properties of bond phase play
an important role in macroscopic response of concrete. The non-linearity of the stress-strain
curve is mainly dominated by the mechanical properties of bond phase. The whole fracture
process of concrete specimen can be reproduced well with MFPA by choosing the suitable
parameters of three phases of concrete.

(3) Many phenomena such as strain localization, stress redistribution and crack propagation
process observed during the fracture process of concrete can be vividly captured with the
numerical model. Such a modelling approach can offer a helpful tool for studying the
mechanical performance of concrete with heterogeneous mesoscopic structures and mechanical
parameters.
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Notation

The following symbols are used in this paper:
D+ : damage variable for tensile damage;
D− : damage variable for shear damage;
E, E0 : damaged and undamaged (initial) elastic modulus of element;
fc0, ft0 : compressive and tensile strengths of element respectively;
f(u) : probability density function of Weibull distribution;
m : homogeneity index, shape parameter of Weibull distribution;
r : the ratio of mechanical parameters between bond and matrix phases in concrete;
u : parameter of elements that conforms to Weibull distribution, such as elastic modulus and strength;
u0 : scale parameter of Weibull distribution;
ε : strain;
ε0 : strain at peak stress of specimen;
ε1, ε2, ε3 : principal strain;
εc0 : strain at the peak compressive stress;
εt0 : strain at the peak tensile stress;
εtu : ultimate tensile strain;
φ : internal friction angle;
η : ultimate tensile strain coefficient;
λ : residual strength coefficient;
µ : Poisson’s ratio;
σ : stress;
σ1, σ2, σ3 : principal stress




