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Abstract. The predictive utility of a damage model depends heavily on its particular choice of a damage variable, which
serves as a macroscopic approximation in describing the underlying micromechanical processes of microdefects. In the case of
spatially perfectly randomly distributed microcracks or microvoids in all directions, isotropic damage model is an appropriate
choice, and scalar damage variables were widely used for isotropic or one-dimensional phenomenological damage models. The
simplicity of a scalar damage representation is indeed very attractive. However, a scalar damage model is of somewhat limited
use in practice. In order to entirely characterize the isotropic damage behaviors of damaged materials in multidimensional space,
a system theory of isotropic double scalar damage variables, including the expressions of specific damage energy release rate,
the coupled constitutive equations corresponding to damage, the conditions of admissibility for two scalar damage effective
tensors within the framework of the thermodynamics of irreversible processes, was provided and analyzed in this study.
Compared with the former studies, the theoretical formulations of double scalar damage variables in this study are given in the
form of matrix, which has many features such as simpleness, directness, convenience and programmable characteristics. It is
worth mentioning that the above-mentioned theoretical formulations are only logically reasonable. Owing to the limitations of
time, conditions, funds, etc. they should be subject to multifaceted experiments before their innovative significance can be fully

verified. The current level of research can be regarded as an exploratory attempt in this field.
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1. Introduction

Since the introduction of the scalar damage concept by
Kachanov (1958) and Rabotnov (1963) for creep of metals,
continuum damage mechanics has become an emerging
field of active research. Continuum damage mechanics, a
combination of the internal state variable theory and the
physical considerations of the irreversible thermodynamic
processes, provides a powerful framework for derivation of
consistent constitutive models suitable for many
engineering problems (e.g. Chow and Wei 1999, Zhou et al.
2002, Selvadurai 2004, Ohata and Toyoda 2006, Wang et al.
2006, Thakkar and Panley 2007, Umit et al. 2007, Voyiadjis
et al. 2008, Voyiadjis et al. 2009, Li and Li 2010, Mitsuru et
al. 2010, Alexandrov and Jeng 2011, Mao et al. 2012, Tan
and Watanabe 2012, Alexander et al. 2012, D’Annibale and
Luongo 2013, Pham and Marigo 2013, Misra and Singh
2013, Rinaldi 2013, Xiong et al. 2015, Fang et al. 2016).
The damage variable (or tensor), based on the effective
stress concept, represents average material degradation,
which reflects the various types of damage at the micro-
scale level like nucleation and growth of voids, cracks,
cavities, micro-cracks, and other microscopic defects
(Voyiadjis and Kattan 2009). The damage variable is scalar
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in the case isotropic damage mechanics, and the evolution
equations are easy to handle (Jari¢ et al. 2012). Lemaitre
(1984) argued that it is sufficient for using the assumption
of isotropic damage to give good predictions of the load-
carrying capacity, the number of cycles, or the time to local
failure in structural components. However, some
researchers reckon that a single scalar damage variable is
not sufficient to entirely characterize isotropic damage
behaviors of damaged materials in multidimensional space.
For instance, it has been shown by Ju (1990) and Cauvin
and Testa (1999) that the accurate and consistent description
of the special case of isotropic damage is obtained by using
two independent damage variables.

For isotropic damage theory, in which damage is
characterized by a single scalar damage variable, the
effective Poisson’s ratio is immune from the effect of
damage, i.e., v'=v, thus, the following result can be obtained
K'/K=G'/G=E"/E, where K, G, and E are the bulk
modulus,the shear modulus and the Young’s modulus of
undamaged materials, respectively. K*, G*, and E” are their
corresponding effective values due to the effect of damage.
However, foran isotropic solid material with randomly
oriented cracks, the analytical results of micro-mechanics
theory (Tang et al. 2002) show that G'/G>E"/E when the
crack density parameter 0<p<l. Therefore, strictly
speaking, the isotropic property of material must be
characterized by two independent scalar parameters.

In order to entirely characterize the isotropic damage
behaviors of damaged materials inmultidimensional space,
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we deeply investigated the isotropic property of damaged
materialsand established a system theory of isotropic double
scalar damage variables on the basis of the research of Tang
et al. (2002), including the expressions of specific damage
energy release rate, the coupled constitutive equations
corresponding to damage, the conditions of admissibility for
two scalar damage effective tensors within the framework
of the thermodynamics of irreversible processes. Compared
with the research of Tang et al. (2002), the theoretical
formulations of double scalar damage variables in this study
are given in the form of matrix, which has many features
such as simpleness, directness, convenience and
programmable characteristics. In addition, it should be
noted that the proposed isotropic double scalar damage
model has been successfully applied in analyzing the
consolidation problem of damaged porous media (Xue et al.
2014). Different from Xue et al. (2014), however, the
present paper mainly concentrates on introducing and
discussing the entire theory of isotropic double scalar
damage variables instead of applications.

2. Isotropic double scalar damage variables

Young’s modulus (E), Poisson’s ratio (v), shear
modulus (G or x) and bulk modulus (K) are the elastic
material constants commonly used in engineering. Four
corresponding damage parameters, Qg, Q,, Qg, and Q, can
be traditionally defined in terms of the effective engineering
elastic coefficients and to characterize phenomenologically
the state of damage as (Xue 2008, Zhang and Cai 2010)

Q2 =1-E'/JE (1a)
Q=1-v')v (1b)
2 =1-G'/G (1c)
Q2 =1-K’/K (1d)

As an example, taking into account the elastic relations
of both the undamaged and the damaged material

B (E"—2G"
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where 1 is the Lamé constant. 1~ is the effective Lamé
constant for isotropic damaged material. By taking the
following classical elastic relation into account
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A similar relationship for isotropic damaged material
can be derived, such as
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The isotropic damage behavior can be characterized by
two scalar damage variables. Any two out of the four
damage parameters Qg, Q,, Qg, and € can be used to
quantify isotropic damage. After selection of the two
independent damage variables, the corresponding formulas
estimating the two derived damage parameters can be
obtained (Xue 2008, Zhang and Cai 2010).

3. Strain energy release rate with double scalar
damage variables

The principle of energy equivalence has been proposed
in many articles, the elastic energy for a damaged material
is the same as that of the undamaged material when the
stress tensor is replaced by the corresponding effective
stress in the stress-based form. Mathematically, it is shown
again (Xue 2008, Zhang and Cai 2010)

w(foh 2 2)= 2o DT e} ©

where W stands for the elastic energy, the effective elastic
compliance tensor [D']* in terms of the two scalar damage
variables Qg and Qg for the thermodynamics system can be
expressed as (Xue 2008)
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By substituting the above equation into Eq. (5), it gives
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Based on the laws of thermodynamics with internal state
variables, the damage strain energy release rates
corresponding to the damage variables Qg and €, can be
defined as
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Substituting Eq. (7) into Egs. (8) and (9), it gives
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The overall specific damage energy release rate should
be the sumof Yeand Y, i.e.,
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It is known that the specific elastic energy W can be
considered as a sum of two parts

W™ =W, +W, (13)

The first part W, reflects the energy due to bulk change
(i.e., hydrostatic energy) while the second one Wy is the
contribution due to distortion of damaged material (i.e.,

shear energy). It is obvious that
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Lets the average stress be
O'm:(ax+ay+az)/3or Opn=04/3 (17)

and the von Mises equivalent stress be

o, = E{S}T {S}T or o, = [% S5, Jz (18a)

1
0, = {g{(ox -0, )Z +(<7y —om)z +(0,-0, )2 1,47, +rfx}}z (18b)

where s;; is the deviatoric components of stress tensor, i.e.,

T
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Sj =0 — 04 /3 (19b)
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Taking Egs. (18) and (19) into account, Egs. (14)-(16)
can be rewritten
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Substituting Eq. (20) into Egs. (8) and (9), the specific
damage strain energy release rate has four terms
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The specific damage strain energy release rate
corresponding to the change of both bulk and distortion are
respectively
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The alternant expression of isotropic damage strain
energy release rate with respect to the double scale damage
variables Qg and Q, can be expressed as
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The total specific damage energy release rate Y=Y, +Yg,

which considers the effect of tensile damage, shear damage
and stress triaxiality, may be expressed as
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By taking E/u=2(1+v), thus
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It is noticed that if Qe=0Q,=Q, the above equation can be
degenerated the single scalar damage as

2
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Y=
2E(1-0)'| 3 .

which is the same as the Equation that was firstly presented
by Lemaitre (1985). The specific damage energy release
rate (Eq. (23) or Eq. (24)) derived from the present model
of isotropic damage mechanics with double scalar damage
variables is more practical than that of the single scalar
damage variable (Eq. (25)) to quantify effects of damage. It
should be noted that the damage evolution equations are not
presented for the reason that the dissipation potential is not
explicitly defined in this study, and readers are referred to
Xue et al. (2014) concerning with the inelastic dissipation
potential function and evolution equations of inelastic
damage variables.

4. Coupled constitutive equations corresponding to
damage

The total strain is defined as (Xue 2008, Zhang and Cai

2010)
{e} ={ge}+{£"‘} (26)

where {¢°} the elastic strain, {¢"} the inelastic strain. The

damage coupled elastic constitutive equation is written by
{°}=[D1*{o} or {o}=[D{c°}, where [D] is the effective
elastic matrix for damaged material defined before.

For derivation of damage-coupled inelastic constitutive
equation, the deformation part of the dissipation potential is
proposed for the eutectic material as

@ ({0'},0'm):J2 (27)

where J, is the second invariant of the stress deviatoric
defined as

@ ((0}.0,)=1, = {g{s}T {s}}z @9
Therefore, the inelastic strain rate can be derived as

oD, S

(ey=, 2225, Sy, 36
o{o} 2,

From Eqgs. (28) and (29), the relationship between the

multiplier 4;, and the inelastic strain {¢"™} can be derived as
follows
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Therefore, the multiplier 4, is equal to the equivalent
inelastic strain rate.

5. Conditions of admissibility for two scalar damage
effective tensors

In order to discuss the conditions of admissibility for
two scalar damage effective tensors, one of simple form can
be presented as follows (Xue 2008, Zhang and Cai 2010)

W.=G'e +%[ (Trg)2 =G'e? +% K*(Trg)2 >0 (31)

where \W is the elastic energy, which requires that the

following necessary G>0, 2">0, and sufficient G™>0, K*>0
conditions, or the effective Young’s modulus E >0 and the
effective Poisson’s ratio —1<v <0.5, that is

. B (1-2) E
G = 2(1+V*) B (1—50)2 2(1+v) >0 (322)

. B (-2 E
« 21+ (1+20) 3(1—2v)>O (320)

* 2
vV _@=2)v (32¢)
E E

where Q and w are damage variables.

Nevertheless, the set of the two above conditions must
be enriched by the additional condition v'>0 since there
does not exist materials of negative Poisson’s ratio. This
leads to the following requirement imposed on elements in
[D7?, that is

v v=2(1-v)w—(1-3v)w’

—-——= <0
E E(l—Q)z (33)

As long as the denominator of fracture Eq. (33) is
always positive the numerator changes sign for real
materials for which the initial (undamaged) Poisson’s ratio
is 0<v<0.5. For instance, in the case of solder material
63Sn-37Pb considered by Chow and Wei (1999) for which

v=0.4, D, depends onW as shown in Fig. 1.

The change of sign accompanying w=0.354 means that
for a damage more advanced than this value the material
starts to behave in a peculiar way, namely there is observed
elongation in the direction transverse to the direction of the
uniaxial tension. This means that wy,,=0.354 is the upper
bound of the damage variable w. Consequently, a physically
impossible behavior mentioned above was not observed by
Chow and Wei (1999). Since the numerical examples
presented in the model restrict themselves to uniaxial
tension tests and accompanied magnitude of damage
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Fig. 1 Dependence of damage modified component

D,,,, of constitutive tensor with respect to damage

variable W for material 63Sn—37Pb solder

variable w is smaller than its theoretical limit. In order to
derive conditions of admissibility for the damage effective
tensors of double scalar damage variables, let us consider a
general fourth rank symmetric tensor similar to the damage
effective tensor presented as Eq. (34)

la+b a a
a a+b a 0
= |- 22
b 00
0 0 b 0
_ 100 b

The symmetric constitutive Hookean tensor of isotropic
material can be expressed as

Av2u A y
A A+2u A 0
L2 A A+2u
[BF = | g (35)
0 L0 wl2 0
fo 0 w2

where a=1, b=u/2. In such a case the damage-modified
tensor of elasticity remains symmetric and isotropic tensor
of four rank can be presented as follows

(0] =[] [D]"[#] -
Dy =¥ Do Fos = 40,8, +44 (8,5,+5,5, )

ijkl —ijmn — mnpq —pakl ik jl il jk

The effective Lamé constant A~ and 4 can be similarly
defined as

A" =(3ai+2aG+bi)(3a+b)+2abG  (37a)

=G =b’G (37b)

Necessary and sufficient conditions of positive
definiteness of quadratic form associated with the strain
energy Eq. (31) enriched by additional condition of Egs.
(32), (33) are as follows
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K" =(1+2G/3)(9a’ +6ab+b*)>0, G =b’G
(1+v)(9a* +6ab)+3vb?
E(9a’ +6ab+b*)b’

Vo1 1 (39)
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It is visible that all these inequalities are satisfied if a>0,
b>0. The following three cases can be distinguished
Case 1: If a=0 and b=1/(1-Q), then inequalities
. E E
K = ~= =>0
3(1-2v") 3(1-2v)(1-)
. E
G = 5 > 0 (39)
2(1+v)(1- Q)
. 2
% 1-Q) v
——= _Q < O
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are always satisfied, so the damage effective tensor of the

form
[#]=[1]/(1-2)

or ¥y :<5ik5jk +0,0) )/(1_-(2)/2

]

(40)

is always admissible.
Case 2: If w=1/(1-Q) and b=1/(1-Q), then inequalities

-_9"+60+1l E .
(1-2)° 3(1-2v)

.1 E
C(1-2) 2(1+v) (41)
B vi _ (1—.(2)2 [(1+ v)(9e’ +6a))+3v] -0
E 3E (90" +60+1)

are always satisfied so the damage effective tensor being
sum of two first terms

1+ o o |
1-Q 1-0Q 1-0
o l+to o | 0
1-0 1-0 1-Q:
® o l+oi
1-0 1-0 1-0
[l e (42)
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11-0
0 o -1 o
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is always admissible.

Case 3: If a=1/(1-Q) and b=w/(1-Q) then inequalities

Xinhua Xue and Wohua Zhang

. 9+6w+w®’® E
K = 2
(1-2) 3(1-2v)
G - " E
(1-Q) 2(1+v) (“3)
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are always satisfied so the damage effect tensor

[l+o 1 1 1
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1 1 l+o!
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20 0
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is always admissible.
Case 4: If a=[1/(1-Qx)-1/(1-Q,))/3 and b=1/(1-Q,),
then inequalities

kK=" -1 E__.o
(-2) (-2) 3(-2) (452)
. . u 1 E
G = = = >0
T ey ey O
are always satisfied, however the last condition
) 1+v)(1-2) -1-2v)(1- Q)
VL @ee-0)-@ma-2) o o

E’ 3E
is not always fulfilled since the numerator may change the
sign. Therefore the damage effective tensor referring to

damage variables affected separately the volumetric and
deviatoric parts of the stress can be presented as follows

1,2 11 11
-0 1-0 1-0 1-0 1-0 1-
1 1 1 2 1 1
_ + —_— 0
1-9, 1-0 1-0 1-0 1-0 1-0
ot o1 112
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-4
0 o 3 o
-4
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which may be conditionally admissible if only

(1-2)/a-2)~[a-20/@=) ]
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6. Conclusions

In this study, the detailed dissections concentrated on
isotropic double scalar damage variables are discussed.
Based on the irreversible thermodynamics, the expressions
of specific damage energy release rate, the coupled
constitutive equations corresponding to damage and the
conditions of admissibility for two scalar damage effective
tensors have been developed in this paper. It is worth
mentioning that the above-mentioned theoretical
formulations are only logically reasonable. Owing to the
limitations of time, conditions, funds, etc, they should be
subject to multifaceted experiments before their innovative
significance can be fully verified. As such, there is still
room for further refinement of the theory of double scalar
damage variables in future research work. The current level
of research can only be regarded as an exploratory attempt
in this field.

References

Alexandrov, S. and Jeng, Y.R. (2011), “Damage evolution in an
expanding/contracting hollow sphere at large strains”, Contin.
Mech. Thermodyn., 23(6), 573-580.

Alexander, M., Tomas, R. and Marita, T. (2012), “From damage to
delamination in nonlinearly elastic materials at small strains”, J.
Elast., 109(2), 235-273.

Cauvin, A. and Testa, R. (1999), “Damage mechanics: Basic
variables in continuum theories”, J. Sol. Struct., 36(5), 747-761.

Chow, C.L. and Wei, Y. (1999), “Constitutive modeling of material
damage for fatigue failure prediction”, J. Damage Mech., 8(4),
355-375.

D’Annibale, F. and Luongo, A. (2013), “A damage constitutive
model for sliding friction coupled to wear”, Contin. Mech.
Thermodyn., 25(2-4), 503-522.

Fan, X.Q., Hu, SW. and Lu, J. (2016), “Damage and fracture
processes of concrete using acoustic emission arameters”,
Comput. Concrete, 18(2), 267-278.

Jari¢, J., Kuzmanovi¢, D. and Numarac, D. (2012), “On
anisotropic elasticity damage mechanics”, J. Damage Mech.,
22(7), 1023-1038.

Ju, JW. (1990), “Isotropic and anisotropic damage variables in
continuum damage mechanics”, J. Eng. Mech., 116(12), 2764-
2770.

Kachanov, L.M. (1958), “Time of the rupture process under creep
conditions”, lzv. Akad. Nauk, USSR, 8, 26-31.

Lemaitre, J. (1984), “How to use damage mechanics”, Nucl. Eng.
Des., 80(2), 233-245.

Lemaitre, J. (1985), “A continuous damage mechanics model for
ductile fracture”, J. Eng. Mater.-T ASME., 107(1), 83-89.

Li, R. and Li, X. (2010), “A coupled chemo-elastoplastic-damage
constitutive model for plain concrete subjected to high
temperature”, J. Damage Mech., 19(8), 971-1000.

Mao, Y.Q., Fu, Y.M. and Tian, Y.P. (2012), “Nonlinear dynamic
response and active control of piezoelastic laminated shallow
spherical shells with damage”, J. Damage Mech., 21(6), 783-
809.

Mitsuru, O., Takuya, F., and Fumiyoshi, M. (2010), “Damage
model for predicting the effect of steel properties on ductile
crack growth resistance”, J. Damage Mech., 19(4), 441-459.

Misra, A. and Singh, V. (2013), “Micromechanical model for
viscoelastic materials undergoing damage”, Contin. Mech.
Thermodyn., 25, 343-358.

Ohata, M. and Toyoda, M. (2006), “Damage mechanism for

controlling ductile cracking of structural steel with
heterogeneous microstructure”, Mater. Sci. For., 512, 31-36.

Pham, K. and Marigo, J.J. (2013), “From the onset of damage to
rupture: Construction”, Contin. Mech. Thermodyn., 25, 147-
171.

Rabotnov, I.N. (1963), On the Equations of State for Creep,
Progress in Applied Mechanics-the Prager Anniversary Volume,
Macmillan, New York, U.S.A.

Rinaldi, A. (2013), “Bottom-up modeling of damage in
heterogeneous quasi-brittle solids”, Contin. Mech. Thermodyn.,
25, 359-373.

Selvadurai, A.P.S. (2004), “Stationary damage modeling of
poroelastic contact”, J. Sol. Struct., 41(8), 2043-2064.

Tan, K.T. and Watanabe, N. (2012), “Impact damage resistance,
response, and mechanisms of laminated composites reinforced
by through-thickness stitching”, J. Damage Mech., 21(1), 51-
80.

Thakkar, B.K. and Panley, P.C.A. (2007), “Isotropic continuum
damage evolution model”, J. Damage Mech., 16, 403-426.

Tang, C.Y., Shen, W, Peng, L.H. and Lee, T.C. (2002),
“Characterization of isotropic damage using double scalar
variables”, J. Damage Mech., 11(1), 3-25.

Umit, C., Woyiadjis, G.Z. and Rashid, K.AAAR. (2007), “A
plasticity and anisotropic damage model for plain concrete”, J.
Plastic., 23(10), 1874-1900.

\Voyiadjis, G.A., Tagieddin, Z.N. and Kattan, P.I. (2009),
“Theoretical formulation of a coupled elastic-plastic anisotropic
damage model for concrete using the strain energy equivalence
concept”, J. Damage Mech., 18(7), 603-638.

\Voyiadjis, G.A., Tagieddin, Z.A. and Kattan, P.I. (2008),
“Anisotropic damage-plasticity model for concrete”, J. Plastic.,
24(10), 1946-1965.

\Voyiadjis, G.A. and Kattan, P.I. (2009), “A comparative study of
damage variables in continuum damage echanics”, J. Damage
Mech., 18(4), 315-340.

Wang, S.S., Ren, Q.W. and Qiao, P.Z. (2006), “Structural damage
detection using local damage factor”, J. Vibr. Control, 12(9),
955-973.

Xue, X.H. (2008), “Non-linear damage mechanics theory of
coupled fluid-solid with numerical analysis of geo-materials”,
Ph.D. Dissertation, Zhejiang University, Hangzhou, China.

Xue, X.H., Yang, X.G., Zhang, W.H. and Dai, F. (2014), “A soil
damage model expressed by a double scalar and its
applications”, Acta Mech., 225(9), 2667-2683.

Xiong, C.S., Jiang, L.H., Zhang, Y. and Chu, H.Q. (2015),
“Modeling of damage in cement paste subjected to external
sulfate attack”, Comput. Concrete, 16(6), 865-880.

Zhou, W.Y., Zhao, J.D., Liu, Y.G. and Yang, Q. (2002),
“Simulation of localization failure with strain-gradient-
enhanced damage mechanics”, J. Numer. Anal. Meth.
Geomech., 26(8), 793-813.

Zhang, W.H. and Cai, Y.Q. (2010), Continuum Damage Mechanics
and Numerical Applications, Zhejiang University Press,
Hangzhou, China.

CC





