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Abstract. This paper proposes a new nonlocal higher-order hyperbolic shear deformation beam theory (HSBT)
for the static bending and vibration of nanoscale-beams. Eringen’s nonlocal elasticity theory is incorporated, in order
to capture small size effects. In the present model, the transverse shear stresses account for a hyperbolic distribution
and satisfy the free-traction boundary conditions on the upper and bottom surfaces of the nanobeams without using
shear correction factor. Employing Hamilton’s principle, the nonlocal equations of motion are derived. The
governing equations are solved analytically for the edges of the beam are simply supported, and the obtained results
are compared, as possible, with the available solutions found in the literature. Furthermore, the influences of nonlocal
coefficient, slenderness ratio on the static bending and dynamic responses of the nanobeam are examined.
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1. Introduction

Recently, nanostructures such as nanobeams and nanoplates have gained extensive application
in fabrication of nano-electro-mechanical systems with low mass and high sensitivity due to their
precious chemical, mechanical and electrical properties (Li et al. 2003, Lavrik et al. 2004, Ekinci
and Roukes 2005). These applications encourage new research area that focuses on investigating
and predicting the behaviours of such nano structures. In these application fields, small-scale
effects become prominent. A number of attempts have been conducted to analyze characteristic of
small-scale structures including experiment and computer simulation. These approaches are often
computationally expensive and difficult because the accurate manipulations of these behaviors are
rather complex to find. Therefore, the mathematical and mechanical models which account for the
small-scale effects are needed. On the other hand; it is shown that continuum mechanics is a
reliable and appropriate approach to predict mechanical behavior of structures at various time and
length scales. However, the classical continuum mechanics may lead up to incorrect results to
accurately predict the mechanical behavior of nanostructures Ansari and Sahmani (2011), because
the presence of small-scale effects at the nanoscale. Due to this gap, nonlocal continuum theories
came into existence, in which additional material length scale parameters have been proposed to
predict the accurate behavior of nanostructures. Among these theories, the nonlocal elasticity
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theory pioneered by Eringen (1972, 1983) has been widely used by the researchers. The nonlocal
elasticity supposes that the stress state at a reference point is a function of the strain at all neighbor
points of the body. Hence, this theory could take into consideration the effects of small scales.

Based on the nonlocal constitutive relation of Eringen, several studies are conducted by
developing nonlocal beam models for prediction of mechanical behaviors of nanobeams.
Peddieson et al. (2003) applied the nonlocal elasticity model to study Euler—Bernoulli micro and
nanobeams. Reddy (2007) employed the nonlocal differential equations of Eringen to study the
bending, buckling and vibration of nanobeams based on various beam theory. Based on nonlocal
continuum mechanics, Wang and Liew (2007) investigated the static bending of micro- and
nanoscale structures using Euler—Bernoulli and Timoshenko beam theory. Aydogdu (2009)
established a general nonlocal beam theory for analysis bending, buckling and vibration of
nanobeams using different beam theories. Thai (Thai 2012, Thai and Vo 2012) investigated the
nonlocal behavior of the nanobeams using the nonlocal continuum theory of Eringen. Based on a
nonlocal hyperbolic shear deformation theory, the bending, buckling and vibration of nanobeams
have been studied by Benguediab ef al. (2014) using nonlocal continuum mechanics. A
comparison study of a variety of refined nonlocal shear deformation beam theories was made by
Berrabah ef al. (2013) to study the static bending, vibration and buckling of nanobeams using
nonlocal elasticity theory.

Tounsi et al. (2013a) developed a novel nonlocal thickness-stretching sinusoidal shear
deformation beam theory for the bending, and vibration of nanobeams based on the nonlocal
theory. The thermal buckling behavior of nanobeams was studied by Tounsi et al. (2013b) using an
efficient higher-order nonlocal beam theory. Recently, Zenkour and Sobhy (2015) proposed a new
simplified three-unknown shear and normal deformation theory to study the thermal bending of
nanobeams in a thermal environment. In this study the nonlocal constitutive equation of Eringen
was used in the formulations. Behera and Chakraverty (2013) employed the boundary characteristic
orthogonal polynomials in the Rayleigh-Ritz method to study vibration characteristics of
nanobeams based on Euler-Bernoulli and Timoshenko beam theories.

It must be indicated that Euler-Bernoulli beam theory (EBT) is adequate for thin beams where
the shear deformation effect is negligible. However, for moderately deep beams, it underpredicts
deflection and overpredicts the free vibration owing to neglecting the shear deformation effect.
Thus, the first order shear deformation theory (FSDT), also known Timoshenko beam theory (TBT)
accounts for the shear deformation effect for short beams by assuming a constant shear strain
through the height of the beam. However, a shear correction factor (SCF) is recommended to
compensate the gap between the original stress case and the invariable stress one. To get an ideal
prediction of response of deep beam and prevent the use of shear correction factor, several higher
order shear deformation theories were developed based on the assumption of the higher-order
variation of axial displacement through the height of the beam, notable among them are Levinson
beam theory (1981), the sinusoidal shear deformation beam theory (SBT) suggested by Touratier
(1991) (see also Thai and Vo (2012), Zenkour and Sobhy (2015) and Tounsi et al. (2013a, b)),
hyperbolic shear deformation theory of Aissani et al. (2015), and the third-order shear deformation
theory recommended by Reddy (2007) (RBT).

The present study is devoted to propose a refined nonlocal hyperbolic shear deformation beam
theory for static bending, and vibration of nanoscale beams. The most attractive feature of this
theory is that it accounts for a hyperbolic variation of the transverse shear strains through the
thickness and satisfies the zero traction boundary conditions on the top and bottom surfaces of the
nanobeam without employing a shear correction factors (SCFs). Nonlocal constitutive equations of
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Eringen are used in the formulations. The governing equations of the nanobeams under uniform
and point loads are solved analytically using Navier’s type solution. The obtained results are
compared with those available in the literature such as (Euler-Bernoulli beam theory (EBT),
Timoshenko beam theory (TBT) and higher order beam theories Reddy’s beam theory (RBT) , the
model of Berrabah and Tounsi et al. (2013a)) to verify the exactness of the present solution. The
impacts of nonlocal parameter and length to thickness ratio on the static and dynamic responses of
the nanobeam are investigated in details.

2. General Mathematical model

We consider a nanosized beam with the length L and thickness %, and rectangular cross-section
b x h, with b being the width and / being the height (Fig. 1). A coordinate system x, y and z are
positioned in the middle plane (z = 0) and its origin of the coordinate system is selected at the left
end of the beam, whereas the x axis is considered along the length of the beam, the y axis in the
width direction and the z axis is taken along the depth (height) direction.

2.1 The displacement field
The displacement field of the hyperbolic shear deformation beam theory (HSBDT) can be

written as

o D). f ) (1)

u(x,z,t) =u, (x,t)

w(x,z,t)=w,(x,7) (1b)

where ug, wy, ¢ are the unknown displacements of the midplane of the beam, f{z) represents shape
function representing the distribution of the transverse shear strains and stresses along the
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¥

Fig. 1 Geometry and coordinate of the nanobeam
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thickness. By supposing that ¢, = —0p(x, £)/0x (Thai et al. 2014, Nguyen 2015), the displacement
field of the present refined beam theory can be rewritten in a simpler form as

ow 0
u(x,z,t):uo(x,t)—za—f(z)a—f (2a)
w(x,z,t)=w, (x,1) (2b)

It is worth noting that the displacement field of the recent refined nonlocal beam theories (Thai
2012, Berrabah et al. 2013, Tounsi et al. 2013a) is obtained by splitting the transverse
displacement into bending and shear parts. Therefore, by making another supposition to existing
ones, the displacement field and following equations of motion resulting in this study will be
completely different with those given by (Thai 2012, Berrabah et al. 2013, Tounsi et al. 2013a).

The shape function f(z) assigned according to the shearing stress distribution through the
thickness of the nanobeam is chosen according to El Meiche ef al. (2011) as

(h/ﬁ)sinh(;:z] —z

- 3)
/) [cos(7/2)-1]
The strains related with the displacements in Eq. (2) are written in following compact form
g =& +zk" + f2) and 7. =gz)’ “4)
where
2 2
89:%, sz_awa K_s:_a_¢
toox ox’ ox’ )
=02 g)=1-pG). amd  p()=2E)
ox dz

2.2 The nonlocal model and constitutive relations

In the case of nonlocal elasticity theory, it is supposed that the stress at every point in the body
is a function of strains at all points in the continuum. The nonlocal constitutive law given by
Eringen (1972, 1983) is given as

*=F¢ 6a

* dx? * (62)
d’r

T, —ﬂ—dxzxz =Gy,. (6b)

where E and G are the Young modulus and shear modulus of the nanobeam, correspondingly; u =
(epa)” is the nonlocal parameter, e, is a constant proper to each material and @ is an interior
characteristic length. The nonlocal parameter depends on the boundary conditions, chirality, mode
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shapes, number of walls, and type of motion (Arash and Wang 2012).
2.3 Equations of motion in terms of displacements

Hamilton’s rule is applied here to obtain the equations of motion. The concept can be expressed
in analytical form as (Reddy 2002, Bourada et al. 2015, Kheroubi ef al. 2016)

S[(U+V-K)dt=0 7

0

where oU is the variation of the strain energy; JJ represents the potential energy; and the variation
of the kinetic energy is given by J0K. The variation of the strain energy of the beam can expressed
by the following form

r o . dou d*sw, _d’op _dop
SU = Se. +7 0y )dAdx = || N—L-M °o_p + x 8
! j (0,02, +7,.07.. JdAdx j ( - P 0 ®)

where M, P and Q represent the stress resultants and they are expressed as

01.p)=[(eflodd ana O=[gr.da ©)

A

The variation of the potential energy caused by the practical loads can be given as
L
oV =—[ qowdx (10)
0

where g is the external transverse load.
The variation of the kinetic energy can be derived as follows

L
OK = [ [ plicdii+ w5 dAdx
04

L . . C . . . ' (11)
:j{Io[woéwo]uz (”Z:’ d5W°j+K{d¢ MJUZ (dwod5¢+d¢ dow, ]}dx

dx dx dx dx dx  dv dx

where dot-superscript sign defines the differentiation with sense to the time variable ¢; p is the
mass density; and (/y, I, J», K;) are the mass inertias expressed as

Uy 105K, )= [(L222 £ )pdd (12)

A

The explicit equations of motion of the new proposed nonlocal beam theory are obtained by
substituting the expressions for 6U, JV, and JK from Egs. (8), (10) and (11) into Eq. (7),
integrating by parts, and collecting the coefficients of dw, and dg, and which are given as follows
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d*M -~ d*w  d'g
ow: dxz +q=IOW—[2W— ZW’ (133)

i L L
P L o (13b)

dx*  dx > dx? e’

However, the Euler—Bernoulli beam theory can be obtained from the equilibrium equations in
Eq. (13), by neglecting the shear deformation effect (¢ = 0).

The stress resultants are obtained by substituting Eq. (4) into Eq. (6) and the subsequent results
into Eq. (9), and are given as follows

IM__d'w o dp

M- - pt¥_ l4a
H dx? dx? * dx? (142)
P dw . dp
P - p%Y 14
a dx? S dx? * dx? (145)
d’Q _  dp
_ =4 = l4c
Q-u dx? *dx (140)
where

(D.D,.H,)=[(z%.2f. 17 JEda. 4,=[g*Gaa (15)

A A

The nonlocal equations of motion of the present refined nano beam model can be written in
terms of displacements (wy, @) by substituting Eq. (14) into Eq. (13) as

d'¢ d*wy dw,  dw, d* ¢ d“éﬁ

4
d'w,

dzq .
e P e T N T e e [ e | O
dw, d'¢  d¢_ |- dw dw,  d'w, ¢ d'¢

g A G T T g (TR e T TR T e | (6D

By setting the scale parameter u equal to zero the equations of motion of local beam theory can
be derived from Eq. (16).

3. Exact solutions for simply supported nanobeams

In this part, analytical solutions are provided for simply supported nanosized beams in the case
of bending and free vibration.
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However, in this study the boundary conditions of (S-S) simply supported nanobeams are
defined as follows
w=p=M=P=0atx=0,L

To satisfy the boundary conditions and governing equations of motion, the displacements fields

are adopted to be of the form
{w} i W, sin(ax)e™ a7
= (s 7
$) 3|, sin(ax)e™

where W,, and ©, are arbitrary parameters to be determined, w is the eigenfrequency associated
with nth eigenmode, and a = na/L. The transverse applied load ¢ is also expressed in the Fourier
series as

q(x)=ilQn sinfer), 0, =% [alx)sin(oxc)ax (18)

The Fourier coefficients Q, related with some typical loads are given as follows

0,=q,, n=1 forsinusoidal load (192)
0, :ﬂ, n=1,3,5....  for uniform load (19b)

nw
0, = iﬂsin%, n=1,2,3....  for point load Q, at the midspan (19¢)

By replacing the expansions of w, ¢ and ¢ from Egs. (17) and (18) into Eq. (16), one can obtain
the closed form solutions from the following equations

A By z{mn mnD{Wn}_{ﬁQn}
4 = 20
HPN PZJ ¢ m, My, P, 0 (20)

P,=Da*, PB,=Da*, P,=Ha"'+4a®, A=1+uad’

where

21
my=Iy+La*, my=I+J,a>, my=I+K,a’ (&0
3.1 Static bending
The static deflection is derived from Eq. (20) by making all time derivatives equal to zero
(B, +P,—-2F .
W(x)=z( n_ -2 12)/1Qn sinax (22)

n=1 (}311]322 _})é)
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3.2 Free vibration

The natural frequency can be obtained from the equation shown below by setting ¢ in Eq. (20)
equal to zero, so we have

(mllmzz _m122 )/12(04 +(2P12m12 — R my, _Pzzmu)/uo2 + (PIIPZZ _Plzz): 0 (23)

4. Numerical results and discussions

Through this section, numerical results are given for analytical solutions provided in the
preceding sections. For all computations, the Poisson’s ratiov is taken as 0.3. However, for
calculation carried out using TBT, the shear correction factor is taken as 5/6. The length of
nanobeam L is supposed to be 10 nm. Calculations are executed considering the non-dimensional
form of deflection and natural frequencies as follows

for uniform load;

w=100w—L
9oL

— 1
0=l {EOI frequency parameter.

Table 1 displays the nondimensional maximum deflections w of a simply supported nano
beam using different beam theories for different values of the length-to-thickness ratio L/h and
nonlocal coefficient u#. The calculated values are obtained using 100 terms in series in Egs. (17)
and (18). Timoshenko beam theory (TBT), Reddy’s beam theory (RBT), hyperbolic beam theory
(HBT) of Berrabah et al. (2013), and Sinusoidal (¢, = 0) of Tounsi et al. (2013a) and the theory
developed by Tounsi, Benguediab et al. (2013a). It can be observed that the results of the proposed
nonlocal hyperbolic shear deformation theory are in excellent agreement with those predicted by
TBT and RBT and the other higher order shear deformation beam model for all values of thickness
ratio L/h and scale parameter 4. An increase in the values the nonlocal scale parameter yields to an
increment in the deflection at a specified slenderness ratio, and that for all theories showed in table
1, because the nonlocal parameter tends to soften the nanobeam. EBT underestimates deflections
for minor thickness ratios which corresponds to moderately thick beam (L/A = 10), where the
discrepancy between EBT and other theories is very noticeable.

The difference between EBT and shear deformation theories is negligible for thin nanobeams
and considerable for thick nanobeams. This is due to the fact that the EBT is unable to take into
account the effects of transverse shear deformation.

Table 2 and 3 exhibit the nondimensional frequency @ of a simply supported (S-S) nanobeam
for different values of thickness ratio L/h and scale parameter. It can be seen that the obtained
results agree very well with those predicted by TBT and RBT and those of Berrabah, and of Tounsi
et al. (2013a) (¢, = 0), for various values of thickness ratio L/h4 and nonlocal parameter u.
Furthermore, the effect of transverse shear deformation on the fundamental frequency is crucial as
the value of L/h becomes low. The first three fundamental frequencies frequencies are presented in
Table 3 for various values of the nonlocal parameter u, thickness ratio L/A and for different
theories. It can be concluded from the table that by decreasing slenderness ratio, the frequencies of
the nanobeam increase. It is also observed that as the nonlocal parameter rises the fundamental



A refined nonlocal hyperbolic shear deformation beam model for bending and... 121

Table 1 Non-dimensional deflection w under uniform load for simply supported nanobeams

L/h  u(nm®)  EBT TBT RBT  Berrabah et al. (2013) Tounsi ef al. (2013a)  Present

0 1.3021  1.4321 1.4320 1.4320 1.4317 1.4318
1 14271  1.5674  1.5673 1.5674 1.5617 1.5672
5 2 1.5521  1.7028  1.7027 1.7028 1.7025 1.7025
3 1.6771  1.8381  1.8381 1.8382 1.8379 1.8379
4 1.8021 1.9734  1.9735 1.9736 1.9733 1.9733
0 1.3021 1.3346  1.3346 1.3346 1.3345 1.3345
1 1.4271 14622  1.4622 1.4622 1.4621 1.4621
10 2 1.5521  1.5898  1.5898 1.5898 1.5897 1.5897
3 1.6771  1.7173  1.7174 1.7174 1.7173 1.7172
4 1.8021  1.8489  1.8450 1.8450 1.8449 1.8448
0 1.3021  1.3102  1.3102 1.3102 1.3102 1.3102
1 1.4271 14359  1.4359 1.4359 1.4358 1.4358
20 2 1.5521  1.5615  1.5615 1.5615 1.5615 1.5614
3 1.6771  1.6871  1.6872 1.6872 1.6871 1.6871
4 1.8021  1.8128  1.8128 1.8128 1.8128 1.8127
0 1.3021  1.3024 1.3024 1.3024 1.3024 1.3024
1 1.4271 14274 1.4274 1.4274 1.4274 1.4274
100 2 1.5521  1.5525  1.5525 1.5525 1.5525 1.5524
3 1.6771  1.6775  1.6775 1.6775 1.6775 1.6774
4 1.8021  1.8025  1.8025 1.8025 1.8025 1.8025

frequencies decrease. Moreover, it is seen that the dissimilarity between EBT and the other shear
deformation theories (i.e., TBT, RBT, HBT, SBT and present theory) is negligible for slender
nanosized beams and more significant for higher values of the vibrational mode number 7.

It can be also observed from Tables 1-3 that the local theory underestimates the static
deflections and overestimates the natural frequencies of the nanobeams compared to the nonlocal
theory, and the difference between local and nonlocal theories is most important for large value of
the scale factor. This is because that the local theory fails to capture the small scale effect of the
nanobeams. Also, the inclusion of the shear deformation and nonlocal impacts grows the
deflections and decreases the natural frequencies in particular at elevated modes (as shown in
Table 3).

Fig. 2 displays the variation of bending and vibration responses of nanobeam versus
slenderness ratio (L/h) and ¢ = 1 nm. In this case, the deflection / frequency ratios (Fig. 2) are
obtained as the ratios of (w,®) calculated by the present model to the correspondences obtained
by EBT where the transverse shear deformation effect is omitted. It can be deduced that, the
inclusion of shear deformation effect makes the beam more flexible, and hence, leads to an
increase of deflections, and a reduction of the natural frequencies, and this effect can be clearly
observed when there are elevated vibration modes (as shown in Fig. 3). This is attributed to the
shear deformation effect, which leads in a reduction of the beam stiffness.
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Table 2 Non-dimensional fundamental frequency @ for simply supported nanobeams

L/h  u(nm®)  EBT TBT RBT  Berrabah ez al. (2013) Tounsi et al. (2013a)  Present

0 9.7112  9.2740  9.2745 9.2745 9.2752 9.2748
1 9.2647  8.8477  8.8482 8.8482 8.8488 8.4884
5 2 8.8747  8.4752  8.4757 8.4757 8.4763 8.4759
3 8.5301  8.1461  8.1466 81466 8.1472 8.1468
4 8.2228  7.8526  7.8530 7.8530 7.8536 7.8533
0 9.8293  9.7075  9.7075 9.7075 9.7077 9.7076
1 93774  9.2612  9.2612 9.2612 9.2614 9.2613
10 2 8.9826 8.8713 8.8714 8.8713 8.8715 8.8714
3 8.6338  8.5269  8.5269 8.5269 8.5271 8.5269
4 8.3228  8.2196  8.2197 8.2196 8.2198 8.2197
0 9.8595 9.8281  9.8281 9.8282 9.8282 9.8281
1 9.4062  9.3763  9.3763 9.3764 9.3764 9.3763
20 2 9.0102 8.9816  8.9816 8.9816 8.9816 8.9816
3 8.6604  8.6328  8.6328 8.6329 8.6329 8.6328
4 8.3483  8.3218  8.3218 8.3218 8.3218 8.3218
0 9.8692  9.8679  9.8679 9.8722 9.8679 9.8679
1 9.4155 9.4143  9.4143 9.4184 9.4143 9.4142
100 2 9.0191 9.0180  9.0180 9.0219 9.0180 9.0179
3 8.6689  8.6678  8.6678 8.6716 8.6678 8.6678
4 8.3566  8.3555  8.3555 8.3592 8.3555 8.3555

Table 3 Different first three non-dimensional frequencies @ of simply supported nanobeam (L/h = 5)

Lih  u(nm?) EBT TBT RBT  Berrabah et al. (2013) Tounsi et al. (2013a)  Present

0 9.7112  9.2740  9.2745 9.2746 9.2752 9.2748

9.2647  8.8477  8.8482 8.8483 8.8488 8.4884

1 2 8.8747 84752  8.4757 8.4758 8.4763 8.4759
3 8.5301  8.1461  8.1466 81467 8.1472 8.1468

4 82228  7.8526  7.8530 7.8531 7.8536 7.8533

0 37.1120 32.1665 32.1847 32.1851 32.1948 32.1854

1 31.4239 27.2364 27.2519 27.2522 27.2604 27.2525

2 2 27.7422  24.0453 24.0589 24.0592 24.0664 24.0594
3 25.1104 21.7642 21.7765 21.7768 21.7833 21.7770

4 23.1088 20.0293 20.0407 20.0409 20.0470 20.0411

0 78.0234 61.4581 61.5746 61.5718 61.6192 61.5666

1 56.7798 44.7247 44.8095 44.8075 44.8420 44.8037

3 2 46.8246 36.8831 36.9531 36.9514 36.9798 36.9483
3 40.7568 32.1036 32.1645 32.1631 32.1878 32.1603

4 9.7112  9.2740  28.8569 28.8556 28.8778 28.8532
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Fig. 2 Effect of transverse shear deformation on the static deflection, and fundamental frequency
ratios for (S-S) nanobeam with z = 1 nm’
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Fig. 3 Impact of the aspect ratio on higher frequency ratios for (S-S) nanobeam with z = 1 nm’

Fig. 4 explores the effect of the small scale parameter (epa) on the bending and vibration
responses of nanobeam using the present new nonlocal higher order shear deformation theory. The
deflection and frequency ratios are defined as mentioned in previous section above. It can be seen
that the deflection ratio is bigger than unity, whereas the frequency ratios are less important than
unity. This is caused by the local theory, which underestimates the deflections and overestimates
the natural frequencies of the nanosize beams compared to the nonlocal one. Also it is attributed to
the local elasticity theory, which fails to determine the small scale effect of the nanobeams.
Moreover, it is seen that the variation among the classical local and nonlocal theories is especially
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Fig. 4 Impact of small scale on the deflection, and fundamental frequency ratios for (S-S) a simply
supported nanobeam with L/h = 10

important for the elevated modes (see Fig. 4).

5. Conclusions

A refined nonlocal higher-order hyperbolic shear deformation nanobeam theory is presented in
this paper for the study bending, and free vibration of nanobeams. The present model accounts for
hyperbolic variation of transverse shear stress, and takes into account the traction-free boundary
conditions on the upper and base surfaces of the nanosized beam and no need to use a shear
correction factor (SFCs). On the basis of the nonlocal differential constitutive relation of Eringen,
the governing nonlocal differential equations of the proposed theory are derived by implementing
Hamilton’s principle. Navier type solution for static deflection and natural frequency are provided
for a simply supported nanobeam, and the accuracy of the obtained results are in well agreement
with those predicted by the RBT and TBT. Numerical results show that the nonlocal effects play an
important role on the bending and vibration responses of the nanobeam. Therefore, the nonlocality
effects should be considered in the investigation of mechanical behaviors of nanobeams..

References

Aissani, K., Bachir Bouiadjra, M., Ahouel, M. and Tounsi, A. (2015), “A new nonlocal hyperbolic shear
deformation theory for nanobeams embedded in an elastic medium”, Struct. Eng. Mech., Int. J., 55(4),
743-762.

Ansari, R. and Sahmani, S. (2011), “Bending behavior and buckling of nanobeams including surface stress
effects corresponding to different beam theories”, Int. J. Eng. Sci., 49(11), 1244-1255.

Arash, B. and Wang, Q. (2012), “A review on the application of nonlocal elastic models in modeling of
carbon nanotubes and graphenes”, Comput. Mater. Sci., 51(1), 303-313.

Aydogdu, M. (2009), “A general nonlocal beam theory: Its application to nanobeam bending, buckling and



A refined nonlocal hyperbolic shear deformation beam model for bending and... 125

vibration”, Phys. E Low Dimens. Syst. Nanostruct, 41(9), 1651-1655.

Behera, L. and Chakraverty, S. (2013), “Free vibration of Euler and Tomoshenko nanobeams using
boundary characteristic orthogonal polynomials”, Appl. Nanosci., 4(3), 347-358.

Benguediab, S., Semmah, A., Larbi chaht, F., Mouaz, S. and Tounsi, A. (2014), “An investigation on the
characteristics of bending, buckling and vibration of nanobeams via nonlocal beam theory”, Int. J.
Compos. Meth., 11(6), 1350085-1-14.

Berrabah, H.M., Tounsi, A., Semmah, A. and Adda Bedia, E.A. (2013), “Comparison of various refined
nonlocal beam theories for bending, vibration and buckling analysis of nanobeams”, Struct. Eng. Mech.,
Int. J., 48(3), 351-365.

Bourada, M., Kaci, A., Houari, M.S.A. and Tounsi, A. (2015), “A new simple shear and normal
deformations theory for functionally graded beams”, Stee/ Compos. Struct., Int. J., 18(2), 409-423.

Ekinci, K.L. and Roukes, M.L. (2005), “Nanoelectromechanical systems”, Rev. Sci. Instrum, 76(5496),
061101.

El Meiche, N., Tounsi, A., Ziane, N., Mechab, 1. and Adda Bedia, E.A. (2011), “A new hyperbolic shear
deformation theory for buckling and vibration of functionally graded sandwich plate”, Int. J. Mech. Sci.,
53(4), 237-247.

Eringen, A.C. (1972), “Nonlocal polar elastic continua”, /nt. J. Eng. Sci., 10(1), 1-16.

Eringen, A.C. (1983), “On differential equations of nonlocal elasticity and solutions of screw dislocation and
surface waves”, J. Appl. Phys. 54(9), 4703-4710.

Frankland, S.J.V., Caglar, A., Brenner, D.W. and Griebel, M. (2002), “Molecular simulation of the influence
of chemical cross-links on the shear strength of carbon nanotube polymer interfaces”, J. Phys. Chem. B,
106(12), 3046-3048.

Kheroubi, B., Benzair, A., Tounsi, A. and Semmah, A (2016), “A new refined nonlocal beam theory
accounting for effect of thickness stretching in nanoscale beams”, Adv. Nano Res., Int. J., 4(4), 35-47.

Lavrik, N.V., Sepaniak, M.J. and Datskos, P.G. (2004), “Cantilever transducers as a platform for chemical
and biological sensors”, Rev. Sci. Instrum, 75(7), 2229-2253.

Levinson, M. (1981), “A new rectangular beam theory”, J. Sound Vib., 74(1), 81-87.

Li, X., Bhushan, B., Takashima, K., Baek, C.W. and Kim, Y.K. (2003), “Mechanical characterization of
micro/nanoscale structures for MEMS/NEMS applications wusing nanoindentation techniques”,
Ultramicroscopy, 97(1), 481-494.

Liew, L.M., He, X.Q. and Wong, C.H. (2004), “On the study of elastic and plastic properties of multi-walled
carbon nanotubes under axial tension using molecular dynamics simulation”, Acta Materialia, 52(9),
2521-2527.

Nguyen, T-K. (2015), “A higher-order hyperbolic shear deformation plate model for analysis of functionally
graded materials”, Int. J. Mech. Mater. Des., 11(2), 203-219.

Peddieson, J., Buchanan, G.R. and McNitt, R.P. (2003), “Application of nonlocal continuum models to
nanotechnology”, Int. J. Eng. Sci., 41(3-5), 305-312.

Reddy, J.N. (2002), Energy Principles and Variational Methods in Applied Mechanics, John Wiley & Sons
Inc., USA.

Reddy, J.N. (2007), “Nonlocal theories for bending, buckling and vibration of beams”, Int. J. Eng. Sci.,
45(2-8), 288-307.

Thai, H-T. (2012), “A nonlocal beam theory for bending, buckling, and vibration of nanobeams”, Int. J. Eng.
Sci., 52, 56-64.

Thai, H-T. and Thuc, P.V. (2012), “A nonlocal sinusoidal shear deformation beam theory with application to
bending, buckling, and vibration of nanobeams”, Int. J. Eng. Sci., 54, 58-66.

Thai, H-T., Nguyen, T-K., Vo, T.P. and Lee, J. (2014), “Analysis of functionally graded sandwich plates
using a new first-order shear deformation theory”, Eur. J. Mech., 45, 211-225.

Tounsi, A., Benguediab, S., Houari, M.S.A. and Semmah, A. (2013a), “A new nonlocal beam theory with
thickness stretching effect for nanobeams”, Int. J. Nanosci., 12(4), 1350025.

Tounsi, A., Semmah, A. and Bousahla, A.A. (2013b), “Thermal buckling behavior of nanobeams using an
efficient higher-order nonlocal beam theory”, ASCE J. Nanomech. Micromech., 3(3), 37-42.



126 Ismail Bensaid

Touratier, M. (1991), “An efficient standard plate theory”, Int. J. Eng. Sci., 29(8), 901-916.
Wang, Q. and Liew, K.M. (2007), “Application of nonlocal continuum mechanics to static analysis of

micro-and nano structures”, Phys. Lett. A, 363(3), 236-242.
Zenkour, A.M. and Sobhy, M. (2015), “A simplified shear and normal deformations nonlocal theory for

bending of nanobeams in thermal environment”, Phys. E Low Dimens. Syst. Nanostruct., 70, 121-128.

JL





